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A NEW GENERAL ITERATIVE ALGORITHM FOR SOLVING A VARIATIONAL
INEQUALITY PROBLEM WITH A QUASI-NONEXPANSIVE MAPPING IN BANACH
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Abstract. In this paper, by using a modified Krasnoselskii-Mann algorithm, we introduce and study a new iterative method with
a strongly accretive and Lipschitzian operator for solving a variational inequality problem with a quasi-nonexpansive maping
in a Banach space. We prove the strong convergence of the proposed iterative scheme without imposing any compactness
condition on the mapping or the space. Applications are also considered in Hilbert spaces.
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1. INTRODUCTION

Let E be a real Banach space and let K be a nonempty, closed and convex subset of E. We denote by
J the normalized duality map from E to 2E∗ , where E∗ is the dual space of E, defined by

J(x) := {x∗ ∈ E∗ : 〈x,x∗〉= ||x||2 = ||x∗||2}, ∀x ∈ E.

Recall that a Banach space E is said to be smooth if limt→0(‖x+ ty‖−‖x‖)/t exists for each x,y ∈ SE ,
where SE := {x ∈ E : ||x|| = 1} is the unit sphere of E. E is said to be uniformly smooth if it is smooth
and the limit is attained uniformly for each x,y ∈ SE , and E is Frechet differentiable if it is smooth and
the limit is attained uniformly for y ∈ SE . It is known that E is smooth if and only if each duality map
J is single-valued, E is Frechet differentiable if and only if duality map J is norm-to-norm continuous
on E, and E is uniformly smooth if and only if duality map J is norm-to-norm uniformly continuous on
bounded subsets of E. Let E be a real normed linear space. The modulus of smoothness of E, ρE , is
defined by:

ρE(τ) := sup
{
‖x+ y‖+‖x− y‖

2
−1 : ‖x‖= 1,‖y‖= τ

}
; τ > 0.
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It is known that a normed linear space E is uniformly smooth if limτ→0 ρE(τ)/τ = 0. If there exists a
constant c > 0 and a real number q > 1 such that ρE(τ)≤ cτq, then E is said to be q-uniformly smooth.
Typical examples of such spaces are the Lp, `p and W m

p spaces for 1 < p < ∞, where

Lp (or lp) or W m
p is

{
2−uniformly smooth and p−uniformly convex if 2≤ p < ∞;
2−uniformly convex and p−uniformly smooth if 1 < p < 2.

Let Jq denote the generalized duality mapping from E to 2E∗ defined by

Jq(x) :=
{

f ∈ E∗ : 〈x, f 〉= ‖x‖q and ‖ f‖= ‖x‖q−1} ,
where 〈., .〉 denotes the generalized duality pairing. J2 is called the normalized duality mapping and is
denoted by J as above. Notice that for x 6= 0, Jq(x) = ‖x‖q−2J(x), q > 1.

Following Browder [1], we say that a Banach space has a weakly continuous normalized duality map
if J is a single-valued and is weak-to-weak∗ sequentially continuous, i.e., if (xn) ⊂ E, xn ⇀ x, then
J(xn)⇀ J(x) in E∗.

The weak continuity of duality map J plays an important role in the fixed point theory for nonlinear
operators. Recall that a Banach space E satisfies the Opial property [2] if

liminf
n→+∞

‖xn− x‖< liminf
n→+∞

‖xn− y‖

whenever xn ⇀ x and x 6= y. A Banach space E that has a weakly continuous normalized duality map
satisfies the Opial’s property.

Let E be a real Banach space and let K be a nonempty subset of E. A map T : K → E is said to be
Lipschitz if there exists an L≥ 0 such that

‖T x−Ty‖ ≤ L‖x− y‖, ∀x,y ∈ K.

If L < 1, T is called a contraction and if L = 1, T is called a nonexpansive mapping. We denote by
F(T ) the set of fixed points of mapping T, that is, F(T ) := {x ∈ K : x = T x}. A map T is said to be
quasi-nonexpansive if F(T ) 6= /0 and ‖T x− p‖ ≤ ‖x− p‖, ∀x ∈ K, p ∈ F(T ). It is easy to see that the
class of quasi-nonexpansive mappings properly includes that of nonexpansive maps with fixed points.

Let H be a real Hilbert space with inner product 〈·, ·〉H and norm ‖ · ‖H . An operator A : H → H is
said to be monotone if

〈Ax−Ay,x− y〉H ≥ 0, ∀ x,y ∈ H.

A is said to be k-strongly monotone if there exists k ∈ (0,1) such that

〈Ax−Ay,x− y〉H ≥ k‖x− y‖2, ∀ x,y ∈ H.

A : H→ H is said to be strongly positive if there exists a constant k > 0 such that

〈Ax,x〉H ≥ k‖x‖2, ∀ x ∈ H.

Let E be a smooth Banach space. A map A : E→ E is said to be accretive if

〈Ax−Ay,Jq(x− y)〉 ≥ 0, ∀x,y ∈ E.

Let q > 1 be a fixed real number. A is said to be k-strongly accretive if there exists k ∈ (0,1) such that

〈Ax−Ay,Jq(x− y)〉 ≥ k‖x− y‖q, ∀x,y ∈ E.
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In Hilbert spaces, the normalized duality map is the identity map. Hence, strongly monotonicity and
strongly accretivity coincide in Hilbert spaces.

Let C be a nonempty closed convex subset of a smooth Banach space E and let A : C → E be a
nonlinear mapping. Let T be a mapping on C such that F(T ) 6= /0. A point u ∈ F(T ) is said to be a
solution of the variational inequality problem V I(A,T ) provided that

〈Au,J(u− v)〉 ≤ 0, ∀v ∈ F(T ).

The variational inequality problem, which finds a number of applications in diverse disciplines, such as,
differential equations, time-optimal control, optimization, mathematical programming, mechanics, and
finance has been studied by many authors; see, for example, [3, 4, 5, 6] and the references therein.

Recently, Yao, Zhou and Liou [7] proved the following convergence theorem.

Theorem 1.1. [7] Let H be a real Hilbert space. Let T : H → H be a nonexpansive mapping with
F(T ) 6= /0. For given x0 ∈ H, let {xn} and {yn} be the sequences generated iteratively by x0 ∈ H by:{

yn = (1−αn)xn

xn+1 = λyn +(1−λ )Tyn,
(1.1)

where λ is a constant in (0,1) and {αn} is a real sequence in (0,1) satisfying: (i) limn→∞ αn = 0 and (ii)

∑
∞
n=0 αn = ∞. Then the sequences {xn} and {yn} generated by (1.1) converge strongly to fixed point of T.

Iterative methods for nonexpansive mappings have been applied to solve convex minimization prob-
lems; see, e.g., [8, 9, 10] and the references therein. A typical problem is to minimize a quadratic function
over the set of the fixed points of a nonexpansive mapping on a real Hilbert space H

min
x∈F(T )

1
2
〈Ax,x〉−〈b,x〉 (1.2)

In [8], Xu proved that the sequence {xn} defined by iterative method below with initial guess x0 ∈ H
chosen arbitrarily:

xn+1 = αnb+(I−αnA)T xn n≥ 0,

where {α} is a real number sequence in (0,1), T is a nonexpansive mapping and A a strongly positive
bounded linear operator, converges strongly to the unique solution of minimization problem (1.2).

Recently, Marino and Xu [11] considered a general iterative method for a nonexpansive mapping. Let
f be a contraction on H and let A : H→ H be a strongly positive bounded linear operator. The sequence
{xn} defined by iterative method below with initial guess x0 ∈ H chosen arbitrarily:

xn+1 = αnγ f (xn)+(I−αnA)T xn, n≥ 0

converges strongly to the fixed point of T, which is a unique solution of the following variational in-
equality

〈Ax∗− γ f (x∗),x∗− p〉 ≤ 0, ∀p ∈ F(T ).

However, there are few results on iterative solutions of variational inequality problems involving a
quasi-nonexpansive mapping. Motivated by Marino and Xu [11], Yao, Zhou and Liou [7], we construct a
Krasnoselskii-Mann iterative algorithm for finding solutions of a variational inequality problem involving
a quasi-nonexpansive mapping in Banach spaces. Applications are also investigated in the framework of
Hilbert spaces.
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2. PRELIMINARIES

We start with the following demiclosedness principle for nonexpansive mappings (Browder [1]).

Lemma 2.1 (Demiclosedness Principle). Let E be a Banach space satisfying Opial’s property. Let K be
a closed convex subset of E, and let T : K→ K be a nonexpansive mapping such that F(T ) 6= /0. Then
I−T is demiclosed, that is,

{xn} ⊂ K, xn ⇀ x ∈ K and (I−T )xn→ y implies that (I−T )x = y.

Lemma 2.2 ([12]). Let E be a Banach space. Then

‖x+ y‖2 ≤ ‖x‖2 +2〈y, j(x+ y)〉, ∀x,y ∈ E.

Lemma 2.3. [12] Let q > 1 be a fixed real number and E be a smooth Banach space. Then the following
statements are equivalent:
(i) E is q-uniformly smooth.
(ii) There is a constant dq > 0 such that

‖x+ y‖q ≤ ‖x‖q +q〈y , Jq(x)〉+dq‖y‖q, ∀x,y ∈ E.

(iii) There is a constant c1 > 0 such that

〈x− y , Jq(x)− Jq(y)〉 ≤ c1‖x− y‖q, ∀x,y ∈ E.

Lemma 2.4 (Zalinescu [13]). Let E be a uniformly convex real Banach space. For arbitrary r > 0, let
Br := {x ∈ E : ||x|| ≤ r} and λ ∈ [0,1]. Then there exists a continuous, strictly increasing and convex
function

g : [0,2r]→ R+, g(0) = 0

such that

‖λx+(1−λ )y‖2 ≤ λ‖x‖2 +(1−λ )‖y‖2− (1−λ )λg(‖x− y‖), ∀x,y ∈ Br.

Lemma 2.5 (Xu, [14]). Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1−αn)an +αnσn

for all n≥ 0, where {αn} is a sequence in (0,1) and {σn} is a sequence in R such that (a) ∑
∞
n=0 αn = ∞,

(b) limsupn→∞ σn ≤ 0 or ∑
∞
n=0 |σnαn|< ∞. Then limn→∞ an = 0.

Lemma 2.6. [15] Let H be a real Hilbert space. Let K be a nonempty, closed convex subset of H

and A : K → H be a k-strongly monotone and L-Lipschitzian operator. Assume that 0 < η <
2k
L2 and

τ = η

(
k− L2η

2

)
. Then, for each t ∈

(
0,min{1, 1

τ
}
)
,

‖(I− tηA)x− (I− tηA)y‖ ≤ (1− tτ)‖x− y‖, ∀x,y ∈ K.



A VARIATIONAL INEQUALITY PROBLEM WITH A QUASI-NONEXPANSIVE MAPPING 5

Lemma 2.7. Let q > 1 be a fixed real number and let E be a q-uniformly smooth real Banach space with
constant dq. Let K be a nonempty, closed convex subset of E and let A : K→ E be a k-strongly accretive

and L-Lipschitzian operator. Assume that 0 < η <
( kq

dqLq

) 1
q−1

and τ = η

(
k−

dqLqηq−1

q

)
. Then, for

each t ∈
(

0,min{1, 1
τ
}
)
,

‖(I− tηA)x− (I− tηA)y‖ ≤ (1− tτ)‖x− y‖, ∀x,y ∈ K.

Proof. Using (ii) of Lemma 2.3 and properties of A, we have

‖(I− tηA)x− (I− tηA)y‖q

≤ ‖x− y‖q +q〈tηAy− tηAx , Jq(x− y)〉+dq‖tηAx− tηAy‖q

≤ ‖x− y‖q−qtη〈Ax−Ay , Jq(x− y)〉+dq(tη)q‖Ax−Ay‖q

≤ ‖x− y‖q−qtkη‖x− y‖q +dq(Ltη)q‖x− y‖q

≤
(

1−qtkη +dqLqtq
η

q
)
‖x− y‖q.

Therefore

‖(I− tηA)x− (I− tηA)y‖ ≤
(

1−qtkη +dqLqtq
η

q
) 1

q ‖x− y‖. (2.1)

Using definition of η , inequality (2.1) and inequality (1+ x)s ≤ 1+ sx, for x > −1 and 0 < s < 1, we
have

‖(I− tηA)x− (I− tηA)y‖ ≤
(

1− tkη +
dqLqtqηq

q

)
‖x− y‖

≤
(

1− tη(k−
dqLqηq−1

q
)
)
‖x− y‖

≤ (1− tτ)‖x− y‖,

which completes this lemma. �

Let C be a nonempty subsets of real Banach space E. A mapping QC : E→C is said to be sunny if

QC(QCx+ t(x−QCx)) = QCx

for each x ∈ E and t ≥ 0. A mapping QC : E→C is said to be a retraction if QCx = x for each x ∈C.

Lemma 2.8. [16] Let C and D be nonempty subsets of a real Banach space E with D⊂C and QD : C→D
a retraction from C into D. Then QD is sunny and nonexpansive if and only if

〈z−QDz, j(y−QDz)〉 ≤ 0

for all z ∈C and y ∈ D.

Remark 2.9. If K is a nonempty closed convex subset of a Hilbert space H, then the nearest point
projection PK from H to K is the sunny nonexpansive retraction.

Lemma 2.10. Let H be a real Hilbert space. Let K be a nonempty, closed convex subset of H and
let A : K → H be a k-strongly monotone and L-Lipschitzian operator. Let T be a quasi-nonexpansive
mapping on K. Then, V I(A,T ) is nonempty.
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Proof. Set η and τ two real numbers such that 0 < η <
2k
L2 and τ = η

(
k− L2η

2

)
. Let t0 be a fixed real

number such that t0 ∈
(

0,min{1, 1
τ
}
)
. We observe that PF(T )(I− t0ηA) is a contraction. Indeed, for all

x,y ∈ K, we have from Lemma 2.6 that

‖PF(T )(I−0 ηA)x−PF(T )(I− t0ηA)y‖ ≤ ‖(I− t0ηA)x− (I− t0ηA)y‖

≤ (1− t0τ)‖x− y‖.

Banachs Contraction Mapping Principle guarantees that PF(T )(I− t0ηA) has a unique fixed point, say
x1 ∈H. That is, x1 = PF(T )(I− t0ηA)x1 . Thus, in view of Lemma 2.8 and Remark 2.9, it is equivalent to
the following variational inequality problem

〈Ax1,x1− p〉 ≤ 0 ∀p ∈ F(T ).

Hence, x1 ∈V I(A,T ). This completes this proof. �

3. ITERATIVE ALGORITHMS

In this section, we present and analyze our general iterative method in Banch spaces. In what follows,
we use the following explicit iteration scheme. Let q > 1 be a fixed real number and let E be a q-
uniformly smooth and uniformly convex real Banach space having a weakly continuous normalized
duality map J : E → E∗. Let K be a nonempty, closed and convex subset of E which is a nonexpansive
retract of E with QK as the nonexpansive retraction. Let A : K → E be a k-strongly accretive and L-
Lipschitzian operator, T : K→ K be a quasi-nonexpansive mapping. Let {xn} and {yn} be a sequences
defined iteratively by: {

yn = QK(I−αnηA)xn

xn+1 = λyn +(1−λ )Tyn,
(3.1)

where λ is a constant in (0,1) and {αn} is a real sequence in (0,1) satisfying: (i) limn→∞ αn = 0 and (ii)
∑

∞
n=0 αn = ∞.

Assumption 3.1. (a) 0 < η <
( kq

dqLq

) 1
q−1

.

(b) I−T is demiclosed at the origine.
(c) V I(A,T ) is nonempty.

Theorem 3.2. Let Assumptions 3.1 hold. Then the sequences {xn} and {yn} generated by (3.1) converge
strongly to x∗ ∈ F(T ), which is a unique solution of variational inequality V I(A,T ).

Proof. We first show that the uniqueness of a solution of the variational inequality V I(A,T ). Using
Assumption (c), we have that F(T ) is nonempty ((V I(A,T )⊂ F(T )). If both x∗ ∈ F(T ) and x∗∗ ∈ F(T )
are solutions to V I(A,T ), then

〈Ax∗,J(x∗− x∗∗)〉 ≤ 0 (3.2)

and
〈Ax∗∗,J(x∗∗− x∗)〉 ≤ 0 (3.3)

Adding up (3.2) and (3.3) yields

〈Ax∗∗−Ax∗,J(x∗∗− x∗)〉 ≤ 0.
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which implies that x∗ = x∗∗.
Below we use x∗ to denote the unique solution of V I(A,T ). We prove that the sequences {xn} and {yn}

are bounded. Let p ∈ F(T ). Without loss of generality, we can assume αn ∈
(

0,min{1, 1
τ
}
)

, where

τ = η

(
k−

dqLqηq−1

q

)
.

Using (3.1) and the condition that T is quasi-nonexpansive, we have

‖xn+1− p‖ = ‖λyn +(1−λ )Tyn− p‖

≤ λ‖yn− p‖+(1−λ )‖Tyn− p‖

≤ λ‖yn− p‖+(1−λ )‖yn− p‖

≤ ‖yn− p‖.

By Lemma 2.7, we have

‖xn+1− p‖ ≤ ‖QK(I−αnηA)xn− p‖

≤ (1− ταn)‖xn− p‖+αn‖ηAp‖

≤ max{‖xn− p‖, ‖ηAp‖
τ
}.

By induction, it is easy to see that

‖xn− p‖ ≤max{‖x0− p‖, ‖ηAp‖
τ
}, n≥ 1.

Hence {xn} is bounded, So are {yn} and {Axn}.
Using Lemma 2.4 and (3.1), we have

‖xn+1− p‖2 = ‖λyn +(1−λ )Tyn− p‖2

≤ (1−λ )‖Tyn− p‖2 +λ‖yn− p‖2−λ (1−λ )g(‖yn−Tyn‖)

≤ (1−λ )‖yn− p‖2 +λ‖yn− p‖2−λ (1−λ )g(‖yn−Tyn‖)

≤ ‖yn− p‖2−λ (1−λ )g(‖yn−Tyn‖).

It follows from Lemma 2.2 that

λ (1−λ )g(‖yn−Tyn‖) ≤ ‖yn− p‖2−‖xn+1− p‖2

≤ ‖xn− p‖2−‖xn+1− p‖2 +2αnη〈Axn,J(p− yn)〉.

Since {xn} and {yn} are bounded, n there exists a constant B > 0 such that

〈xn,J(p− yn)〉 ≤ B, for all, n≥ 0.

Hence,

λ (1−λ )g(‖yn−Tyn‖)≤ ‖xn− p‖2−‖xn+1− p‖2 +2αnB. (3.4)

Now we prove that {xn} converges strongly to x∗. We divide the proof into two cases.

Case 1. Assume that the sequence {‖xn− p‖} is monotonically decreasing sequence. Then {‖xn− p‖}
is convergent. Clearly, we have

‖xn− p‖2−‖xn+1− p‖2→ 0.
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It then implies from (3.4) that

lim
n→∞

λ (1−λ )g(‖yn−Tyn‖) = 0. (3.5)

Using the fact that λ is a constant in (0,1) and property of g, we have

lim
n→∞
‖yn−Tyn‖= 0. (3.6)

From (3.1), we have

‖yn− xn‖ = ‖QK(I−αnηA)xn− xn‖

≤ αnη‖Axn‖.

Hence,

‖yn− xn‖→ 0, as n→ ∞. (3.7)

Next, we prove that limsup
n→+∞

〈Ax∗,J(x∗−yn)〉 ≤ 0. Since E is reflexive and {yn} is bounded, there exists

a subsequence {ynk} of {yn} such that ynk converges weakly to a in K and

limsup
n→+∞

〈Ax∗,J(x∗− yn)〉= lim
k→+∞

〈Ax∗,J(x∗− ynk)〉.

Since (3.6) and I− T is demiclosed, we obtain a ∈ F(T ). On the other hand, the assumption that the
duality mapping J is weakly continuous and the fact that x∗ solves V I(A,T ), we then have

limsup
n→+∞

〈Ax∗,J(x∗− yn)〉 = lim
k→+∞

〈Ax∗,J(x∗− ynk)〉

= 〈Ax∗,J(x∗−a)〉 ≤ 0.

Finally, we have from recursion formula (3.1) and Lemma 2.2 that

‖xn+1− x∗‖2 = ‖λyn +(1−λ )Tyn− x∗‖2

≤ (λ‖yn− x∗‖+(1−λ )‖Tyn− x∗‖)2

≤ ‖yn− x∗‖2

≤ ‖(I−αnηA)xn− x∗‖2

≤ (1−αnτ)‖xn− x∗‖2 +2αnη〈Ax∗,J(x∗− yn〉.

From Lemma 2.5, its follows that xn→ x∗.

Case 2. Assume that the sequence {‖xn− x∗‖} is not monotonically. Set Bn = ‖xn− x∗‖ and τ : N→ N
is a mapping for all n ≥ n0 (for some n0 large enough) by τ(n) = max{k ∈ N : k ≤ n, Bk ≤ Bk+1}. We
have that τ is a non-decreasing sequence such that τ(n)→ ∞ as n→ ∞ and Bτ(n) ≤ Bτ(n)+1 for n ≥ n0.

From (3.4), we have

λ (1−λ )g(‖yτ(n)−Tyτ(n)‖)≤ 2ατ(n)B→ 0 as n→ ∞.

Furthermore, we have

‖yτ(n)−Tyτ(n)‖→ 0 as n→ ∞.

Hence,

lim
n→∞
‖yτ(n)−Tyτ(n)‖= 0.
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By same argument as in Case 1, we can show that xτ(n) and yτ(n) converge weakly in K and

limsup
n→+∞

〈Ax∗,J(x∗− yτ(n))〉 ≤ 0.

We have, for all n≥ n0,

0≤ ‖xτ(n)+1− x∗‖2−‖xτ(n)− x∗‖2 ≤ ατ(n)[−τ‖xτ(n)− x∗‖2 +2η〈Ax∗,J(x∗− yτ(n))〉],

which implies that

‖xτ(n)− x∗‖2 ≤ 2η

τ
〈Ax∗,J(x∗− yτ(n))〉.

Then, we have

lim
n→∞
‖xτ(n)− x∗‖2 = 0.

Therefore,

lim
n→∞

Bτ(n) = lim
n→∞

Bτ(n)+1 = 0.

Furthermore, for all n ≥ n0, we have Bτ(n) ≤ Bτ(n)+1 if n 6= τ(n) (that is, n > τ(n)); because B j > B j+1

for τ(n)+1≤ j ≤ n. As consequence, we have, for all n≥ n0,

0≤ Bn ≤max{Bτ(n), Bτ(n)+1}= Bτ(n)+1.

Hence, lim
n→∞

Bn = 0, that is, {xn} converges strongly to x∗. Using (3.7), we have that {yn} converges
strongly to x∗. This completes the proof. �

We now apply Theorem 3.2 for finding a common element of the set of fixed points of nonexpansive
mappings and set of solution of the variational inequality problem without assumption (b).

Theorem 3.3. Let q > 1 be a fixed real number and let E be a q-uniformly smooth and uniformly convex
real Banach space having a weakly continuous normalized duality map J : E→ E∗. Let K be a nonemp-
ty, closed and convex subset of E which is a nonexpansive retract of E with QK as the nonexpansive
retraction. Let A : K→ E be a k-strongly accretive and L-Lipschitzian operator and let T : K→ K be a
nonexpansive mapping. Let {xn} and {yn} be a sequences defined iteratively from arbitrary x0 ∈ K by:{

yn = QK(I−αnηA)xn

xn+1 = λyn +(1−λ )Tyn,
(3.8)

where λ is a constant in (0,1) and {αn} is a real sequence in (0,1) satisfying (i) limn→∞ αn = 0 and (ii)

∑
∞
n=0 αn = ∞. Let assumptions (a) and (c) hold. Then the sequences {xn} and {yn} generated by (3.8)

converge strongly to x∗ ∈ F(T ), which is a unique solution of variational inequality V I(A,T ).

Proof. Since every nonexpansive mappings is quasi-nonexpansive mappings. It suffices to prove assump-
tion (b) is satisfied. Using the fact that E satisfies Opials property and Lemma 2.1, we have assumption
(b) is satisfied. This completes the proof of Theorem 3.3. �

We apply our main results for approximating fixed points of quasi-nonexpansive mapping in Hilbert
spaces without assumption (c).
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Corollary 3.4. Let H be a real Hilbert space. Let K be a nonempty, closed and convex subset of H.
Let A : K → H be a k-strongly monotone and L-Lipschitzian operator, and let T : K → K be a quasi-
nonexpansive mapping. Let {xn} and {yn} be a sequences defined iteratively from arbitrary x0 ∈ K
by: {

yn = PK(I−αnηA)xn

xn+1 = λyn +(1−λ )Tyn,
(3.9)

where λ is a constant in (0,1) and {αn} is a real sequence in (0,1) satisfying (i) limn→∞ αn = 0 and

(ii) ∑
∞
n=0 αn = ∞. Assume that 0 < η <

2k
L2 and I−T is demiclosed. Then the sequences {xn} and {yn}

generated by (3.9) converge strongly to x∗ ∈ F(T ), which is a unique solution of variational inequality

〈Ax∗,x∗− p〉 ≤ 0 ∀p ∈ F(T ).

Proof. Since Hilbert spaces are q-uniformly smooth and uniformly convex. It suffices to prove assump-
tion (c) is satisfied. By Lemma 2.10, we get that V I(A,T ) is nonempty. This completes this proof. �

4. APPLICATIONS

4.1. The split feasibility problem. In this subsection, we apply our main results for solving split fea-
siblity problem. The split feasibility problem (SFP) was first introdued by Censor and Elfving [17] in
1994. The SFP is to find

x ∈ K, such that Ax ∈ Q, (4.1)

where K is a nonempty, closed convex subset of a Hilbert space H1, Q is a nonempty closed convex
subset of a Hilbert space H2, and A : H1→ H2 is a bounded linear operator.

The problem (4.1) arises in signal processing and image reconstruction with particular progress in
intensity modulated therapy, and many iterative algorithms has been established for it (see, e.g., [1,
17, 18]) and the reference therein. Let Ω be the solution set of the split feasibility problem. From an
optimization point of view, x∗ ∈Ω if and only if x∗ is a solution of the following minimization problem
with zero optimal value:

min
x∈K

f (x), where f (x) :=
1
2
‖Ax−PQAx‖2.

The following lemma appears in [12].

Lemma 4.1. Given x∗ ∈H, x∗ solves SFP (4.1) if and only if x∗ is the solution of the fixed point equation
x = PK(I− γA∗(I−PQ)A)x, where γ > 0 is a suitable constant.

The following proposition was also given in [19].

Proposition 4.2. [19] Let K be a nonempty, closed and convex subset of a Hilbert space H1, and let
Q be a a nonempty, closed and convex subset of a Hilbert space H2. Let A : H1 → H2 is a bounded
linear operator. Let PK and PQ denote the orthogonal projection onto set K and Q, respectively. Let
0 < γ < 2

ρ
, where ρ is the spectral raduis of A∗A, and A∗ is the adjoint of A. Then, the operator T :=

PK(I− γA∗(I−PQ)A) is nonexpansive on K.

Theorem 4.3. Let H1 and H2 be two real Hilbert spaces. Let A : H1→H2 be a bounded linear operator,
and let A∗ : H2 → H1 be the adjoint operator of A. Let K be a nonempty, closed and convex subset of
a Hilbert space H1, and let Q be a a nonempty, closed and convex subset of a Hilbert space H2. Let
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B : K → H1 be a k-strongly monotone and L-Lipschitzian operator. Let 0 < γ < 2
ρ
, ρ is the spectral

radius of A∗A. Let {xn} and {yn} be a sequences defined iteratively from arbitrary x0 ∈ K by:{
yn = PK(I−αnηB)xn

xn+1 = λyn +(1−λ )PK(I− γA∗(I−PQ)A)yn,
(4.2)

where λ is a constant in (0,1) and {αn} is a real sequence in (0,1) satisfying (i) limn→∞ αn = 0 and (ii)

∑
∞
n=0 αn = ∞. Assume that 0 < η <

2k
L2 and Ω is nonempty. Then, {xn} and {yn}) converge strongly to a

solution of (4.1).

Proof. From Lemma 4.1, we know x ∈ Ω if and only if x = PK(I− γA∗(I−PQ)A)x. From Proposition,
we have operator T := PK(I− γA∗(I−PQ)A) is nonexpansive on K. Using Theorem 3.3, we can obtain
the sequences {xn} and {yn} converge strongly to a solution of (4.1). �

4.2. The constrained minimization problem. In this subsection, we study the problem of finding a
minimizer of a convex function f over the set of fixed points of quasi-nonexpansive mappings.

Let H be a real Hilbert space. Let K be a nonempty, closed and convex subset of H and let T be a
quasi-nonexpansive mappings on K. We consider the following minimization problem over the set of
fixed points of a quasi-nonexpansive mapping:

min
x∈F(T )

f (x). (4.3)

where f : K→ R is a differentiable, and convex real-valued function.
Finding an optimal point over the set of fixed points of a quasi-nonexpansive mapping is one that

occurs frequently in various areas of mathematical sciences and engineering.

Definition 4.4. Let E be normed linear space. A function f : E→R is said to be strongly convex if there
exists α > 0 such that, for every x,y ∈ E with x 6= y and λ ∈ (0,1), the following inequality holds:

f (λx+(1−λ )y)≤ λ f (x)+(1−λ ) f (y)−α‖x− y‖2. (4.4)

Lemma 4.5. Let E be normed linear space and f : E → R a real-valued differentiable convex function.
Assume that f is strongly convex. Then the differential map ∇ f : E→ E∗ is strongly monotone, i.e., there
exists a positive constant k such that

〈∇ f (x)−∇ f (y),x− y〉 ≥ k‖x− y‖2 ∀x,y ∈ E. (4.5)

Lemma 4.6. Let K be a nonempty, closed convex subset of E be normed linear space and let f : K→ R
be a real valued differentiable convex function. Then x∗ is a minimizer of f over K if and only if x∗ solves
the following variational inequality 〈∇ f (x∗),y− x∗〉 ≥ 0 for all y ∈ K.

Remark 4.7. By Lemma 4.6, x∗ is a solution of (4.3) if and only if x∗ ∈ F(T ) and x∗ solves the following
variational inequality problem:

〈∇ f (x∗),x∗− p〉 ≤ 0

for all p ∈ F(T ).

Hence, one has the following result.
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Theorem 4.8. Let H be a real Hilbert space. Let K be a nonempty, closed and convex subset of H.

Let f : K → R be a differentiable, strongly convex real-valued function. Suppose the differential map
∇ f : K → H is L-Lipschitz. Let T : K → K be a quasi-nonexpansive mapping. Let {xn} and {yn} be a
sequences defined iteratively from arbitrary x0 ∈ K by:{

yn = PK(I−αnη∇ f )xn

xn+1 = λyn +(1−λ )Tyn,
(4.6)

where λ is a constant in (0,1) and {αn} is a real sequence in (0,1) satisfying: (i) limn→∞ αn = 0 and

(ii) ∑
∞
n=0 αn = ∞. Assume that 0 < η <

2k
L2 and I−T is demiclosed. Then the sequences {xn} and {yn}

generated by (4.6) converge strongly to a solution of (4.3).
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