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EXTENDED OPTIMALITY OF THE SECANT METHOD ON BANACH SPACES
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Abstract. The aim of this paper is to extend the applicability of the secant-type method investigated in Galperin (2014) based
on restricted convergence domain. Optimality of the secant methods are also presented in this study.
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1. INTRODUCTION

Let B1 and B2 be two Banach spaces. Let Ω be an open and convex subset of B1. Secant-type methods
are studied for solving the operator equation

F(x) = 0, (1.1)

where F : Ω −→ B2 is nonlinear operator. Due to its wide applications, finding solutions to (1.1) is
an important problem in applied mathematics. Most of the solution methods for (1.1) are iterative.
So the optimality of iterative methods for solving nonlinear equations is an issue. In [2], Maistrovsky
introduced the concept of the optimality for iterative methods. Using this concept, he has proved that no
method using the same information at each iteration as the Newton’s method is convergent faster than the
Newton’s method. In [3], Galperin introduced another concept of the optimality of an iterative method
using the concept of the entropy of solution’s position within a set of its guaranteed the existence and
uniqueness. In this concept, the merit of the method is measured by how much this entropy is reduced via
one iteration. Using this concept, Galperin designed a new iterative method for nonlinear equations with
regularly smooth functions in [3]. He further extended the ideas in [2] to study the secant-type method
defined by

xn+1 = xn− [xn,xn−1;F ]−1F(xn), n = 0,1,2, . . . , (1.2)
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where x0,x−1 are some initial guess and [., .;F ] is the divided difference of order one defined by

F(x)−F(y) = [x,y;F ](x− y).

Galperin, in [3], proved an existence and uniqueness theorem for method (1.2), when the divided
difference of F are Lipschitz continuous on Ω. Using the idea of restricted convergence domain, we
extend the applicability of method (1.2) considered in [3].

The paper is structured as follows. In Section 2, we present the local convergence analysis. In Section
3, the optimality of the secant method is considered.

2. LOCAL CONVERGENCE

Suppose that the divided difference [x,y;F ]−1 ∈ L (B2,B1), the space of bounded linear operators
from B2 to B1. Set F0 = [x),x−1;F ]−1F to normalize F. Without loss of generality, we assume that F is
already normalized, i.e., F : Ω−→B1, [x0,x−1;F ] = I. Let γ−1,γ0,γ,δ−1,δ0 and δ be positive parameters.
It is helpful for the analysis that follows to define functions α,β ,ϕ,ψ,ψ1 and h on the interval [0,+∞)

by

α(t) := ‖F(x0)‖t, β (t) := ‖x0− x−1‖t, (2.1)

ϕ(t) :=
2α(t)√

(1+β (t))2 +4α(t)+1+β (t)
, (2.2)

ψ(t) :=
2α(t)

1−β (t)+
√
(1−β (t))2−4α(t)

, (2.3)

ψ1(t) : =
2α(t)

1−β (t)−
√

(1−β (t))2−4α(t)
,

h(t) := β (t)+2
√

α(t), (2.4)

parameter r0 by

r0 :=
1− γ‖x0− x−1‖

γ0 + γ
, (2.5)

and the open ball U(x0,r) by U(x0,r) := {x ∈ Ω : ‖x− x0‖ < r}. Denote by Ū(x0,r) the closure of
U(x0,r). Suppose that

γ‖x0− x−1‖< 1. (2.6)

Set

D0 = D∩U(x0,r0) (2.7)

and

δ = max{δ−1,δ0}. (2.8)

The set D0 exists by (2.5) and (2.6). We can show the existence and uniqueness results using the preced-
ing notation.

Theorem 2.1. Suppose that there exist x∗ ∈ D,γ−1 ≥ 0 such that F(x∗) = 0 and

‖[x0,x∗;F ]− [x0,x−1;F ]‖ ≤ γ−1‖x−1− x∗‖. (2.9)

Then, the following assertions hold
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(a)
‖x0− x∗‖ ≥ ϕ(γ−1). (2.10)

(b) If h(γ−1)≤ 1, then
ϕ(γ−1)≤ ‖x0− x∗‖ ≤ ψ(γ−1) (2.11)

and x∗ is the unique solution of equation F(x) = 0 in U(x0,ψ1(γ−1)).

(c) The bounds in (2.11) are sharp.

Proof. We can write by hypothesis F(x∗) = 0 and the definition of the divided difference that

F(x0) = F(x0)−F(x∗) = [x0,x∗;F ](x0− x∗). (2.12)

Using (2.9), (2.12) and the triangle inequality, we have in turn that

|‖F(x0)‖−‖x0− x∗‖| ≤ ‖F(x0)− (x0− x∗)‖

= ‖([x0,x∗;F ]− I)(x0− x∗)‖

≤ ‖([x0,x∗;F ]− [x0,x−1;F ])‖‖x0− x∗‖

≤ γ−1‖x∗− x−1‖‖x0− x∗‖

≤ γ−1(‖x−1− x0‖+‖x0− x∗‖)‖x0− x∗‖. (2.13)

Set λ := γ−1‖x0− x∗‖. Then (2.13) can be written as

|α(γ−1)−λ | ≤ λ (λ +β (γ−1))⇔ λ
2 +(1+β (γ−1))λ −α(γ−1)≥ 0 (2.14)

and
λ

2− (1−β (γ−1))λ +α(γ−1)≥ 0.

The first inequality in the right hand side of equivalence (2.14) shows the left hand side inequality in
(2.11). The rest of the proof is obtained from the proof of Theorem 2.3 that follows [3], if we simply
replace a,b,c−1v,c−1w, by α(γ−1),β (γ−1),ϕ(γ−1),ψ(γ−1), respectively. �

Theorem 2.2. Suppose that

‖[x,y;F ]− [x0,x−1;F ]‖ ≤ γ0‖x− x0‖+ γ‖y− x−1‖ for each x,y ∈ D, (2.15)

‖[x,y;F ]− [u,z;F ]‖ ≤ δ−1‖x−u‖+δ0‖y− z‖ for each x,y,u,z ∈ D0, (2.16)

h(δ )≤ 1 (2.17)

and (2.6) holds. Then, equation (1.1) has a solution in the set

A0 = A0(x0,x−1) := {x ∈ D0/ϕ(γ−1)≤ ‖x− x0‖ ≤ ψ(γ−1)}. (2.18)

Proof. It follows from (2.5), (2.6) and (2.15) that, for each x,y ∈ D(r) := D∩U(x0,r0),r ≤ r0,

‖[x,y;F ]− [x0,x−1;F ]‖ ≤ γ0‖x− x0‖+ γ‖y− x−1‖

≤ γ0‖x− x0‖+ γ‖y− x0‖+ γ‖x0− x−1‖

≤ (γ0 + γ)r+ γ‖x0− x−1‖< 1. (2.19)

If follows from (2.19) and the Banach perturbation Lemma [5, 6] that [x,y;F ] is invertible and

‖[x,y;F ]−1‖ ≤ 1
1− γ0‖x− x0‖− γ(‖y− x0‖+‖x0− x−1‖)

. (2.20)
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Therefore, the secant iterates {xn} lie in D0 which is a more precise domain than D used in the literature,
[1]-[12] since D0 ⊆D. The rest of the proof for the convergence of the secant method to some x∞ follows
e.g. as the proof in [3] by using the weaker (2.16) instead of (2.21) (see Theorem 2.1 below). Clearly, x∞

lie in A0 by Theorem 2.1 (b). �

We now state the following result from [3], so that we can compare it with ours.

Theorem 2.3. Suppose:

‖[x,y;F ]− [u,z;F ]‖ ≤ c(‖x−u‖+‖y− z‖) for each x,y,u ∈ D. (2.21)

Define

a := c‖F(x0)‖, b := c‖x0− x−1‖,

v :=
√

(1+b)2 +4a−1−b,

w :=
1−b−

√
(1−b)2−4a
2

.

(a) If the equation (1.1) has a solution x∗ ∈ D, then ‖x0− x∗‖ ≥ c−1v.
(b) If the equation (1.1) has a solution x∗ ∈ D and

b+2
√

a≤ 1, (2.22)

then

c−1v≤ ‖x0− x∗‖ ≤ c−1w (2.23)

and x∗ is the only solution in U(x0,
1−b−
√

(1−b)2−4a
2c ).

(c) If (2.22) holds, then the equation (1.1) has a solution in the set

A = A(x0,x−1) := {x ∈ D|/c−1v≤ ‖x− x0‖ ≤ c−1w}. (2.24)

(d) The bounds (2.23) are sharp.

Remark 2.4. If γ−1 = γ0 = γ = δ−1 = δ0 = δ = c and U(x0,r0) ⊆ D, then Theorem 2.1 and Theorem
2.2 reduce to Theorem 2.3. However, in general δ ≤ c,γ−1 ≤ γ ≤ c,γ0 ≤ γ−1 and γ ≤ δ . Therefore, we
have that

h(c)≤ 1 =⇒ h(δ )≤ 1, (2.25)

h(c)≤ 1 =⇒ h(γ−1)≤ 1, (2.26)

c−1v≤ ϕ(γ−1)≤ ‖x0− x∗‖ ≤ ψ(γ−1)≤ c−1w, (2.27)

and

A0 ⊆ A, (2.28)

since D0 ⊆ D, function ϕ is decreasing and function ψ is increasing. Hence, the applicability of the
secant method is expanded. Notice also that the advantages (2.25)-(2.28) are obtained under the weaker
hypotheses and less computational cost, since in practice the computation of c requires the computation
of the rest of the Lipschitz constants as special cases (see also the numerical examples).
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3. OPTIMAL SECANT METHODS

In this section, we improve the results of Section 3 in [3] along the lines of Section 2. Suppose that

[x0,x−1;F ] := I and h(δ )≤ 1, (3.1)

where α1(t) := ‖F(x1)‖t,β2(t) := ‖x1− x0‖t. Using the replacements of c−1v,c−1w,a,b,h(c) given in
Section 2, we obtain the following results corresponding to Lemma 3.1 and Proposition 3.3 in [3], re-
spectively.

Lemma 3.1. If α(δ )> 0,β (δ )> 0 and h(δ )≤ 1, then

(a) a < c(ϕ(δ )+ψ(δ ))
2 ,

(b) µ(δ ) := (3−2α(δ ))2−5(1+4α(δ ))> 0 =⇒ cψ(δ )<
3−2β (δ )−

√
µ(δ )

5 ,

(c) the inequalities s≥ 0 and cϕ(δ )≤ t ≤ cψ(δ ) and

λ1(δ ) := 4(|α(δ )−δ |−δ (δ +β (δ ))≤ 4s≤ λ2(δ ) := 4(α(δ )+δ +δ (δ +β (δ ))

are consistent.

Proposition 3.2. The optimal choice of x1 satisfies:

δ‖x1− x0‖=


δψ(δ ), i f λ3(δ )≤ δϕ(δ )∨δϕ(δ )≤ λ3(δ )≤ δψ(δ ),

and λ4(δ )≥
√

2+2(δψ(δ ))2,

δϕ(δ ), i f λ3(δ )≥ δψ(δ )∨δϕ(δ )≤ λ3(δ )≤ δψ(δ ),

and λ4(δϕ(δ ))≥
√

2+2(δϕ(δ ))2,

where λ3(δ ) :=
√

(3+2β (δ ))2+3(1−4α(δ ))−3−2β (δ )

3 and

λ3(t) :=
√

1+ t2 +(4α(δ )+2(3+2β (δ ))t +4t2)+
√

1+ t2− (4α(δ )+2(3+2β (δ ))t +4t2).

Remark 3.3. If δ = c, the preceding results reduce to the corresponding ones in [3]. Otherwise, i.e.,
δ < c, then our results improve the corresponding ones in [3]. Moreover, the results in this paper reduce
to results for the Newton’s method, if x−1 = x0 and δ−1 = δ0 = δ , which in turn improve the results in
[3]. Numerical examples, where the first inequalities in Remark 2.4 are strict can be found in [5, 6, 9]
and the references therein.
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