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Abstract. In this paper we consider the existence of positive solutions of a nonlinear three-point boundary value problem.
By applying fixed point theorems in cones, we prove the existence of at least one positive solution when f is superlinear or
sublinear.
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1. INTRODUCTION

Boundary value problems (BVPs) play a major role in many fields of engineering design and man-
ufacturing. Major established industries such as the automobile, aerospace chemical, pharmaceutical,
petroleum, electronics and communication, as well as emerging technologies such as nanotechnology
and biotechnology. In the past twenty years or so, various BVPs for ordinary differential equations have
been extensively studied; see, for example, [1]-[7], [9]-[12], [14]-[20] and the references therein.

In this paper, we are concerned with the existence of positive solutions of the second-order BVP

W' (t) +w(t)f(u(t)) =0, 0<t<1, (1.1)

pu(0) = y'(0) =0, ou(n)=u(1), (1.2)
where 0 <n<1,0<a<l1/n, B,y>0, B+y>0,andd =B(1—an)+y(l —o) > 0. Here we
give some existence results for positive solutions to (1.1) and (1.2). Our main results are obtained via a
fixed point theorem in a cone. To the best of our knowledge, there are still no results for the existence of
positive solutions to BVP (1.1) and (1.2) by using the fixed point theorem.

Throughout the paper, we suppose that the following conditions are satisfied:

(C1) w:[0,1] — [0,00) is continuous and there exists xo € [1, 1] such that w(xp) > 0;
(C2) f:][0,00) — [0,00) is continuous.
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2. PRELIMINARIES

We will employ the following fixed point theorem due to Krasnoselskii [13], that can also be found in
the book by Guo [8].

Theorem 2.1. Let E be a Banach space, and let P C E be a cone. Suppose Q1,8 are open bounded
subsets of E with 0 € Q1 and Q C Q,. Let F : PN (Q,\Q1) — P be completely continuous. Assume that

one of the two conditions

(a) |[Full <||ull, YuePnNadQi, and |Fu| > |ul, Vu e PNIQy,
(b) ||Ful| > ||ul|, Yu€ PN, and ||Ful| < ||ul, Yu € PNIQ,

is satisfied. Then F has a least one fixed point in PN (Q\Q).
Lemma 2.2. Letd = (1 —an)+y(1 —a) # 0. Then for h € C|0, 1], the BVP
u"(t)+h(t) =0, 0<r<l, 2.1)

Bu(0) — ' (0) =0, ou(n) = u(1), (2.2)

has a unique solution

ut) = —/Ot(t—s)h(s)ds—i—ﬁt;y

1 n
/ (1 —s)h(s)ds— a/ (n— s)h(s)ds] . (2.3)
0 0

Proof. From (2.1), we have

u(t) = —/t(t—S)h(S)ds+C1t+c2.
0
In particular,
u(0) = G, u'(0) =Cy,
n 1
um) = —/ (n—s)h(s)ds+C11 +Cy, u(l):—/ (1= $)h(s)ds +C) +C>.
0 0
Combining this with boundary conditions (2.2), we conclude that
_ B b o
G = Bi—am+ri-a) [/o (1=5)h(s)ds 0‘/0 (n S)h(S)ds],
_ Y b oo
@ = Bi—am+v(i-a) [/o (1=5)h(s)ds O‘/O (n S)h(s)ds].

Therefore, BVP (2.1) and (2.2) has a unique solution

_ ' Bt +v ! n
u(t) = —/O(t—s)h(s)ds—i—ml_an)+y(1_a) [/0 (l—s)h(s)ds—a/o (n—s)h(s)ds].

g

Lemma 2.3. Let 0 < oo < 1/n and d > 0. If h € C[0,1] and h > 0, then unique solution u of the BVP
(2.1) and (2.2) satisfies
u(t) >0, t€[0,1].
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Proof. From the fact that u” (1) = —h(¢) < 0, we know that the graph of u is concave down on [0, 1]. Tt
suffices to verify that u(0) >0, u(1) > 0.
We shall show that #(0) > 0, there are two cases to be considered. First we consider the case 0 < ot < 1.

u(0) = 2;[/Ol(l—s)h(s)ds—a/on(n—s)h(s)ds]

! [ [a-smsas—a [ —s)h(s)ds]

y 1
= 3(1—05)/0 (1 —s)h(s)ds > 0.

Next we consider the case o« > 1.

v

0

u(0) = ;[ /Ol(l—s)h(s)ds—a /n(n—s)h(s)ds]

= Z[/On(l —an)+s(o— 1)] h(s)ds+zl//nl(1 — 5)h(s)ds > 0.

Furthermore, we observe that

u(l) = _/01(1—s)h(s>ds+(ﬁ;7) /01(1—s)h(s)ds—a/on(n—s)h(s)ds]

= BN P nisyas - XEED [ gnisyas

Y

2B [fa-smsias- B+ [ —s)h(s)ds]

_ O‘(ld‘ ) /0" (Bs+7)h(s)ds > 0.

g

Lemma 24. Let an > 1. If h € C[0,1] and h(t) > 0, for 0 <t < 1, then the BVP (2.1) and (2.2) has no

positive solution.

Proof. Suppose the BVP (2.1) and (2.2) has a positive solution u. If u(1) > 0, then u(n) > 0 and

u(l) _au(n) _u(n)
1 n

a contradiction of the concavity of u. If u(1) = 0 and u(7) > 0 for some 7 € (0,1), then u(n) = u(1) =0,
where T # 1. If T € (0,1), then u(t) > u(n) = u(1), a contradiction of the concavity of u. If T € (1, 1),
then u(0) = u(n) < u(t), another violation of the concavity of u. So u(1) < 0, that is, there is no positive
solution exists. g

Lemma 2.5. Let 0 < a < 1/n andd > 0. If h € C[0,1] and h(t) > 0, then the unique solution u of the
BVP (2.1) and (2.2) satisfies

i >
it u(r) > rlu].
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1—
wherer:min{al(_az),an,n}.

Proof. First we consider the case where 0 < o < 1. By the second boundary condition, we know that
u(n) > u(1). Pick 1o € (0,1) such that u(to) = |[ul|. If o <n < 1, then min, ¢, jju(t) = u(1) and
1) —
1—n
—nu(1) +u(n)
I-n
(1—an)u(l)
o(l—mn)

u(to) < u(l)+

Therefore |
a J—
min u(r) > FE=M 0
re[n.1] (1—an)
Ifn <t <1, we get u(1) = min,c[ jju(t). From the concavity of u, we know that
u(n) _ ult)

n 1
Using the boundary condition au(n) = u(1), we find that

lt) _ ulo)
n

~—

> u(to) = [|ul],

which implies that

min u(r) > onlu.
t€n,1]

Now we consider the case where 1 < o < %.The boundary condition this time implies (1) < u(1). Set
u(ty) = ||u||. By the concavity of u, we have o € [, 1] and
min u(t) = u(n).
re[n,1]
Using the concavity of u and Lemma 2.3, it follows that
u(n) _ uln)
n fo
Hence min, ¢, ju(t) > nlful. O

3. MAIN RESULTS

In this section, we will state and verify our main results.

We define
f(u) f(u)

= lim —= o = lim —=.
fo w0t u s u—roo Y

f is said to be superlinear, when fy = 0 and f.. = oo, and f is said to be sublinear, when fy = o and
Jo=0.
Theorem 3.1. Suppose that conditions (Cl) and (C2) are satisfied. If, either

(i) fo=0and fo = oo (i.e. f is superlinear), or
(ii) fo=-ccand f.o =0 (ie.f is sublinear),
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then the BVP (1.1) and (1.2) has at least one positive solution in P.

Proof. Let the Banach space E = C[0, 1] be equipped with the norm

= t)l.
Ju = max [u(r)

We define

P= {u €E: u(t)>0, min u(t) > rHu\}

n<i<l
Then it is obvious that P is a cone in E. The BVP (1.1) and (1.2) has a solution u = u(t) if and only if u
is a fixed point of the operator equation

Ful) = - /Ot(t—s)w(s)f(u(s))ds

Bt+vy
T

n

/01(1 —s)w(s)f(u(s))ds — a/o

(n —s)w(s)f(u(s))ds] ,1€[0,1]. (3.1)

In addition, by Lemma 2.5, FP C P. It is also easy to check that F' : P — P is completely continuous.
First, we consider the superlinear case: fy =0 and f., = oo.
Now since fy = 0, there exists an H; > 0 such that f(u) < €u, for 0 < u < Hy, where € > 0 is such

that Bty
Ep+Yy
R /0 (1—s)w(s)ds < 1. (3.2)

If u € P with ||u|| = H, then by (3.1) and (3.2), we have

Fu(t) = — /Ot(t—s)w(s)f(u(s))ds

PO 0 sywis) o — o [0 pwisrtats)as
< PEY [ i) rtats)as
< BT [0 wisgentsyas
< SEED [ sp(syas|ul
< &bty /0 Y1 sywis)dsHy < Hy. (3.3)

d
Now if we set
Qi ={u€E:|u|| <H},

then (3.3) shows that ||Fu|| < ||u||, foru € PNJQ;.
On the other hand, since f.. = oo, there is H > 0 such that f(u) > pu, for u > H, where p > 0 is chosen

such that 1
W /n (1= s)w(s)ds > 1. (3:4)

Set H, :max{ZHl,H/r} and
Q= {l/t cE: Hu|| < Hz}.
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Then u € P and ||u|| = H,, imply that

min u(t) > rllul| > H.
n<i<i

Fun) = — [ (1= 9w(s)f(uls)ds

1
+ﬁnd+ 4 /0 (I —=s)w(s)f(u(s))ds— (x./on(n —S)W(S)f(“(s))dS]
= |1 GBI o)t + P [ oo utsas
_ APy /”mwwﬂwwmy%1+“wg+” A7m@ﬁwwnw
Bn+y) [
- Aw@f
1 1
Z(mjﬂﬁmmxmm—wvwé»mﬁwmw

_ Bn+y [
= QAu—ﬂwwﬂwmw.

Hence, for u € PN JQ,, one has
pBn+yr !
HFMHZCZ(A(lsﬁNQdWMHZIMW

So, it follows from the first part of the Fixed Point Theorem that F has a fixed point in u* € PN (Q\Q),
which is a convenient positive solution of the BVP (1.1) and (1.2).

Next, we consider the sublinear case: fj = o and f.. = 0.

We first choose Hz > 0 such that f(u) > Au for 0 < u < H3, where A > 0 satisfies

lr(ﬁnd—i_y) /n](l —s)w(s)ds > 1. (3.5)

For u € P and ||u|| = H3, by (3.5), one has

Fun) = = [ =9w(s)fluls))ds

+ﬁnd+y /01(1 —s)w(s)f(u(s))ds — Ot/on(rl —s)w(s)f (u(s))ds
Bn+y) !
Z T /n (1—s)w(s)f (u(s))ds
. kwn+ﬂ/k1><mwm
n

Y
%
|3
+
s<

\

&.

%)

Y
=
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Thus, we may let Q3 = {u € E : ||u|| < H3} so that ||Ful|| > ||ul|, for u € PN dQ3. Since f.. = 0, there
exists M > 0 such that f(u) < pu for u > M, where p > 0 satisfies

M(Bdm/o](l —s)w(s)ds < 1. (3.6)

There are the two cases, (i) f is bounded, or (ii) f is unbounded.

(i) Assume that f is bounded, say f(u) <N for all u € [0, ) for some constant N > 0. Pick

H; = max {2H3, N(Bd—i_}/)/ol(l —s)w(s)ds}.

If u € P with ||u|| = Ha, then

Fu(t) = — /Ot(t—s)w(s)f(u(s))ds

Bt; : / =l ulsds—a [ (1 —s)wis)f (”(s))‘“]
< fu(s))ds
< d l—s f(u(s))ds

<yt )/< s)w(s)ds < Ha, t € [0,1].

Thus, [[Ful < |u.
1

(ii) If f is unbounded, then we let Hy = max {2H3, -M } such that
r

f(u) < f(Hy) for 0 < u < Hy.

If u € P with ||u|| = Ha, then

Fu(t) = — /Ot(t—s)w(s)f(u(s))ds

PTG wprtats))as —a [ - spwis)stus)as
< D G g stras
< H4(BZY)/OI(1—s)w(s)ds§H4:Hu”,tE[O,l].

so that ||Fu|| < ||u||. For this case, if we let
Q4 = {u ck: HMH < H4},

then ||Ful| < ||u||, for u € PN dQy4. By the second part of the Fixed Point Theorem, we know
that the BVP (1.1) and (1.2) has at least one positive solution.

This completes the proof.
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