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Abstract. This paper focuses on the problems of invariant manifolds for nonuniformly hyperbolic systems on
time scales. We establish the existence of smooth stable invariant manifolds for a nonlinear dynamical system on
time scales in Banach spaces assuming that the corresponding linearized system admits a nonuniform exponential
dichotomy.
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1. INTRODUCTION

Dynamical systems or dynamic equations on time scales originate from [1, 2] and allow a
simultaneous treatment of continuous dynamical systems, discrete dynamical systems and dy-
namical systems on the general time scales. The concept of uniform or nonuniform exponential
dichotomies on time scales introduced in [3, 4, 5, 6] is a very important method and tool to
explore the dynamic behavior of nonautonomous dynamical systems such as the existence and
roughness [4, 5, 7], the Hartman-Grobman theorems [6, 8, 9], periodic solutions [4, 11], (pseu-
do) almost-periodic solutions [10, 12, 13, 14, 15, 16] and impulsive dynamic systems [17].
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As one of the most important and useful properties, the classical theory of invariant manifolds
provides a geometric structure to describe and understand the qualitative behavior of nonlinear
dynamical systems and has been widely recognized both in mathematics and in application-
s [18]. In particular, with the help of nonuniform exponential dichotomies, Zhang, Fan and
Chang [6] investigated the existence of Lipschitz stable invariant manifolds for nonuniformly
hyperbolic systems on measure chains. However, there are few results to consider smooth sta-
ble invariant manifolds on time scales, which is quite different from the existing results and is
much more challenging.

The content of this paper is as follows. In Section 2, we introduce some basic preliminary
results on time scales in order to make this paper self-contained. Section 3 focuses on estab-
lishing smooth stable invariant manifolds for nonuniformly hyperbolic systems on time scales

with the help of nonuniform exponential dichotomies.

2. PRELIMINARIES

We first introduce some basic terminologies and results of the calculus on time scales. We
refer the readers to [1, 2] for more details.

Let (X,| -||) be a Banach space. A time scale T is defined as a nonempty closed subset
of the real numbers. Define the forward jump operator ¢ : T — T and the graininess function
w(t) = o(t)—1t for any r € T. We assume that T is unbounded below and above. Let T} := {r €
T:t<t}and T; :={t € T:t <7} forany T € T. C,q(T,X) denotes the set of rd-continuous
functions g : T — X. Z7(T,R) := {g € Cq(T,R) : 1 + u(t)g(t) > 0, fort € T} is the space

of positively regressive functions. Define (¢ & y)(t) := @(t) + w(t) + u(t)e(t)y(t),00 =
o _

1+ u()e() A1) h
T,p,w € Z"(T,R). If ¢ € Z"(T,R), then we define the exponential function by

for a given @ € R™ and for any ¢ €

Z if h=0,

ep(t,s) =ex t T At > with =
olt) =exp{ [ G (ple)ac | with 5,0 PIORAN

for s,t € T, where Log is the principal logarithm. Let k = min{t € T,0 < ¢}. For any ¢ €

Ca(TE, R), we introduce the abbreviation [@]* := sup,er: (@(2)), [@]« := inf,cpi (@(7)) and the
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notations 0 < @ < 0 < [@]... It is clear to see that

tlLIg€@¢(I,T) =0, Tgrzlme@(p(t,f) =0, ep(t, k) > 1 for k <t,

for 0 < [@]..

Let (X ) be the space of bounded linear operators defined on X. We consider the following

systems
2.1 A =A(r)x,
(2.2) A =A)x+ f(t,x),

where A(r) € Cyg(T5, B(X)), f: T xX — X. Let T(t,s) be the evolution operator satisfying

T(t,s)x(s) =x(t) for s <t,t,s € T and any solution x(¢) of equation (2.1).

Definition 2.1 ([6]). (2.1) is said to have a nonuniform exponential dichotomy on a time scale
T if there are a projection P(z) : X — X for k <t, a constant K > 1 and growth rates 0 < a,0 <
b,0 < p such that, forany k <s <t, P(t)T (t,5) =T (t,s)P(s), To(t,s) :=T(t,s)|Q(s)X : Q(s)X —
Q(1)X is invertible, where Q(7) = id —P(t), and

|T(t,8)P(s)|| < Kecalt,s)ep(s, k),
2.3)
1 To(t,5) "' Q(t)[| < Kecp(t,5)ep(t, k).

We then define the stable and unstable subspaces for each k <t by
E(1)=P()(X) and F(t)=Q(1)(X).

We denote by o the partial derivative with respect to the second variable of any given function

of two variables and assume that:
(1) f(z,0) =0 for any k <t;

(2) there exists ¢ > 0 such that

of
2.4) H g(f,x)

and

L (t,x)

@5) |F -5

< ceo30p) (1, K) X1 — X2



4 Y. LL X. CHANG
for any k¥ <1t,x1,x € X.
We also denote by 2" the space of rd-continuous functions ® : T} x E(s) — X of class C!

in & € E(s) such that for each k < s:
(1) ®(s,E(s)) C F(s) and ®(s,0) = 0;
2)
1(0@/dS)(s, &)l <1,
1(0D/9G)(s,61) = (9P/IG)(s, &) < [[&1 — Gl

for every £1,&, € E(s).

(2.6)

It is easy to show that .Z" is a Banach space with the norm

[@f" = sup {[|@(s, &) /161 : ¥ < sand & € E(s)\{0}}.

Given ® € 2, we consider the graph

2.7) W ={(s,§,®(5,6)) : (5,§) € TX X E(s) .
Moreover, for each (s, u(s),v(s)) € T x E(s) x F(s) we consider

(2.8) Wy (s,u(s),v(s)) = (t,u(t),v(t)), t—s=y>0

generated by equation (2.2), where

2.9) u(t) = U (t, s)u(s) + / U 6(0) f(1.u(t),v(T))AT,

(2.10) V(1) =V (1,5)v(s) + / V(e 0(0) £t u(t),v(1))AT,

where U (t,s) =T (t,s)P(s) and V (t,s) = Tp(t,s)O(s).

3. EXISTENCE OF SMOOTH STABLE MANIFOLDS

In this section, we establish the existence of smooth stable invariant manifolds for nonuni-
formly hyperbolic systems on time scales. Let Z™* be the space of rd-continuous functions

7:Tf x E(s) — X of class C' in & € E(s) such that for k < s:

(1) z(¢,€) € E(t), z(t,0) =0 for every s <t and z(s,&) = &;
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(2)
3.1 1(02/9&)(t,8)|| < 2Kecalt,s)ep (s, k)
and
(3.2) 1(02/9&)(2,81) = (92/95)(t,5)|| < 2Keca(t,5)ercp (s, K)[|51 — &2l

for every s <t and &;,& € E(s).

It is not difficult to show that Z™* is a Banach space with the norm

12(2, )l

1Glleca(z,s)ep (s, k)

(33) Jell* = sup{ s<nEe E(s)\{O}}

and ||z||* < K for each z € Z7*.
The following is our main result. It establishes the existence of a smooth stable invariant

manifold for equation (2.2).

Theorem 3.1. Assume that equation (2.1) admits a nonuniform exponential dichotomy and
l[au]* < oo, [pu]* <o If [a®bS pli > 0 and c is sufficiently small, then there exists a unique

function ® € 2 such that the set W' is forward invariant under ¥y, in the sense that
(3.4) W (s,E,D(s,E)) €W forevery (s,€) €Ty xE(s), y>0.

Furthermore, the graph W is of class C' for & € E(s), and there exist constants dy,d > 0 such

that

(3.5) [y (s, 61, P(5,81)) = Wy(s, &2, B(s, 62)) || < diecalt,s)ep (s, K)[|G1 — &l

and

(3.6) H%—?(& &1, ®(s,61)) — a(-)—‘?(& 82, (s, 82)) || < daeca(t, s)eacp (s, K)[|G1 — &l

fort—s=y>0and (s,&),(s,&) € TE x E(s).

The proof of Theorem 3.1 will be obtained in several steps.
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Lemma 3.1. For s <t, we have

3.7) 12(2,81) = 2(1,&2) || < 2Keca(t, s)ep (s, k) [ &1 — &2,

(3.8) [(0P/dE)(1,2(1,8))|| < 2Kecalt, s)ep (s, k),

(3.9) 1(0.f/98)(1,2(t,6), P(1,2(1,6))) || < 4Kcecap)(t, K)ecalt,s)ep(s, k),
(3.10) 1@(1,2(t,61)) — P(1,2(1,8)) || < 2Keca(t,s)ep(s, K)[|E1 — &,

B.11)  [[(9D/9E)(1,2(t,E1)) — (9B/IE)(1,2(t,52))| < 6KZecalt,s)ercp (s, k) [|1E1 — &l

1(07/9E)(2,2(t,61), (t,2(1,61))) — (9f/9G) (1,2(, 62), P2, 2(2,£2)))

< 24K ces(30p)(t, K)eca(t,s)ernp (s, K)]1&1 — &

(3.12)

forevery® € 2 z€ X E1,E € E(s).

Proof. It follows from (3.1) that

(e, &) — (1. &) < sup j—é(r,me(&z—sl))

0€[0,1]

\ JE =Gl
< 2Kevalt s)ep (s, )& — Bl

By (2.6) and (3.1), we have

P

|5 ee.en| < | S0l |5

%(”5)“ < 2Kecq(t,s)ep (s, k).

By (2.4), (3.1) and (3.8), we have

et pro0z0.0m) < |Fezo)|

sl

of
+ |55 0.20)

220

<4Kceg30p)(t, K)esalt,s)ep (s, k).
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Writing 7' = z(¢,&;), i = 1,2. It follows from (2.6) and (3.7) that

[@(7,2(7,61)) = @(7,2(1,62)) |

< sup 'a—cp(t,zlJrG(zz—zl
6€[0,1] dz

) \ e &) — 20,8

< 2Keca(t,s)ep(s, k)61 — G2 l-

By (2.6), (3.1), (3.2) and (3.7), we have

ant):= |20 350,80 - S0 JE 0.8

< 2K€6a(tas)€2®p (Sv K)Hgl - 52”

and

P

5( 62) =5 (12 ) = (1,6)

1a(0)i= |52 02 5

< 2Keca(t,s)ep(s, k) ||z = 27|
<4K?ecq(t,s)excp(s, K)||1E1 — &

Therefore, one has

H P)2 51))-3—?0,4;@»
: H‘”’

l

T S e -y

< A1) +A2(1) < 6K ecal(t,s)erep (s, 1) (| &1 — &l

since K > 1. Writing ®' = ®(¢

,2(6,€)),i = 1,2. By (2.4), (2.5), (3.1), (3.2), (3.7) and (3.10)
we have

) :Hﬁ“’l ) 5( -2 e 5( &)

< 2Kceq30p) (15 K)ecall, s)eacp (s, K)[|G1 — Sl
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and

1<1>1) (#,62) = ( )

= Haf ~(1,8)

& &

< 2Kceq (30p) (1, K)ecalt,5)ep (s, 6) (|| =22 + | @' — @)

< 8K%cec(30p) (1, K)eca(t,s)eacp (5, 1) &1 — &2

On the other hand, it follows from (3.8) and (3.11) that

P
98

< 6K cec 30p) (1, K)ecalt,s)e2cp (5, 6) 161 — &

e A e A R AR S

and

P
s

< 2Kce 30p) (1, K)ecalt,s)ep (s, k) ([l2' =27 + [ @ — ?))

Blt): = | 50 @) G 0.2 - S5 (128 G 12)

< 8K e 30p) (1, K)ecalt, s)e2np (5, K) | & — &

Therefore, we have

, 51>,<I><r,z<r,¢1>>>—ﬁ(nza,&z>,cb<r,z<r,éz>>>H

H%“’“ Pk

< By(t) +Ba(t) + B3(t) + Ba(t)

< 24K ce (30 (1, K)ecal(t, $)e2np (s, K) | &1 — &

Lemma 3.2. Given ¢ > 0 sufficiently small and (s,&,®) € TE x E(s) x 2, there exists a unique

function z € X" such that (2.9) holds for every s < t.

Proof. Given (s,&) € T{ x E(s) and @ € 2, we define an operator L in 2™* by

(L2)(1.8) = V(.98 + [ Ule.0()(2.2(5.),0(z.2(5.8)))At
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Obviously, (Lz)(t,&) € E(t), (Lz)(¢,0) = 0 and (Lz)(s,&) = &. It follows from (2.4), (2.6) and
(3.3) that

Hf(T,Z(T,é),CD(T,Z(T,é)))” < Ce@(3®p)(T7 K)H(Z(T,é),q)(T,Z(T,é)))H
(3.13) < 2ceq30p) (7,K)|2(7,8) |

< 4Kce@(3®p)(f’ K)e@a(’v,s)ep (S, K)H§ ||

By (2.3), we have

[ 1040 @) I (7,2(7.8), (. 2(5. )]
SARZE] [ ecalt,0(2)ep(0(0), K)ec3op) (5. K)eca(7,5)ep (5, K)AT

< 4K%cecalt,5)ep (5, K)EN [ (1-+ai(8))(1+PR(E))ecoop) (7. K)AT

<4K*cA ecalt,s)ep(s, k)&,

where

1 = A lau) A+ [pul) (A +[20p)u])
2op]s '

Then

I(L2) (1, S)Il < U (2, 5)E ]| +/St 1 o () f(72(7,8),P(1,2(1,5))) |AT

< Kecal(t,s)ep(s, K)[|E ]| +4K>cA eca(t,5)ep (s, 6) [ €]

This implies that || Lz||* < K +4K?cA’ < . By (2.3) and (3.9), one has

o] e

+4K2c/st eca(t,0(7))ep(0(7),K)ec30p) (T, K)eca(T,5)ep (s, K)AT

< Ke@a(t7s)ep (S7 K) + 4K2CA/€@a(l7S)€p (S7 K) < 2K€6a(t75>ep (S, K)?
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since c is sufficiently small so that 4K2cA’ < K. For any &£;,&, € E(s), we have
d(Lz) ~I(Lz)

|5 a5

X /st e@a(tvG(T))eP(G(T)7S>e@(3®p)(T7 K)e@a(fvs>e(2®p)(sa K)AT

(1,8)|| < 24K°c||& — &l

< 24K%cA eca(t,5)eop) (5, K) &1 — &2l < 2Keca(t,$)eep) (5, K)||E1 — &l

since ¢ is sufficiently small. Therefore, L(.2*) C Z7*. On the other hand, for each z;,zp € 2%,

we conclude that

(7, 21(1.8), (7,21 (1, €)) — (7, 22(5,£), &(7, 22(£,£)|
< Cecaop) (7, [(21(7,€), 05,21 (7,))) — (22(5,£), @ (7, 22(7, £))|
< 2eecaop) (1,621 (7,) —2a(7. )|
< 2ce (sop) (T K)eca(T,5)ep (s, KIIE 21 — 22|
It follows from (2.3) that
I(L2)(6) — (Le2) () < 2Kel 1zt 2
< [ ecalt, o (0)ep (0(2), Klecsop) (7, K)eca(s,5)ep s, K)AT
< 2Kk ecq(t,5)ep(s K)|IE 21 — 22|

This implies that ||Lz; — Lzz ||* < 2KcA'||z1 — z2]|* and L is a contraction if ¢ is sufficiently small.
Therefore, there exists a unique function z € Z™* such that Lz = z.

Let z = z%(¢, &) be the unique function given by Lemma 3.2, that is,

(3.14) 2(1,6) =U(1,5)6 + /:U(% (7)) f(7,2(7,8), P(1,2(1,5)))AT

for each s <t.

Lemma 3.3. Let ® € 2" and 7 be the unique function given by Lemma 3.2. Then the following
properties hold:

(1) if

B9 @e) =VE)(s.8)+ [ VEo(0)(nrE) dral(r))Ar
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forevery (s,&) € T x E(s) and s <, then

(316 =~ [ V(o(®)9)  (r2(x.8). B(r.2(r.6))) AT

(2) if identity (3.16) holds for every (s,&) € T x E(s), then (3.15) holds for every (s,&) €
T X E(s).

Proof. It follows from (2.3) and (3.13) that
/ IV(a(2),9) If(7,2(7,8), ®(7,2(7,8))) AT

< 4K / ech(0(7),5)ep (0(2), K)ewzop) (T, K)eca(T,s)ep (s, K)AT

) "1+pu(r)

< 4K? ZTPEE)
= Cngea@b@p(S,K s 1—|—b[.L(T)

1+ [pu]* 1 ]
< 4KlE] (1+[bu]*) ([aeabew@p)]* Tl > <

This implies that (3.16) is well-defined. If (3.15) holds for every (s,&) € T x E(s) and s < 1,

eo(amba(20p)) (T, K)AT

then identity (3.15) can be written in the form

B17)  D(s,E) = V(1,5)" ' D(1,2(t /V F(2,2(1,),®(7,2(1,E)))AT
By (2.3), (2.6), and (3.1), we have
IV (2,9) ' ®(t,2(2,8)) || < Keap(t,5)ep (t, %) |12(2,6) |
< 2K Ellech(t.5)ep(t, K)eca(t,s)ep (s, )
< 2K llecaabep) (t, K)easbep (s, K).

Therefore, (3.16) holds when letting t — oo since [a b O p]. >0
We now assume that (3.16) holds for every (s,&) € T;: X E(s). It follows from (3.16) that

V(t5)0(s.8) = - / VL0()f(r(r.8) B(r.(r.8))ae

~

V f(r,z(1,8),®(1,2(1,8)))AT
V f(r,z(7,8),®(1,2(1,8)))AT

t

v f(7,2(7,8),®(7,2(7,8)))AT+ P(1,2(1,5))-

~
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This completes the proof of the lemma.

Lemma 3.4. If c is sufficiently small, then there exists K| > 0 such that

(3.18) 12%1(2,8) =22 (1,6)|| < Kieyealt,s)ep (s, 6)[[E] - |@1 — @2

for every @1, @, € 2, (s5,&) € T X E(s) and s < 1.
Proof. Write z; = z% for i = 1,2. We first note that

|P1(7,21(7,8)) — P2(7, 22(7,§)) |
< [[@1(7,21(7,6)) = Po(7, 21 (7, §)) [+ [[2(7,21 (7, 6)) — P2 (7, 22(7, )
< 21 (1,81 [P1 = Paf + (|21 (7, §) — 22(7, §) .
Then we have
17 (7 21(7,8), P1(7,21(7,8))) = £ (7, 21(7,5), Pa(7,22(7, )
< cec30p) (T, K)([[21(T, ) - |1 — Do +2[|z1 (7, §) —22(7,E) 1)

< 2K cec (30p) (T, K)eca(T,8)ep (5, )] |1 — o

(3.19)

T 2ec3op) (T, K21 (2,6) — 22(7, £
It follows from (2.3) that
ecals.0)]21(,8) — 22(1,E) ]| < 2K2cAep (s, k) [€]] |1 — s
41 [ ecals, Dl (.6) - 2(z.8)las,
where
y=2Ke(1+ [al")(1 + [ou]").

By using Gronwall’s inequality (see Section 6 in [2]), we have
|21(1,8) = 22(t,6) || < 2K*cA eycalt,s)ep (s, K) ||| - |1 — P

Lemma 3.5. If ¢ is sufficiently small, then there exists a unique function ® € 2" such that (3.16)

holds for every (s,&) € T x E(s).
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Proof. For each ® € 2" and (s,&) € T)f X E(s), we define an operator J by

U0)(5.8) == [ V(o(0).5) " f(1.2(.). 012" (. )) At

where z% is the unique function given by Lemma 3.2. It is easy to show that J® is of class C!

in& € E(s), J®(s,E(s)) C F(s) and J®(s,0) = 0. By (2.3) and (3.9), we have

H H [ vie@. |2 a

ag|®

S4K2€G:[[Zﬁ]]:) <[a@b@1<2®p>]* Hu]*)’

which implies that ||(d(J®)/d&)(s,E)|| < 1 since ¢ is sufficiently small. It follows from (2.3)
and (3.12) that

|2 a0 - 25 2

< [ Ivie@.o|

1+ [pul* 1 *
gz41<3c(1+[bu]*) (cmrmmaay Il )l -l
Therefore, J(Z") C 2.

\ Lee- 5(“52)

Now we show that J is a contraction. Let (s,&) € Tf x E(s), for each ®;,®, € 2" and
zi= z‘g’f for i = 1,2. By (3.18) and (3.19), we have

C(1): = | f(1,21(1,€), @1 (2,21(7,))) — £(7,22(7, &), D2(1,22(1,E)))
< 2K +Ki)ceo 3op) (T, K) (eca(T.5)
+eyea(T.8))ep (s, 1) €] - |1 — Dol

Then

[(J@1)(s,6) = (JP2)(s,6)|

< [ Iv(o).5) Ic(mae

<2K(K+ Ki)e (%) &)~ @

X / ecn(T,5)ep (T, K)es30p) (T, K)(eca(T,s) +eyaa(T,5))ep (s, K)AT.
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If ¢ is sufficiently small, then

1(7P1)(5,8) = (JP2)(s5. )| < M|E[[[@1 — Do’

where

_ 1+ [pul” 1 ]
{ ‘2K(K+K”C<1+[bm*) ([ye CEIEED A ) <k

which means that J is a contraction and has a unique fixed point @ in 2.

We are now at the right position to establish Theorem 3.1.

Proof of Theorem 3.1. It follows from Lemma 3.2 that, for each (s,&) € T{ x E(s) and ® €
Z, there exists a unique function z = zg) € Z*. By Lemmas 3.3 and 3.5, for each ¥ < s and
& € E(s) there exists a unique function ® such that (3.15) holds. Therefore, (3.4) holds and #
is forward invariant under ¥,. Meanwhile, since the function & is of class C Ufor & € E(s), the
graph # is of class C! for & € E(s). For each (s,&;),(s,&) € T x E(s) and y =t —s > 0, by
(3.7) and (3.10) we have

||1PY(S7§17CI)(S7§1)) _\PY(S?€27CD(5762))H
= ||(t7z(t7él)vq)(tvz(tvél))) - (Z,Z(l,éz),q)<l‘,z(l‘,§2)))|l

< 4Keca(t,5)ep (s, K)[[ &1 — &al|,

and it follows from (3.2) and (3.12) that

J Jd
||aig<s,é1,<b<s,él>>—aig@,éz,@(s,éz»n

< [[(92)(98)(2,61) = (92)(I) (1, &)
+[(0@)(98)(1,2(t,81)) — (9P)(IS)(1,2(1,62))

< (2K+6K2)e@a(t,s)ez@p(s, K)||&1 — &|-

This completes the proof of the theorem. U
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