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Abstract. Enzymatic reactions occur through active sites of enzymes, which combine with the substrates to form
intermediate complexes and subsequently lead to product. Transformation from one intermediate to another re-
quires time dependent conformational changes of complexes. These changes are thus often accompanied by some
time delay during formation of product. Time delay due to conformational changes can be avoided by controlling
suitable reaction parameters, which are better identified by mathematical modeling. In this research article, we
have proposed a delay differential equation model of enzymatic reaction system and analyzed the dynamics of the
system critically from analytical and numerical points of view. It has been observed that time delay affects the
stability and performance characteristics of the system. A control induced delay differential equation model is
derived to reduce the delay induced instability of the system which contributes product optimization.
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In biochemical system, reactions are generally catalyzed by enzymes for smooth conversion
of substrates to product. Enzymes are very much selective in nature where a particular enzyme
generally accelerates only a specific reaction. Enzyme works on the basis of binding target
molecules or substrates through the active sites which is the most vibrant part of an enzyme.
After binding with the substrate, it forms enzyme-substrate complex and finally transformed
into product through enzyme-product complex. Existence of an enzyme-substrate complex in
enzymatic reactions is first proposed by Brown in 1902 [1]. Later, it is shown that formation of
complex by the interaction of substrate and enzyme is a reversible process [2]. Transformation
of enzyme-substrate complex to enzyme-product complex involves conformational changes ac-
companied by some time delay which reduces the optimal conversion [3-5]. So most of the
enzymatic reactions are not instantaneous and natural time delay is also observed in the evolu-
tion of cell states [6, 7].

Formation, stability and conformational changes of intermediate complexes affect the rate
of reaction, nature of product and conversion efficiency of biochemical reactions. One of the
most important aspects of enzyme kinetics is the formation and retention of intermediate com-
plexes of different nature including time delay. The time delay in reaction system has been
studied through mathematical modeling by many researchers [8—10]. It has been proposed that
Ninio [11] first constructed a delayed enzyme-substrate reaction by sequence of conventional
elementary steps. Hinch and Schnell [12] studied the distribution of delay by the number of
intermediates between reactant mixing and product formation in enzyme kinetic reactions. Al-
bornoz and Parravano [13] proposed continuous delayed models for large enough number of
substrate molecules in enzyme kinetic reactions. Their models consider the time that elapses
from the moment enzyme-substrate complex forms until the moment a product molecule is re-
leased. It has also been shown that delay differential equations exhibit a comparatively complex
dynamical behavior than ordinary differential equations since a delay may cause an equilibrium
state to lose its stability and makes the system oscillatory [14—17].

Controlling or minimization of time delay in biochemical system is the key factor for prod-
uct optimization through mathematical concepts . Control measure in this regard in interme-

diate stages of conformational change contributes appreciably for economization of time as
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well as smooth completion of product in system kinetics [18-20]. Here, we initially formu-
late a mathematical model of enzymatic reactions considering the intermediate conversion of
enzyme-substrate complex to enzyme-product complex. In this stage of conformational change,
we introduce time delay to study the effect on concentrations of different components of the
system. To make this enzymatic process more realistic and to optimize the formation of prod-
uct, optimal control theory has been introduced in the delayed model for that particular stage.
We have discussed about stability of both the non-delayed and delayed system. “Pontryagin
Minimum Principle” is applied to determine the optimal control. We solve both the models
from numerical point of view. Stability analysis shows that the non-delayed system is globally
asymptotically stable where as the delayed system is locally asymptotically stable for all values
of delay. Our numerical results reveal that the product in biochemical system can be optimized

by reducing delay time with the understanding of control based modeling technique.
2. Mathematical Model Formulation

The schematic diagram of a basic enzymatic reaction, proposed by Michaelis and Menten [2],

can be represented as follows,
S+E=ES—E+P,

where S is the substrate, E is the enzyme, ES is the enzyme-substrate complex and P is the
product. We want to extend the above schematic diagram with the assumption that the complex
ES is converted to the enzyme-product complex EP. All reactions which are catalyzed by
enzymes are reversible and this could play a prominent role in biochemistry [21]. We consider
that the stage of product formation from EP complex is reversible. The extended schematic
diagram thus can be represented by [3-5],
S+Ek:lESkéEPk:3E+P,
k_q k_o k_3

where S, E, ES, EP and P are the substrate, enzyme, enzyme-substrate intermediate complex
(represented by Cj), enzyme-product intermediate complex (C;) and the product respectively.

The rate constants for the formation of C; and C; are denoted by k| and k; respectively and k3
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is the catalysis rate constant. k_; and k_, are the rate constants for backward reactions of C
and C;, respectively and k_3 is the rate constant for backward reactions of E and P. The above
diagram demonstrates that one mole of substrate S combines with one mole of enzyme E to
form C;. This complex (C;) may convert to C, through some conformational changes or may
decompose back into unmodified substrate S and enzyme E. Finally, C; is either converted to
the product P and makes the enzyme free or revert back into Cj.

Considering s, e, c1, ¢z and p as the concentrations of S, E, ES, EP and P respectively, from
the law of mass action, the non-linear system of differential equations for the above enzymatic

reaction may be enunciated as follows:

d
d_j = —kiexs+k_icy,
dek
T = —kiexs+k_1c1+kscy —k_3erp,
d
a1 = kiexs—k_1c1 —kycr +k_oco,
dt
dc
d_t2 = kocy —k_2cr —kzcr +k_zerp,
d
(1) = ka—ksep,
with the initial conditions,
2) ex(0) = exo, s(0) =50, ¢1(0) =0, ¢(0) =0, p(0) =0.

From the above system, we have

ds dp dex
ataa =0
dC1 d6‘2 dek .
3) dt + dt + dr

From relation (3) with help of initial conditions (2), we have the following relations.

St+p—er = So—ék,

4) citoter = ey
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Using (4), system (1) can be reduced to a three dimensional model given below,

de
dtk = —{ki(so—exo+ex) thster+ (ko1 —k3)c1 + (ki —k_3)erp +ksexo,
dc
dt1 = {ki(so—ero+er) —kater — (ko1 +ha+k2)er —kiexp +kzer0,
d

5) d_l; = —ka(ci+ex) —k_zerp+ksep,

with initial conditions,

(6) ex(0) = exp, ¢1(0) =0, p(0) =0.

2.1. Theoretical Study of System (5)

Here we determine the equilibrium point of system (5) and discuss the stability of the system

around it.
2.1.1. Equilibria and Stability

In this section, we only consider positive equilibrium point of the system and its stability.

The system (5) possesses the following interior equilibria E* (e, c}, p*), where

o k_2(exo —e;) o= kaks (exo — ef)
! ky+k_p (ko +k_2)k_ze;

and ¢}, satisfies the following equation,

7 Aref? +Ayef —Ay = 0.

The coefficients A1, A, and A3 are given by,
A = ki(ky+k_p)k_3,
Ay = ki(ka+k-2)k_3(s0 —exo) +kikaks +k_1k_2k_3,
Az = (kikoks +k_1k_ok_3)ex.

2.1.2. Existence Condition

Positive equilibrium point E* exists if e satisfies the following condition,

eko—ez > 0.
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2.1.3. Stability Analysis

Here we discuss about stability of the equilibrium point E*. The jacobian matrix J(e},c}, p*)

about the equilibrium point E* (e, ¢}, p*) is [m;;],i,j = 1,2,3, where

my; = —{k1(5*+€]t)+k_3p*+k3},
mpy = k_1—ks,
miz = (ki —k_3)eg,

my1 = kl(S*-l-e]t)—k,z,

my = —(k_1+ky+k_2),
myy = —kieg, my1 = —(ks+k_3p*),
(8) myp = —k3, myz=—k_zej.

The characteristic equation of system (5) is
©) & +AIE + A8 +A; =0,

where the coefficients are given by,

A = —(myp+myp+ms3),
Ay = moom33z —m3amp3 +my1my — My M2 +my1ms3 — m3|m3,
Az = —[my1(mpmsz —m3ama3) —mya(mpymsz — m3ymo3)

+my3(maym3y —m3ymyy)).

It is clear from the expressions of Aj, A3 and AjA; — A3 (given in Appendix A) that the coeffi-

cients of (9) always satisfy the Routh-Hurwitz conditions i.e.,
(10) A1 >0,A3>0and A1A; — A3 > 0.
Thus, we have the following proposition.

Proposition 1. The equilibrium point E* (e}, c], p*) is locally asymptotically stable.
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2.1.4. Global Stability

Now, we want to show that the equilibrium point E* (e}, ¢}, p*) is globally asymptotically

stable. Let us formulate the following Lyapunov function,
1
(1n) Liexse1,p) = 5{viei + vaci +vsp?},

where v; > 0, (i = 1,2,3) is to be determined suitably. The derivative of L along the solution of

X(t) =J(e;,ct,p*)X (1), where X (t) = (ex(t),c1(2), p(t))7, is given by,

dL . . )
E = Viexér -+ Vvacic1+ V3pp
= vim 16% + (V1m12 + V2m21)6k01 + (V1m13 + v3ms3y )ekp
(12) +Vampet + vamsz p* + (Vamas + vimzn e p,

_dcey ,__dp

where ¢, = ddi[k, ¢1 =g+ p= "4 and m;;’s (i, j = 1,2,3) are given by equation (8).

The symmetric matrix corresponding to % is given by,

2vimyy Vimiy + Vomay  Vimi3 + Vimsj
= % Vimia + Vamyg 2vomyp Vamy3 + Vams,
Vimiz+Vvimar  Vompz + Vimsp 2v3msa3
The equilibrium point E* is globally asymptotically stable if % is negative definite i.e., if matrix

Y is negative definite. This follows if 2vimy; < 0, 4v|vamyimys — (Vimyy 4 vomap)? > 0 and

| Y |< 0, where | Y | is determinant of matrix Y. Hence, we have the following proposition.

Proposition 2. The equilibrium point E* (e}, c], p*) is globally asymptotically stable for suit-
ably chosen positive values of Vi, v, and vy satisfying 4vyvomyimy; — (vimy + v2m21)2 >0

and | Y |<O0.

2.2. The Model with Delay

The mathematical model (1) does not involve any time delay. Since the process is not instan-
taneous, as it takes time to form the complex EP from the complex ES, we assume that there is

a delay in the intermediate step ES ~EP [3-5].
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The dependency of one chemical component on the history of another chemical component
can also force the system into oscillation. When this dependency is distributed and it is taken
into consideration, model (1) reduces to a system of delay differential equations. However,
introduction of delay into system (1) may produce spontaneous oscillation [22].

Incorporating delay in the model equations (1), we get the following delay induced system,

dz_(tt) — kew(t)s(t) +k1c1(0),

dec;(t(t) = —kier(t)s(t) +k-1c1(t) +kaca(r) —k-zer(t)p(2),

ch}t(t) = kiex(t)s(t) —k_1c1(t) —kac1 (1) + k-aca(2),

dC;l(t) = ka1 (t — 1) —k_aea(r) — kseo(t) +k—3ex(1) p(1),
(13) dfl—it) = ksca(t) —k_3ex(t)p(t),

along with initial conditions,
(14) s(0) =50>0, ex(0) =exp >0, ¢1(6) =0, c2(6)=0, p(6) =0, 6 € [—7,0].

Here we also have the following relation,

(15) dii(tt) N dflgt) B dedkt(t) _ o

Using initial conditions (14) and the relation (15), from (13), we have

d‘;(;) = —ki{s(t)+ p(t) +exo — so}s(t) +k_1c1(t),
dc;t(t) = ki{s(t)+ p(r) +exo —so}s(r) — (k-1 +k2)e1 (1) + ka2 (1),
dc;t(t_) = koci(t —7) — (k—a +k3)co(t)
+k_3{s(t) + p(t) +exo — s0} p(t),
(16) dl;_gt) = kaco(t) —k_3{s(t)+ p(t) + exo — so} p(t),

with initial conditions

5(0) =50, c1(0) =0, c2(8) =0, p(6) =0, where 6 € [—1,0].
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2.3. Length of Delay and Stability of the System

Let us define §(t) = s(t) —s*, ¢1(t) = c1(t) — ¢}, C2(t) = c2(t) — ¢35, p(t) = p(t) — p*.

The linearized form of the system (16) about (e}, c], p*) is,

BO s+ ef)ste) +kadre) ks p0)

U+ 50 — (ko k) (1) +k20ale) +has Bl

d%:t) = kC1(t — 1) +k_3p"5(t) — (k-2 +k3)C2(t) +k—3(ex + p*)P(2),
an P = s+ kadale) K s(e PR,

Now we express system (17) in matrix form as follows:

5(t) 5(t) 5(t—1)
N T O S
2(1) e (1) ot —17)
p(r) p(1) p(t—1)
where
—ky(s* +e) k_1 0 —kys*
By = ki(s*+ep)  —(k-1+ka) k2 kis®
k_sp* 0 —(k—2+ks) k-3(ef+p*)
—k_3p* 0 k3 —k_3(e; +p*)
and
0 0 0O
By — 0 0 0O
0 kh 0 O
0O 0 0O

The characteristic equation of system (17) is given by,

AE) = |EI-Bi—e *"By|=0,

(18) e, &4+ a &2 +ant? +apé +ai+ (aisE% +aief —aig)e ST =0.
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Here,
ayl = a +axn
apy = axt+aa +ax+as,
ai3z = a1a3 +axaz4 +asazg + axe,
aig = axsas —asass,
a;s = —k 2k,
(19) aie = aisay; —dag,
where
ar; = ko1 +kyt+ki(s"+ep),
ap = kotki+ks(e+p),
ap = k_sk_o(eg+p"),
arys = kika(s*+e€f),
ars = —k_zkis*p”,
as = —k 3k ok 1p*,
ay; = ki(s"+ep) +ks(eg+p°),
axg = kikakss™,
(20) ay = k_o+ks.

For t > 0, we study the nature of roots of the equation (18) analytically to ensure the stability
of the delay model. The characteristic equation (18) is transcendental for T > 0. It is not
possible to apply R-H criterion to this equation.

We have shown that the coefficients of the non-delayed system always satisfy the Routh-
Hurwitz conditions. Hence, roots of it have negative real parts. Since the characteristic equation
(18) is a continuous function of 7, there is continuity in the eigenvalues for 7 > 0. Rouche’s

Theorem [23] and the continuity of the eigenvalues assure that the roots of equation (18) have
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positive real parts if and only if the roots are purely imaginary. We study if equation (18) has
purely imaginary roots or not.

Let A =n(7)+iw(7) be aroot of equation (18), where 1(7) and w(7) depend on the delay 7.
n(0) < 0 since the equilibrium point E* of (5) is stable. E* remains stable for sufficiently small
positive values of T as by continuity 11(7) < 0 for such values of T [24,25]. The equilibrium
point E* loses its stability if there exists some 7, > 0 so that n(7.) =0 and A = iw(7.) is a
purely imaginary root of equation (18) and becomes unstable when 1(7) becomes positive. We
show that the characteristic equation (18) has no purely imaginary root for all values of 7 i.e.,
E™ is always stable.

Suppose & = im(7) is a root of the equation (18). Then,

3 —a12w2 +ia;z0+as+ (—a15a)2 +iaje® — 014)(008 T —isin (DT) =0.

Q) o*—iao
Separating real and imaginary parts we obtain the following equations,
4 2 _ 2 .
O —anpn® +ays = (a15(1) —l—a|4) COSMT —a16MSINMOT,

22) 61116()3—61130) = (a15w2—|—a14) SINMWT+ a16M®Ccos MT.

Squaring and adding the above two equations we get,

(23) o + 0 0° + ot + w? =0,
where
2
o = a11—2a12,
= a},+2 2 2
O = ajp+2a14—2a1a13 —ajs,
2 2
(24) o3 = a13—2a12a14—2a15a14—a16.

Let us consider, v = . Then equation (23) becomes,
(25) F(V) = + 061v3 + 062\/2 + o3y =0.

Here v = 0 is a root of equation (25) i.e., £ is not a purely imaginary root of (18). So, rest of

study depends on the following cubic equation,

(26) Fr(v) = v+ oyv? 4+ opv+ o = 0.
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It is clear from the expressions of &, 0 and 03 (given in Appendix A) that all of these coeffi-
dFg(v)

cients are positive for all parameter values. Roots of the equation —;— = 0 i.e., of

27) 324+ 20v+ 0 =0

can be represented as

—oy £4/a? -3
(28) .

Vi = 3

Both of v; and v, are negative as o > 0 implies that / 0612 —3m < oq. Hence, equation (27)
has no positive roots. Thus, equation (26) has no positive roots as Fg(0) = oz > 0.

This implies that there is no ® so that i@ is a root of the characteristic equation (18). Hence,
the real parts of all the roots of (18) are negative for all 7 > 0. We thus have the following

proposition.

Proposition 3. The equilibrium point E* (e}, c], p*) is locally asymptotically stable for all delay

T>0.

3. The Optimal Control Problem

Now, we are introducing control input u(z) to reduce the delay induced instability of the
system. Thus u(¢) is introduced in the stage ES—=E P where there is a delay in forward reaction.

This is shown by the following schematic diagram,

ki ky, T, u(t) k3
S+tE=ES <= EP<=E+P
k,l k,z k,3

Here u(t) represents control input with values normalized between 0 and 1. u(t) = 1 represents
the maximal use of control and u(¢) = O signifies no control. The control measure stands for

reaction temperature, pressure, enzyme concentration, activation energy etc. [26]. Introducing
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control parameter into the model (13), we get the following system,

d‘;_(;) = —kep(t)s(t) +k_1c1 (1),

de;ft) = —kiex(r)s(t) +k_1c1(t) +kzca (1) — k_zer(t) p(t),

dcdl_t(t> = kiex(t)s(t) —k_1c1(t) — (1 — u(t))kacr () + k_sca(2),

% = (1 —u(r))kac1 (1 — T) — k_gca(t) — ksea(r) + k_se (1) p(2),
(29) dzgl) = kzca(t) —k_zex(t)p(t),

with initial conditions s(0) =59 > 0, €;(0) =exp >0, ¢1(0) =0, c2(0) =0, p(6) =0, where
0 € [-1,0].

We want to maximize the product and minimize the cost of product formation. So, we define

the cost function for the minimization problem as,

(0) 1) = [ o) - B

li

subject to the state system (29). The parameter A represents the weight constant on the benefit
of the cost of production and B is the penalty multiplier. Our aim is to find the optimal control

u*(t) such that
J(w*(t)) =min (J(u) :u e U),

where U = (u(t) : uis measurable and 0 <u <1, t € [t;,1]).

3.1. Optimality System
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Pontryagin Minimum Principle with delay provides necessary conditions for an optimal con-

trol problem. The Hamiltonian (H) given by,

H = Au(1)—Bp(1)
+S{—kiex(r)s(r) +k-1c1(r)}
+a{—kie(t)s(t) +k-rc1(1) +kaca(r) —k-3ex(t)p(r)}
+63{kiex(t)s(t) —k-yci(t) = (1 —u(t) kac1 (1) +- ka2 (1) }
+6a{ (1 —u(t) hac1 (1 = 7) —ka2(t) —kaco (1) + k-zer(t) p(1) }

(31) +&s{ksca(t) —k_zer(t)p(t)}.

Applying Pontryagin Minimum Principle with delay [27-29], we obtain the following theorem.

Theorem 3.1. If the objective cost function J(u*(t)) over U is minimum for the optimal con-
trol u*(t) corresponding to the interior equilibrium (s*, e}, cj, c¢3, p*) then there exist adjoint

variables &1, &, &3, &4 and Es which satisfy the following system of equations:

dditl = ke +&-&),
% = kis(E1+E &) +k_3p(Es—E&y),
% = k(& e — &)+ (1—ult) ks
o X0y (O {ut +7) — 1} Ealr +7),
R N S N 5)
(32) % = 2Bp+kse(&—&+8s),

with the transversality condition satisfying ;(t¢)=0 (i=1, 2, 3, 4, 5).

Moreover, the optimal control is given by,

kp{c1(t—7)84(t)—c1()E3(1)} )
2A .

u*(t) = max(0, min(1,
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FIGURE 1. Concentration profiles of substances of the ODE model (1) using the

parameter values as in Table 1.

15

Proof. The adjoint equations and transversality conditions can be obtained by using Pontryagin

Minimum Principle with delay such that

d& . OH,_ d&, . OH
W(t) = —x(f); E(”_—a—ek@’
B = S0 Koy OG-+ ),

33) 0 = —5m0. 220 =520

with ii(tf) =0,i=1,2,3,4,5.

From (33) we get the adjoint equations as,

LI~ haEra-8)
‘;itz = kis(E1+E - &) +k_3p(Es—E&y),
% = k(G4 E -8+ (1—u()hs
oo, - (D {u(t +7) —1}84(t +7),
N T S -}
(34) dss 2Bp+k-zer(6— s +&s).

dt
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Concentration (nol/L)

FIGURE 2. Concentration profiles of substances of the DDE system (13) for

T = 1 min and other parameter values are as given in Table 1.

According to Pontryagin Minimum Principle, the unconstrained optimal control variables

u*(t) satisfies

oH

—(t)=0.

8u*( )
This implies,

oH
35 %(l‘) = ZAM(I) +kocy (l)ég,(l) —kycy (l — ’L')§4(l‘) =0.
Due to the boundedness of the standard control,
k 11— t)— t t
0, 2{ei( T)§42(A) c1(& (1)} <0;

w (1) = kz{Cl(f—T)~542(1t4)—C1(f)és(f)}7 0< kz{Cl(l—f)§42(2—01(f)§3(f)} <1:
1, k2{61(I—T)§42(2—61(1)53(l)} > 1.

Hence, the compact form of u*(¢) is given by,

i o ka{ei(t—1)8a(t) — 1 (1)83(1) }
(36) u*(t) = max(0, min(1, ke 42A QWAL ))-

Thus equation (29) together with equation (34) and (36) represent the optimality system.

4. Numerical Simulation
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§ 02 2 —p
0.5
0 0
0 50 100 0 50 100
Time (mn)

FIGURE 3. Concentration profiles of substances of the DDE system (13) for
T = 2 min and other parameter values are as given in Table 1.

TABLE 1. Parameters used in numerical calculation

Parameter | Definition Recommended Value
with Unit
ki Forward rate constant for the formation | 2.7 (mol/l) 'min~!

of enzyme-substrate complex C;

k_q Rate constant for backward 1.5 min~!

reaction of Cy

ko Forward rate constant for the formation 2 min~!

of enzyme-product complex C,

k_» Rate constant for backward 0.5 min~!

reaction of C
1

k3 Forward rate constant for the formation 1.3 min~
of the product P
k_3 Rate constant for backward reaction 0.0012 (mol/) 'min~!

of product P and enzyme E

In this section, the dynamics of reaction system kinetics are analyzed numerically based on
the analytical results. We present some numerical results of system (1) and (13). The present

study also deals with the application of optimum control in model (13) of the enzyme kinetic
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FIGURE 4. Concentration profiles of substances of the DDE system (13) for

T = 5 min and other parameter values are as given in Table 1.
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FIGURE 5. Concentration profiles of product of the DDE system (13) for 7 =

0,2,5 and other parameter values are as given in Table 1.

system. The analytical results of optimal control are satisfied by numerical simulation using

MATLAB.

Concentration profiles of the substances of system (1) are represented by Figure 1. The pa-
rameter values are considered as shown in Table 1. Here ideal reaction conditions are considered
i.e., there is no delay in the system. Figure 1 reveals that the substrate concentration falls off

with time and becomes zero as it is consumed with the progress of the reaction. This is due to
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FIGURE 6. The system dynamics under the influence of optimal control u*(r)
with 7 =5 min. Solid line indicates “without control” and dotted line indicates

“with control”.

the initial higher rate of collision between substrate and enzyme which gradually slows down
with time. Consumption of higher rate of substrate concurrently reduces enzyme concentration
(ex) as the reaction proceeds and is recovered at the end of the reaction. Initial formation of the
complexes C; and C; is higher. After a certain time, concentrations of both the complexes de-
crease with time due to conversion of C; to C; and that of C, to E and P. Product concentration

increases smoothly from the beginning of the reaction.

Figure 2 displays concentration profiles of the substances in presence of delay (t = 1). It
has been observed from the figure that initial oscillation diminishes after 5 minutes of reaction.
Duration of oscillation increases with increment of time delay which persists for longer time as
observed in Figure 3 and 4. So product formation takes more time in delayed system. This is
due to the fact that delay effect on reaction rate directs the conversion of ES to EP for a longer
time which results unnecessary presence of enzyme-substrate complex. So, concentration of
product decreases significantly which has been shown in Figure 5.

Figure 6 exhibits the behavior of the delayed system (13) under the influence of optimal
control u*(¢). Here, it can be seen from the figure (Figure 6) that application of control measures

in the delayed system minimizes the oscillations of intermediate complexes which enhances
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product optimization. So, control approach in the delayed biochemical system improves the

product formation.

5. Discussion and Conclusion

In this research article, we have proposed a delay induced mathematical model of a bio-
chemical system for better realization of it along with the non-delayed system. We show by
constructing a Lyapunov function that the non-delayed system is globally asymptotically sta-
ble.The delayed system is locally asymptotically stable for all values of time delay 7. The
delayed model has been solved numerically using MATLAB. It is seen that time lag can pro-
duce major changes in the behavior of a delayed model rather than ordinary model. We have
observed from the model analysis that the delay induced system takes higher time for product
formation. This is due to the fact that longer delay time for conformational changes reduces
the rate of formation of product. Introduction of optimal control to this system shows that the
solution trajectories approach towards a stable region which actually directs the higher rate of
product formation from enzyme-product intermediate complex.

In conclusion, the proposed delay induced mathematical model is much more realistic. It
provides an idea to understand the dynamics of delay induced enzymatic system. This study will
help the future researchers regarding the time delay in suitable phases of biochemical system

and product optimization.
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Appendix A The expressions A, A3 and A1A, — A3 are as follows:

Al = ki(s"+e)+ks(ep+p*)+koi+k_o+ky+ka,
Az = koski(k_a+kp)(s™ +ep + p*)e; +k_sk_ok_ye; + kikakser,
AlAy—As = {ki(s"+e)+ks(eg+p°)+k_1+ko+ky+k3}.
{(kmy+k_o+ko)k_sey +k_3(k_y+k_o+ka)p*+ki(k—2
+ky + ks +k_3e)(s* +e) +k_skiefp" +ks(k_1+kp) +k_1k_o}

(37) —{k_3k| (k_z —+ kz) (S* —+ e}'; + p*)ez +k_3k_ok_; e; + kq k2k3€z}.

Thus, from the relations (37), Aj, A3 and AjA, — A3 are obviously always positive.
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Expressions of the coefficients a;, ap, oz of equation (25) are given by,

o =

O =

(38)

{k 1 +hky+ki(s* +ef)y> +{k o+ ks +k_3(ef +p*)}>

—2k_3k_s(ey +p*) —2kiko (s +e;) + 2k_3k " p*,

{k_3k_o(ef +p*) +hk_ok_1 +k_1ks +k_3k_1(ef + p*) +k_2ky + kok3
+k_sky (e + p*) +k_oki(s* +eg) +kiks(s* + ef) +k_ski (e + p¥)e;
tk_3kis* e} +kiky(s* +€)}2 4 2k_sk_okika(s* +ef + p*)ef — k> ,k3
—2{k_at+k_1+ky+kz+ki(s"+e;)+k_sz(e+p*)}{k_3k_o2k_;e;
+k_sk_ok(ey + p*) +k_sk_oki (e + p*)er +k_3k_rkis" €}
+k_okiky(s* + €;) + kikakz (s* + €) + k_3kika (s e + p* e},
{k_sk_2k_1e} +k_3k_okaef +k_3k_skop*™ +k_3k_ski(s" +e;+ p*)e;
+k_okiky(s* 4 €}) + kikaks (s* + €}) +k_skikao (s* + e} + p*)e }
+2k_3k% ki K5 (s* + e} + p*)ef — {k_skiko(s* +€}) +k_zk_ska (e} + p*)
+hykokss* Y — 2k 3k _okiky(s* + e} + p*ef {k_sk_a (e} + p*)
+kiky(s* +ef) + k_ok_1 +k_1ks +k_3k_1 (e} + p*) + k_2ks + kak3
+k_s3ka(ef +p*) +k_oki(s* +ef) +kiks(s* +¢f)

+k_3ki(s*+e;+pTe}

It is easy to understand from (38) that all of o, oy and 3 are always positive.



