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Abstract. This paper is devoted to prove the existence of fixed points for self maps satisfying some C-class type
contractive conditions in symmetric spaces. Without assuming continuity, we prove coincidence and fixed point
theorems. Moreover, as an application, we provide common fixed point theorems via a family of C-class functions
in a generating space of a symmetric family under a contractive condition of the Lebesgue integral type.

Keywords. Symmetric space; (E.A)-property; Weak commutativity; Compatible mappings, Coincidence point.

2010 Mathematics Subject Classification. 47H10, 54H25.

1. Introduction-Preliminaries

The authors of [1] introduced the notion of (E.A)-property which generalizes the concept of
non-compatible mappings in metric spaces. They proved some common fixed-point theorems
concerning non-compatible mappings under strict contractive conditions. In [7], The authors
studied commutative maps as a tool for generalizing maps. Since then, a large number of
generalizations of Theorem 1 of [7] which utilized the commuting map concept appeared; see

[6, 12, 13] and the references therin. In [18, 19] the authors proved various common fixed-point
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theorems for strict contractive non-compatible mappings in metric spaces. Clearly, commuting
mappings are weakly commuting and weakly commuting pairs are compatible. Examples in [8]
and [21] shows that neither converse is true. Some common fixed point theorems in [1, 18, 10]
proved for strict contractive mappings in metric spaces are extended to symmetric (semi-metric)
spaces under tight conditions.

In this paper, we present a few theorems that establish the existence of common periodic
points for a pair of maps via the concept of C-class functions in a symmetric space when the
maps have a unique common fixed point. Moreover, we prove common fixed point theorems
via family of C-class functions in a generating space of symmetric family under a contractive

condition of Lebesgue integral type.

Definition 1.1. A symmetric on a set X is a function d : X x X — [0, o) such that for all x,y € X,

(i) d(x,y) =0iff x =1y,

(i) d(x,y) = d(y,x).

If d is symmetric on a set X, then for x € X and € > 0, we write Z(x,€)={y € X :d(x,y) < €}.
A topology § (d) on X is given by % € §(d) if and only if for each x € X, #(x, &) C % for some
€ >0. AsetS C X is aneighborhood of b € X iff there exists Z € §(d) such thatb € % C S.
A symmetric d is a semi-metric if for each x € X and for each € > 0,%(x, €) is a neighborhood

of x in the topology §(d).

Definition 1.2. A semi-metric space is a topological space whose topology §(d) on X is induced
by semi-metric d. In what follows symmetric space as well as semi-metric space will be denoted
by (X,d). The distinction between a symmetric and a semi-metric is evident as one can easily
construct a symmetric d such that Z(x, €) need not be a neighborhood of x in F(d). We can find
generalized symmetric space in [14, 20].

For a symmetric d on X the following two axioms were given by Wilson [22]:

Wj : For a sequence {x,} in X and x,y € X,
r}i_r&d(xn,x) =0 and r}i_r}rf}od(xn,y) =0imply x =y.
W, : For a sequence {x,},{y,} in X and x € X,
lim d(x,,x) = 0 and r}i_r&d(yn,xn) = 0 imply ,}i_r&d(y”’x) =0.

n—yeo
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Definition 1.3. [17] A pair of self-mappings (f,g) on a symmetric (semi-metric) space, (X,d)

said to be R-weakly commuting if there exists some real number R > 0 such that d(fgx,gfx) <

Rd(fx,gx) for all x € X, where as the pair (f,g) is said to be point wise R-weakly commuting
if given x € X there exists R > 0 such that d(fgx,gfx) < Rd(fx,gx).

Here it may be noted that on the points of coincidence R-weak commutativity is equivalent

to commutativity and remains a necessary minimal condition for the existence of common fixed

points of contractive type mappings.

Definition 1.4. [17] A pair of self-mappings (f,g) on a symmetric (semi-metric) space, (X,d)

said to be compatible if 1i_r>n d(fgxn,gfxn) = 0 whenever {x,} is a sequence in X such that
n—soo

1i_r>n flxn) = li_r>n g(x,) =t € X. Here it may be noted that R-weakly commuting mappings need

n—roco n—roco

not be compatible.

Definition 1.5. [17] A pair of self-mappings (f,g) on a symmetric (semi-metric) space, (X,d)

said to be weakly compatible(or coincidentally commuting) if fx = gx implies fgx = gfx.

Definition 1.6. [17] A pair of self-mappings (f,g) on a symmetric (semi-metric) space, (X,d)
said to enjoy E.A-property if there exists a sequence {x,} such that r}grolo flxn) = r}grolo glxn) =1,
for somer € X.

Clearly non compatible pairs satisfy property (E.A). The concept of C-class functions was

introduced by Ansari in [2] that is pivotal result in fixed point theory; see [3], [4] and [5].

Definition 1.7. [2] A mapping f : [0,00)> — R is called C-class function if it is continuous and
satisfies following axioms:

(1) f(s,1) <,

(2) f(s,t) = s implies that either s = 0 or t = 0; for all 5,7 € [0, o).

For some f we have that f(0,0) = 0. We denote C-class functions as %

Example 1.8. [2] The following functions F : [0,00)? — R are elements of %, for all s,z € [0, c):
(1) f(s,0) =s—1, f(s,6) =5 =>1=0;
(2) f(s,1
(3) f(s,1
(4) f(s,1

ms, 0<m<1, f(s,t) =s=5=0;
l,,re(O ), f(s,t) =s=s=0ort=0;
og(t+a®)/(1+t),a>1, f(s,;t) =s=s=0o0rr=0;

)
)
)
)
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(5) F(s,t) =In(1+a*)/2,a>e, F(s,1) =5 =5=0;
(6) F(s,t) = (s+D)W/UH)) _[ 1> 1,r € (0,00), F(s,t) =5 =1t =0;
(

(7) F(s,t) =slog, ,a,a>1,F(s,;t)=s=s=0o0rt=0;

®) f(s;t) = s = (7E) (1), f(s,1) =5 =1 =0;

9) F(s,t) = sPB(s), B :[0,00) — [0,1),and is continuous, F(s,t) =s =5 =0;

(10) F(s,t) =s —kL F(s,t)=s=1=0;

(11) F(s,t) =s—@(s),F(s,t) =s=s=0here ¢ : [0,00) — [0,00) is a continuous function

such that (1) =01 =0;

(12) F(s,t) = sh(s,t),F(s,t) =s = s = 0,here h : [0,00) X [0,00) — [0,00)is a continuous
function such that A(t,s) < 1 for all #,s > 0;

(13) f(s,t) =s— (3 Tt f(st)=s=1=0.

(14) f(s,t) = /In(1+s7), f(s,t) =s = s = 0.

(15) f(s,t) = ¢(s), f(s,t) =s = s =0,here ¢ : [0,00) — [0,0) is a continuous function such
that ¢(0) = 0, and ¢(¢) < ¢ for ¢ > 0,

(16) f(s,t) = 1+S),,re (0,00), f(s,) =5 =s=0.

Definition 1.9. [9] A function y : [0,00) — [0,0) is called an altering distance function if the
following properties are satisfied:

(i) y is non-decreasing and continuous,

(if) y(t) =0if and only if = 0.

In this paper, we denote ¥ set altering distance functions.

Definition 1.10. [2] An ultra altering distance function is a continuous, nondecreasing mapping
@ :[0,00) — [0,00) such that @(z) >0 ,z > 0 and

An ultra altering distance function is a continuous, nondecreasing mapping @ : [0,c0) — [0, o)
such that ¢(¢) >0 ,z > 0.

We denote ®,, the set of ultra altering distance functions. We can find some convergence
axioms in [20].

Cy :limy e d (X, yy) = 0 = limy, 0 d (X, x) = limy 00 d (yy,x) = 0.

Cy 2 limy oo d (X, x) = 0,1imy, 0 d (yp, x) = 0 = limy 00 d (X, yn) = 0.
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2. Some theorems related to coincidence points and fixed points

Theorem 2.1. [16] Let (X,d) be a symmetric (semi-metric) space with W3 or a Hausdorff

semi-metric space. Let (f,g) be a pair of self maps of X that has the (E.A)-property and

(1) d(gx,gy) < max{d(fx,gx),d(fy,gy).d(fx, fy)},
(2) f(X) is a closed subset of a X .

Then f and g have a point of coincidence.

The following variant of Theorem 2.1 also holds.

Theorem 2.2. [16] Theorem 2.1 remains true if d-closedness (§(d)-closedness) of f(X) is
replaced by d-closedness (§(d)-closedness) of g(X) along with g(X) C f(X) retaining the rest
of the hypotheses.

Theorems 2.1 and 2.2 ensure common fixed point instead of point of coincidence if contrac-

tive condition (1) of theorem 2.1 is replaced by a slightly weaker condition.

Theorem 2.3. [16] In the setting of Theorems 2.1 and 2.2, f and g have a unique common

fixed point provided f and g are weakly compatible and satisfy the contraction condition (1) of

Theorem 2.1 for all x #y € X, d(gx,gy) < max{d(fx,gx),d(fy,gy),d(fx,fy)}.

Proof. In view of Theorems 2.1 and 2.2, f and g have a point of coincidence ‘d’. i.e., f(a) =
g(a). Now due to weak compatibility one can write fg(a) = ff(a) = gg(a) = gf(a). If gg(a) =
g(a) then (1) of Theorem?2.3 implies

d(ga,gga) < max{d(fa,ga),d(fga,gga),d(fa, fga)} = d(ga,gga),

which is a contradiction. Hence ga = gga = gfa = fga = ffa, which shows that ga is a

common fixed point of f and g. Uniqueness of the common fixed point follows easily.

Corollary 2.4. [16] Let (X,d) be a symmetric (semi-metric) space that enjoys W5 (the Haus-
dorff separation axiom). Let g be a self map of X such that for all x #y € X, d(gx,gy) <
max{d(x,gx),d(y,gy),d(x,y)}. Then g has a unique fixed point.

Proof. If we take f = I the identity mapping in Theorem 2.3, and follow a similar proof as that

in Theorem 2.3, we establish this Corollary 2.4.
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In [10], Sumati Kumari presented a few results that establish the existence of common pe-
riodic points for a pair of maps on a symmetric (metric) space when the maps have a unique

common fixed point. These results are supported by suitable examples.

Theorem 2.5. [16] Let be a self map of a symmetric space X ,d satisfying

d(fx,fy) <max{d(x,y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)}

for each x,y € X(x #y) for which the right hand side of above inequality is not zero. Then
u € X is a periodic point of f if and only if u is the unique fixed point of f.

By using Corollary 2.4 and Theorem 2.5, we have the following result.

Theorem 2.6. [16] Let g be a self map on a symmetric space (X,d) satisfying d(gx,gy) <
max{d(x,y),d(x,gx),d(y,gy)} for each x,y € X (x # y) for which the right hand side of above
inequality is not zero. Then u € X is a periodic point of g if and only if u is the unique fixed

point of g.

To illustrate the above theorem, we have the following example.

Example 2.7. [16] Let X = [0,1) and d(x,y) = |x —y|*. The inequality can be easily checked.

Then next theorem involves a function ¢ : RT — R which satisfies the following conditions:

(1) ¢ is non-decreasing on R,

(2) 0< ¢(r) <t foreacht € (0,00).

Theorem 2.8. Let A,B,S and T be self-mappings of a symmetric (semi-metric) space (X,d)
that enjoy Ws (the Hausdorff’s T, separation axiom) and F € €, y € ¥, ¢ € ®,. Suppose that
(1) A(X) C T(X), B(X) C $(X),
(2) The pair (B,T) enjoys the property (E.A) (or alternatively the pair (A,S) enjoys the
property (E.A)),
(3) d(Ax,By) < F(y(m(x,y)),¢(m(x,y))), where m(x,y) = max{d(Sx,Ax),d(Ty,By),d(Sx,Ty)},
(4) S(X) is d-closed(F(d)-closed) subset of X (or alternatively, T (X) is d-closed(F(d)-
closed) subset of X.)

Then pairs (A,S) has a point of coincidence u and the pair (B,T) has a point of coincidence w.
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Proof. Since the pair (B, T) enjoys the property (E.A)), there exists a sequence {X,} C X such
that ,}5‘; B(x,) = ,}5‘; T(x,) =1t € X.. Since B(X) C S(X), for each x, there exists y, such that
Bx,, = Sy,. Thus in all Bx,, — ¢,Sy,, — t and Tx,, — t. Now we assert that Ay, — t. Suppose, to
obtain a contradiction in each case.

Case (i) Ay, = Bx,, for only finitely many m.

Let Ay,, # Bx,, for all m > ng, where ny is a positive integer. Then for m > ny,

Y(d(Aym, Bxi)) < F (y(max{d(Sym,Aym),d(Txm,Bxm),d(Sym,Txm)}),
¢ (max{d(Sym,Aym),d(T X, Bxn),d(Sym, Txm)}))
= F(y(max{d(Bxy,Aym),d(Txp,Bxp),d(Bxm, Txn)}),
¢ (max{d(Bxy,Aym),d(Txpm, Bxin),d(Bxi, Txp)}))
= F(y(max{d(Bxyu,Aym),d(TXm,Bxm)}),
¢ (max{d(Bxy,Aym),d(T X, Bx)}))
< y(max{d(Bx;u,Aym),d(Txm,Bxn)}).

Hence max{d(Bx;;,Ayn),d(Bxu, Txp)} = d(Bx;,Ayy). It follows that

V(d(Aym, Bxm)) < F(y(d(Bxim,Aym)), ¢ (d(Bxin,AVm)))-

So w(d(Bxm,Ayn)) =0, or ¢(d(Bxu,Ayn)) = 0. Therefore, we have d(Bx,,,Ay,,) = 0, which

is a contradiction. Hence max{d (Bxy,,Aym),d(Bxmu, Txm)} = d(Bx;y, Txy,). This implies that

Y(d(Aym, Bxm)) < F(W(d(Bxm,Ayn)), ¢ (d(Bxm,Aym))) < W(d(Bxim,Ayn))-
Hence, we have
d(Aym, Bxm) < d(Bxym,Ayp).
Letting m — oo and using C;, we get

limsupd Ay, Bxm) < li_r>n d(Bxp, Tx)
m—soo

m—eo

=0by (&)

From the fact that limBx,, = limTx,, = t, we have limsupd(Ay,,, Bx,;) = 0, which implies

limd(Ayy,, Bx,,) = 0. This implies limAy,, = lim Bx,, = t by C,. Therefore limAy,, =t.
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Case (ii) Suppose Ay,, = Bx,, for infinitely many values of m. Let the sequence #" = {k; <
ky < k3 < ...} enjoying the property that Ay, = Bxy, fori=1,2...and 7 ={ji < o <jz < ...}
have the property that Ay, # Bxfor j=1,2... and let Z"U _# = N. Then the sequence Ay, — ¢
since the sequence Bxy, — t. If _# is a finite set then we may suppose _# = 0 and conclude
Ay, — t. Otherwise we can conclude that Ay;, — ¢ as in case (i). Since U _¢# = N and since
Ayy, — t and also Ay, — ¢, It is clear that Ay,, — 1.

Suppose that S(X) is a d-closed subset of X then Sy, — ¢ and one can find a point # € X such

that Su = t. Now we suppose that Au # Su. Then
v (d(Au,Bx,) <F(y(max{d(Su,Au),d(Tx,,Bx,),d(Su,Tx,)}),
¢ (max{d(Su,Au),d(Tx,,Bxy),d(Su,Tx,)}))),

which on letting n — oo yields
Y (d(Au,Su)) < F(y(d(Su,Au)), ¢ (d(Su,Au))).

So y(d(Su,Au)) =0, or ¢(d(Su,Au)) = 0. Therefore d(Su,Au) = 0, which is a contradiction.
Hence Au = Su. Also A(X) C T(X), there exists w € X such that Au = Tw. We assert that

Tw = Bw. If not, then using inequality (3) of Theorem 2.7, one gets
y(d(Au,Bw)) < F(y(max{d(Su,Au),d(Tw,Bw),d(Su,Tw)}),
o (max{d(Su,Au),d(Tw,Bw),d(Su,Tw)}))

= F(y(d(Tw,Bw)),¢(d(Tw,Bw))

= F(y(d(Au, Bw)), 9 (d(Au, Bw).
It follows that w(d(Au,Bw)) = 0, or ¢(d(Au,Bw)) = 0. Therefore d(Au,Bw) = 0, which is a
contradiction. Hence Au = Su = Bw = Tw. This shows that the pairs (A,S) and (B,T) have a
point of coincidence u&w. The proof is similar if we consider the case when pair (A, S) enjoys

property (E.A), and T (X) is d-closed subset of X. Hence it is omitted. This completes the proof

of the theorem.

Theorem 2.9. In the setting of Theorem 2.7 , A,B,S and T have a unique common fixed point

provided one adds the weak compatibility of the pair (A,S) (or weak compatibility of the pair
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(B,T) and satisfying the contractive condition (3) of Theorem 2.7 for x #y € X,

W(d(Ax,By)) < F(y(m(x,y)), ¢ (m(x,y))),

where m(x,y) = max{d(Sx,Ay),d(Ty,By),d(Sx,Ty)},
Proof. In view of Theorem 2.7, one concludes that Au = Su = Bw = Tw. Now the weak compat-
ibility of (A,S) implies that ASu = SAu and AAu = ASu = SAu = SSu. Suppose that Au # AAu

then using (3) Of Theorem 2.7, one gets

d(Au,AAu) = d(AAu,Bw)
< F(y(max{d(SAu,AAu),d(Tw,Bw),d(SAu,Tw)}),
, 0 (max{d(SAu,AAu),d(Tw,Bw),d(SAu,Tw)}))

= F(y(d(Au,AAu)),o(d(Au,AAu)))

It follows that y(d(Au,AAu)) =0, or ¢ (d(Au,AAu)) = 0. Therefore d(Au,AAu) = 0, which is
a contradiction. Thus Au = AAu = SAu. Then Au is the common fixed point of A and S. Also
Au is a common fixed point of the pair (B,T). Uniqueness of the common fixed point follows

easily. The proof is similar in the other case. This completes the proof.

Corollary 2.10. Let [ be self map of a symmetric (semi-metric) space that enjoys Ws (the

Hausdorffness of §(d)) and satisfying d(fx, fy) < F(y(m(x,y)), ¢ (m(x,y))), where m(x,y) =
max{d(x, fx),d(y, fv),d(x,y).} Then f has a unique fixed point.

Proof. Take A =B = f and S = T = I an identity mapping in Theorem 2.8, and follow the

similar proof as that in Theorem 2.8, we find the desired conclusion immediately.

3. Common fixed point theorems via a family of C-class functions

Definition 3.1. [11] Let X be a non-empty set and {dq : @ € (0, 1]} a family of mapping d, of
X x X into R*. Then (X,d,,) is called a generating space of symmetric family if it satisfied the
following conditions for any x,y € X.

(i) dg(x,y) = 0 if and only if x =y Vo € (0, 1];

(ii) da(x,y) = da(y,x) Va € (0,1].
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Definition 3.2. A pair (A, )) of self mappings of a Gs-family (X,dy) is said to satisfy the
common limit range of y property, abbreviated as (CLR, )-property, if there exists a sequence
{x,} in X such that lim,,_,cc Ax,, = lim,_,e X, = N, where n € x(X).

Definition 3.3. Two pairs (A, x) and (B, ) of self mappings of a G,-family (X,dy) is said to
satisfy the common limit range of y and® property, abbreviated as (CLR,)-property, if there

exist two sequence {x,} and {y,} in X such that,

lim Ax;, :,}Ln,}oxx" :JEEoBy” :r}ijlgoﬁyn =1, where n € x(X)NJ(X).

n—oo

Also, let @ denote the set of all increasing functions Y : [0, +e0) — [0, 4-o0) that satisfy the below

conditions

(1) Y is lower semi-continuous on [0, 4-o0);
(2) Y(0) = 0;
(3) Y(A) >0 foreach A > 0.

Theorem 3.4. Let A,B,) and ¥ be self mappings of a Gg-family (X,dy). Suppose that the

following criteria hold.

(1) the pair (A, x) satisfies the (CLRy)-property (or the pair (B, ) satisfies the (CLRy )-
property).

(2) A(X) C x(X) (or B(X) C 9(X)).

(3) O(X) (or x(X)) is a closed subset of X .

(4) {Byn} converges for every sequence {y,} in X whenever ¥y, converges (or {Ax,} con-
verges for every sequence {x,} in X whenever xx, converges).

(5) there exists Y € ® such that

do(Ax,By)
¢(r)dt < F(M(x,y), Y(M(x,y))),Vx,y € X, (3.1)
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max{de (By,xx).5 [da (xx,07)+da(By,8y)].5 [da(By,xx)+da (Ax,0y)]}
where M(x,y) = il o (t)dt
0
and ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable such that

/ ¢(r)dr >0, (3.2)
0

foralle >0and 1 <k <?2.

Then the pairs (A, ) and (B,9) satisfies (CLRyy)-property and have a coincidence point.
Moreover, A,B, x and ¥ have a unique common fixed point if both the pairs are weakly com-

patible.
Proof. From given hypothesis, the pair (A, ) satisfies the (CLRy )-property. Thus there exists
a sequence {x,} in X such that

lim Ax, = lim yx, = n, where n € x(X).
n—roo

n—yoo

From the statement of the theorem, we have A(X) C x(X) (¥(X) is closed subset of X,) so for
each {x,} C X, there exists a sequence {y, } C X such that Ax, = Oy,.
Hence r}l_rgo Oy, = ,}LrEOAx" = 7. Since ¥(X) is closed, n € x(X). Therefore n € x(X) N (X).
Thus we have Ax, — 1, xx, — N and ¥y, — N as n — co. Again from the statement of the
theorem, the sequences By, converges.

Now we will prove that the pairs (A, x) and (B, ¥%) satisfies (CLR s )-property. And in all we
need to show that By, — 1 as n — oo. If we take x, instead of x and y, instead of y, we get

do(Axy,Byy)

¢ (t)dt < F(M(xn,yn), Y (M(xn,yn))) (3.3)
0

max{da(B)’nuXxn)a%[da(XxnaﬂYn)""da(Bynaﬂ)%)]:%[da(BYn7XXn)+da(Axnﬂ9)’n)]}
where M (x,,yn) = J O(t)dt. Let
0
us assume that By, — &(# 1) for r > 0 as n — . By taking limit as n — o in (3.3), we

get
da(n,8)
[ 900 < F(lim M), Y (lim M(5,,3.). (3.4)
0

n—soo
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where
max{da(&n),4da(n.n)+da (&), 5(da(En)+da(n.n)]}
Tim M, ) = / o(1)di
0

max{da(&,n),5da (&)}

= / o (1)dt (35)

0

do(&.1)

= ¢ (¢)dt

0

since 1 < k < 2. Hence from (3.5), we get

da(évn) dOC(g?n)

da(S:m)
[ owar<rC [ owanx( [ owan),
0 0 0

which implies
da(évn) da(gvn)

[ ewar=0 or ([ @ =o.
0 0

From the definition of ¢, Y, dy(&,1n) = 0 or equivalently & = 1, which contradicts to & # 1.
Hence (A, x) and (B, ¥) share the (CLR,)-property. Since the pairs (A, x) and (B, ) satisfies
the (CLR,)-property, then there exist two sequences {x,} and {y,} in X such that

lim Ax, :,}Ln,}oxx" :,}LIE)By” :r}ijlgoﬁyn =1, where n € x(X) N3 (X).

n—yoo

As 1 € x(X), there exists a point £ € X such that y¢ = 1. Now we prove that A/ = 1. In order
to prove this, let A¢ # 1. Note that

d(x(Ang)’n)

¢(t)dt < F(M(L,y,), Y(M(L,yn))), (3.6)

0

max{da(Banlf)»g[da(XévﬁYana(BYnﬁ)’nHa%[da(B)’mﬂ)era(Af»ﬂ)’n)]}
where M({,y,) = S o (t)dt. By letting
0
n — o in (3.6), we get
da(AlN)

[ 6 < F(lim M(E,y,), Y(lim M(£.3,). (3.7)
0
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where,

max{da(1,50),% [da (x0,n)+da(n.1)].5 [da(n.20)+da(AL7)]}

lim M(£,y,) = / o(1)di
0
3.8
Sda(AlLm) (3-8)
= / o (t)dt
0
From (3.7), we find that
do(AL) 5da(Aln) §da(ALm)
/ Ddi < F( / 0 (1)dt, X / o ()dr))
0 0 0 (3.9)
da(Az,n Sda(ALm)

FC [ ot [ o)
0

which yields A¢ = 1. Therefore y¢ = A¢ = 1. This implies that ¢ is a coincidence point of the

o

pair (A, x). As n € ¥(X), there exists a point ; € X such that 91, = 1. On the other hand,

we have
do(Axy,BN1)
¢(t)dt < F(M(xn,m1),Y(M(x2,m))), (3.10)
0
where,
max{da (BN ,X%n), 5 [de (XX, 001 ) +do (BN, 0M1)), 5 [do (BN X% ) +do (Axn, 011 }
M(x,m1) = / 0(1)di
0
max{de (B11,1),5[de(1,1)+da(Bi,0)],5 [da(BNi,0)+da(n,10)]}
= / o (t)dt (3.11)
0
do(B11.1)
- [ e
0
Equation (3.10) yields
do(1.B11) do(B11.1) do(B11,1)

| ewar<rC [ ewax( [ owan).
0 0

0
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da(B1M1,1) do(BM1,1)
Thus [ @(t)dt=0,0orY( [  ¢(¢t)dt)=0.From the property of ¢, Y, dy(Bn;,m) =0,
0 0

which yields Bn; = n. Thus Bn; = ¥'n; = n, which shows that 1; is a coincidence point of the
pair (B, ). Since the pair (A, ) and (B, ) are weakly compatible, A¢ = S¢ and Bn; = 91;.
Therefore An = Ayl = xAl = xn and Bn = BYn; = 98BN = ¥n. Note that

do(An,Bn1)
¢(t)dtSF(M(nanl)vr(M(nanl)))a (312)

where,
max{de (B .x).5[da(x1.9M)+da (B ,9M)],5 [da (B . x1)+de (AN, 9m1)]}
M(n,m) = / (1)
0
max{de(n.AN),5[da (AN 0)+da(n,0)].4[da(n.AN)+da (AN .10)]}
= o (t)d1 (3.13)
0
da(mAn)
- [ s
0
From (3.12), we get
da(Anm) de(n,A7) dg(n,AM)

(n
r)dt < F( / o (1)det, X ( / o (1)dt)).
0 0

0
do(n,An) da(n,A7)
It follows that [ @(t)dt =0,0or Y( |  ¢(t)dt) = 0. Therefore An = n. Thus An =
0 0

xM = n and therefore 7 is a common fixed point of the pair (A,)). If we takex =¢and y =17
in (3.1), we get

do(AL,B7)

[ otwr < Fa(em). Y (), (314

0
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where,

max{de(Bn.,x0),5da (x0,90)+do(BN,07)).% [de (BN, 20)+da(AlxN)]}

M(tn) = / o (r)dt
0
max{de(BN,1),5 [da(n,20)+de(x0,2M)],5 [da (BN,0)+do(n,B0)]}
= / o (1)dt (3.15)
0
do(BN,M)
- [ ewar
0
From (3.14), we get
do(1,B1) do(1,B1) do(n,B1)

O/¢dt<F O/(pdtTO/q)
do(1,B1)

dlx(ann)

Thus [ ¢(t)dt =0,,Y( [ ¢(¢t)dt) = 0. Therefore 1 = Bn. Which implies Bn =
0 0

xNn = n. Therefore 1 is a common fixed point of A,B, ¥ and ¥. In order to prove unique-

ness, suppose z be another common fixed point of A, B,y and ¥. i.e., Az=Bz=0Vz=)Yz=2.
Putting x = z,y =1 in (3.1), we have

dy(Az,B7)

| o <FGm). Y(0(m)). (3.16)
0

where,
max{de(Bn,22),5 [da(X2,91)+de(BN,90)],5 [de (BN, x2)+da(Az,0M)]}

M(zn) = / o(r)dr

0
max{da(md% [da(Zan)era(Tm)L% [da(n’z)+da(zan)}}

= / o(t)dt

0
do(n,2)
= [ owar
0
From (3.16), we get
do(z.1) da(z.1) da(z,1)

[ owar<FC [ ewarx( [ g0an)

0 0 0
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do(z,1) da(z,m)
Thus [ ¢@(¢t)dt =0,0rY( [ ¢(t)dt) =0. Therefore z = 1. Hence A,B, x and ¥ have a
0 0

unique common fixed point.
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