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1. Introduction

Branciari [7] established a fixed point result for an integral-type inequality, which is a gen-
eralization of Banach contraction principle. Vijayaraju et al. [27] obtained a general principle,
which made it possible to prove many fixed point theorems for pairs of integral type maps. Ka-

da et al. [14] defined the concept of w-distance in a metric space and studied some fixed point
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theorems. Afterwards, Razani et al. [25] proved a fixed point theorem which is a new version

of the main theorem in [7], by considering the concept of the w-distance, as follows:

Theorem 1.1. ([25]) Let p be a w-distance on a complete metric space (X,d). Let ¢ be non-
decreasing, continuous and ¢ (€) > 0 for each € > 0 and y be nondecreasing, right continuous
and y(t) <t forallt > 0. Suppose T is a (¢, y, p)-contractive map on X. Then T has a unique

fixed point in X. Moreover, li_r>n T"x is a fixed point of T for each x € X.
n—soo

The investigation of fixed points in ordered metric spaces is a relatively new development
which appears to have its origin in the paper of Ran and Reurings [24] which was well compli-
mented by Nieto and Lopez [22]. The concept of multi-dimensional fixed point was introduced
by Guo and Lakshmikantham [10]. In [6], Bhaskar and Lakshmikantham proved some cou-
pled fixed point theorems for a mapping F : X> — X in ordered complete metric space. In
this continuation, Lakshmikantham and Ciri¢ [20] generalized these results for non-linear ¢-
contraction mapping by introducing two ideas namely: coupled coincidence point and mixed
g-monotone property. In an attempt to extend the definition from X2 to X>, Berinde and Bor-
cut [5] introduced the concept of tripled fixed point and utilize the same to prove some tripled
fixed point theorems. After that, Karapmar [15] introduced the quadrupled fixed point to prove
some quadrupled fixed point theorems for nonlinear contraction mappings satisfying mixed g-
monotone property; see [16, 17] and the references therein.

Recently, Samet and Vetro [26] extended the idea of coupled as well as quadrupled fixed
point to higher dimensions by introducing the notion of fixed point of n-order (or n-tupled fixed
point, where n € N and n > 3) and presented some n-tupled fixed point results in complete
metric spaces, using a new concept of f-invariant set. Here it can be pointed out that the
notion of tripled fixed point due to Berinde and Borcut [5] is different from the one defined
by Samet and Vetro [26] for n = 3 in the case of ordered metric spaces in order to keep the
mixed monotone property working. Recently, Imdad ef al. [11] extended the idea of mixed
g-monotone property to the mapping F : X" — X (where n is even natural number) and proved
an even-tupled coincidence point theorem for nonlinear contraction mappings satisfying mixed

g-monotone property.
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2. Preliminaries

Definition 2.1. Let X be a non-empty set. A relation * <’ on X is said to be a partial order if the
following properties are satisfied:

(1) reflexive: x < x forall x € X,

(1) anti-symmetric: x <y and y < x implies x =y,

(i1) transitive: x < y and y < z implies x < z for all x,y,z € X.

3

A non-empty set X together with a partial order ‘ <’ is said to be an ordered set and we

denote it by (X, ).

Definition 2.2. Let (X, <) be an ordered set. Any two elements x and y are said to be comparable

elements in X if eitherx < yory < x

Definition 2.3. ([23]) A triplet (X,d, <) is called an ordered metric space if (X,d) is a metric
space and (X, <) is an ordered set. Moreover, if d is a complete metric on X, then we say that

(X,d, =) is an ordered complete metric space.

Throughout the paper, n stands for a general even natural number. Let us denote by X" the

product space X x X x ... x X of n identical copies of X.

Definition 2.4. ([11]) Let (X, <) be an ordered set and F : X" — X and g : X — X two mappings.
Then F is said to have the mixed g-monotone property if F' is g-nondecreasing in its odd position

arguments and g-nonincreasing in its even position arguments, that is, for x', x2, x3, ... x" € X,

if

for all x},x} € X, gxl < gx) = F(x}, 22,23, ... .x") < F(xd, 22,23, ..., x),
for all x?,x3 € X, gx? < gx3 = F(x! ,x%,x3,..., ") F(x a3, 3, x),
for allx?,x% €X, gx% 8x3 > = F(x!',x? x?, L) S F(x! x? xg, LX),

for all x|, x5 € X, gx| < gx2:>F(x x2,x3, . HX5) 4F(x1,x2,x3,...,x’f).

For g = I (identity mapping), Definition 2.4 reduces to mixed monotone property (for details

see [11]).
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Definition 2.5. ([26]) An element (x!,x?,...,x") € X" is called an n-tupled fixed point of the

mapping F : X" — X if

F(x',x2 %%, .. x") =x!,
F(x?,x3, .. x" xh) =22,

F(3, .6 xh x?) = x°,

\F(x",xl X2 LX) = A

Example 2.6. Let (R,d) be a partially ordered metric space under natural setting and F : R" —
R a mapping defined by F(x',x*,...,x") = sin(x',x?,...,x"), for any x',x*,....x" € R. Then

(0,0,...,0) is an n-tupled fixed point of F.

Definition 2.7. ([11]) An element (x1 X2, ...,x") € X" is called an n-tupled coincidence point of

mappings F : X" - X and g: X — X if

Example 2.8. Let (R,d) be a partially ordered metric space under natural setting and F :
R" — R be a mapping defined by F (x',x*,...,x") = W , for any x',x*,...,x" € R while
g: R — Ris defined as g(x) = 5. Then (0,0,...,0) is an n-tupled coincidence point of F and g.
Remark 2.9. For n = 2, Definitions 2.5 and 2.6 yield the definitions of coupled fixed point and

coupled coincidence point respectively while on the other hand, for n = 4 these definitions yield

the definitions of quadrupled fixed point and quadrupled coincidence point respectively.
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Definition 2.10. An element (x' x?,....x") € X" is called an n-tupled common fixed point of

F:X"—>Xandg: X - X if

Definition 2.11. Let F : X" — X and g : X — X be two mappings. Then F and g are said to be

compatible if

lim a’(g(F()c1 X2 a0 X! )),F(gx,h,gxi,gxfn,...,gxfn)) =0,

M—>o00 mi)»»mimo m
) i 05 ), P58 050, 14)) =0

1M d(g(F (x5, % Xy, s X)) F (87, 8%, i - 8% 1)) = 0,

\ Mm—ro0

where {x}},{x2},...,{x",} are sequences in X such that

.

Wlli_r>rloF(x}n,x,%1,x§n, XY = Wl,iglog(xrlw) .y
lim F(x2,x3,,....x%,x)) = lim g(x2) = x2,
< m—oo M0

; n 1 .2 n—1\ _ 1; ny _ 1
lim F(x]}, X, X5, ... x0 ) = lim g(x) = x",
\ 7m—>o0 m—oo

for some x!,x%,...,x" € X are satisfied.

Definition 2.12. ([18]) A function y : [0,00) — [0, o) is called an altering distance function if
the following properties are satisfied;
(a) v is monotonically increasing and continuous;

(b) w(t) = 0if and only if f = 0.

Definition 2.13. A function ¢ : [0,c0) — [0, o) is called an ultra-altering distance function if the

following properties are satisfied;
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(a) ¢ is continuous;

(b) $(0) >0, and ¢ (&) > O for each € > 0.

Now we state the main result of Choudhury et al. [9].
Theorem 2.14. Let (X,d,<) be a complete ordered metric space. Let @ : [0,00) — [0,00) be a
continuous function with ¢(t) = 0 if and only if t = 0 while y an altering distance function. Let
F:XxX—Xandg:X — X be two mappings such that F has the mixed g-monotone property

on X and

V(d(F(x,y),F(u,v))) < y(max{d(gx,gu),d(gy,8v)}) — @(max{d(gx,gu),d(gy,gv)})

forall x,y,u,v € X for which gu < gx and gy < gv. Suppose that F (X x X) C g(X), g is contin-
uous and F and g are compatible. Also, suppose that

(a) F is continuous or

(b) X has the following properties:

(i) if a nondecreasing sequence {x,} — x, then g(x,) < g(x) for alln > 0;

(ii) if a nonincreasing sequence {y,} — y, then g(y) < g(yn) for alln > 0.

If there exist xq,yo € X such that g(xo) < F (x0,y0) and F (yo,x0) < (o), then there exist x,y € X
such that g(x) = F(x,y) and g(y) = F(y,x), i.e., F and g have a coupled coincidence point in
X.

Ansari [4] introduced the concept of C-class functions which cover a large class of contractive

conditions.

Definition 2.15. A continuous function f : [0,00)> — R is called a C-function if for any s,¢ €
[0,0), the following conditions hold:

(D) f(s.1) <5,

(2) f(s,t) = s implies that either s = 0 or t = 0.

An extra condition on f is that £(0,0) = 0 could be imposed in some cases if required. The
letter ¢ denotes the class of all C-functions. The following example shows that the class C is

nonempty:

Example 2.16. Define f : [0,00)> — % by
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(1) f(s,1) =
(2) f(s,1) = 557 for some r € (0,%0),
(3) f(s,t) =log(t+a’)/(1+1), for some a>1,
(4) f(s,t) =In(1+a*)/2, for a > e. Indeed f(s,1) = s implies that s = 0,
(5) f(s,t) = (s+ D)) 1 1> 1, for r € (0,00),
(6) f(s,t) =slog, ,a, fora>1,
(7) fls:1) =5 = (£ (i5);
(8) f(s,t) =sB(s), where B : [0,00) — [0,1) and semi-continuous,
(9) f(s:t) =s— ¢,
(10) f(s,t) =s—@(s), where @ : [0,00) — [0,0) is a continuous function such that ¢(t) =0
if and only if t = 0,
(11) f(s,t) = sh(s,t), where h : [0,00) X [0,00) — [0,00) is a continuous function such that
h(s,t) < 1 forallt,s >0,
(12) f(s,0) =s— (£,
(13) f(s,1) = ¢/In(1 +s"),
(14) f(s,1) = 0(s), where ¢ : [0,00) — [0,00) is an upper semi-continuous function such that
¢(0)=0and ¢(t) <t fort >0,
(15) f(s,t): r € (0,00), for all s,t € [0,00).

1+s)”

Then f is an element of C.
3. Main results

Now, we are in a position to prove our main results.

Theorem 3.1. Let (X,d,<) be a complete ordered metric space. Let ¢ be an ultra-altering
distance function, Y an altering distance function and f a C-class function. Let F : X" — X

and g : X — X be two mappings such that F' has the mixed g-monotone property on X and

Y(d(F (o, ) F (Y2 d™)) < f(w(max{d(gx', gy"), ... d(gx" 9")}),

@(max{d(gx',gy"),....d(gx",&y")})) (1)
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2 Xy Lyt € X for which gy! < gx! gx® < 99,80 < g, ., ex" < @

for all x',x
Suppose that F(X") C g(X), g is continuous and F and g are compatible. Also, suppose that
(a) F is continuous or

(b) X has the following properties:

(i) if nondecreasing sequence {x,,} — x, then g(x,,) < g(x) for all m > 0;

(ii) if nonincreasing sequence {x,} — x, then g(x) < g(xy,) for all m > 0.

If there exist x(l),x(z),xg, .., Xy € X such that

g('x(])) < F(x(])7x(2)7x87"'7x8),
F(x%7x37"'ax87x(l)) —\<g(x(2))7

8(x0) < F (0, -+, %0,5), (2)

\F(xg,x(l),x(z),...,xg_l) < 8(xp),

then F and g have an n-tupled coincidence point in X .

Proof. Let x},x3,x3,...,x3 € X such that (2) holds. Since F(X") C g(X), we can choose

x},x%,x3,...,x7 € X such that

g(x%) = F(x(l),x(z),xg, s X(),s
g(x%) = F(x(z),xg,...,xg,x(l,),

8(x}) = F (g, -+, %0,5), (3)

o) = F (33, o).

\
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As earlier, one can also choose xi,x%,x%, ...,X5 € X such that

g(x%) = F(x%,x%,x?, oxl),
g(x%) = F(x%,x?, ...,x’f,x{),

g(x%) :F(x17 xnrxlax%)

§() = F (&} 52 ),

Continuing this process, we can construct sequences {x} },{x2},...,{x.}, (m > 0) such that

g( m+1) F (7, xl x2 X h.
In what follows, we shall prove that for all m > 0,
S < ot 1 &m1 = & &y < &t 15, &1 < G (5)
Owing to (2) and (3), we have
8X0 < 8X1, 837 < 8%0, 8% < &}, 18X < 8X0,

that is, (5) holds for m = 0. Suppose that (5) holds for some m > 0. As F has the mixed g-

monotone property, we have from (4) that

gme—F(x X2, x0 L x) F(x,lnH,x,zn,x;, X
< F(xrln—i-l’xrzn-i-l?xm’ Xm)
= F(xrln—i-l 1 Ko 17+ %m)
< F(xrln+17x1%1+l7xr3n+l7"‘7x;1n+1) :gx;HZ.
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2 2 3 n 1
8% 12 = F (i 1 X 100X 15Xy 1)

J
R

A
/—\/?1\/\/\
=

2 3 1
Xm+ 10X 1 '“7xz1+1>xm)

3 1
+1,xm+l,...,xﬁ1,xm)

2

m

2 3 n .1
13X -+ X X))
2

m

3 no 1Y __ 542
Xty Xips ooy Xy Xy ) = 8Xipy -

I\
i

I\
!

Also for the same reason, we have

3 — 3 n 1 ,2 3 n 1 2 — o3
8Xm+1 _F<xm7"'7xmvxmvxm) S F(xm+l7""xm+1’xm+1’xm+1) = 842

n _ 1 2 n—1 n .1 .2 n—1y\ _ n
gxm+2_F<x:ln+17xm+17xm+17"'7xm+1) =< F(xmvxm7xmv'--7xm )_gxm_H-

Hence by mathematical induction it follows that (5) holds for all m > 0. Therefore

(

Let
Ryn = max{d(gx,iﬁl ,gxfi),d(gx,iﬁ 7gx1%1)= oo d(gXZH ,8%m) }-

Using (6), we have,

W(d(gxllﬂ’gxln—k—l)) = W(d(F(xrln—l’xi—l’xgnfb"'7x271)7F<x11n7x3mx317-"7%)))

IN

f(y(max{d(gx) |, exl),d(gx2 | 8x%),....d(gx" |, exi)}),
@(max{d(gx}, | gx}),d(gx2_|,8x2),...,d(gx" _,,8x")})),

w(d(gx, g5 1) = WAF G 1250 XX 1), F (5, X0, 2, X))

IN

f(y(max{d(gx?_,,gx%),....d(gx" ,,gx"%),d(gx},_1,gx})}),
¢(max{d(gx’%1_l 9 gxl%’l)’ “'7d<gx}r/£171 9 gxfn%d(gxrln_l 9 g'xl!l’l)})) :
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Similarly, we can inductively write

w(d(gang5n1)) = WIAF QG X, 100 g X )s F ( Xp s 1))

< f(y(max{d(gx" _,gx"),d(gx},_1,gxL),....d(gx" " gxi)}),
@(max{d(gx |, gx%),d(gx} |, gx}),...,d(gx " gxim)})).

From above inequalities and monotone property of y, we have

y(max{d(gxl | gxl),d(gx2 |, 8x2),....d(gx" .|, gx")})
= max{wd(gx}n_g_l?gxrln)?Wd(gx,271+17gx%1)7"'5wd(gxn+]7gx )}

< f(y(max{d(gx}_,,gx}).d(gx2 _1,8x%),....d(gx " ,gxi1)}),
@(max{d(gx! | gx}),d(gx2 |,8x%),....d(gx \,exi 1),
that is,

V/(Rm) < f(l//(Rmfl)a (p(Rmfl))- <7>

Using the property of y, we have W (R,,) < y(R,,—1), which implies that R,, < R, (by the
property of y). Therefore {R,,} is a monotonically decreasing sequence of nonnegative real
numbers. Hence there exists » > 0 such that R, — r as m — oco. Taking the limit as m — oo in
(7). Then by the continuities of ¥ and ¢, we have

y(r) <w(r)—o(r),
which is a contradiction unless » = 0. Therefore

Ry, — 0asm — oo, (8)

so that

lim d(gx),_;,gx)) =0, hm 1d(gx X2 ,ex2)=0,. hm 1 d(gx7,1,8%) = 0.

m—yoo

Next, we show that {gx! },{gx2},..., {gx",} are Cauchy sequences. If possible suppose that at

least one of {gx.},{gx2},...,{gx"} is not a Cauchy sequence. Then there exists an € > 0 and
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sequences of positive integers {m(k)} and {¢(k)} such that for all positive integers k, (k) >
m(k) >k,

Dy = max{d(gx;(k),gxtl(k)),d(gx,zn(k),gxtz(k)), ...,d(gx’;(k),gx;’(k))} >

and
max{d(gx,ln(k),gx}(k)fl)7d(gx,2n(k),gx[2(k)fl), ...,d(gx’r;(k),gx?(k)_l)} <E.
Now,
ESD, = max{d(gx}n(k),gxtl(k)),d(gxi(k),gxtz(k)), ...,d(gx”m(k),gx?(k))}
< maX{d(gxrln(k),gxtl(k)il)),d(gx,%q(k),gxtz(k)il)),...,d(gx:’n(k),gx?(k)_l))}
+ max{d(gxtl(k)il ) gxtl(k)),d(gxlz(k)il ) 8x,2(k))a ey d(gx?(k)_l ) gx?(k))}u
that is,

€< Dy = max{d(gx}n(k),gxtl(k)),d(gxi(k),gxtz(k)), e (8% ) 8%7(1) )} < €+ Regpy—1-

Letting kK — oo in above inequality and using (8), we have

lim Dy = lim max{d (g2, 1), €))% 1) €510 -+ (8K, 83116} =€ (9)

k—>o0

Again,

Dy = max{d(gx}n(k)H 7gxt](k)+1 )>d<gx,2n(k)+1 ,gxtz(k)H ), "‘?d(ng(k)H ) gx:l(k)+1)}

IN

max{a’(gx:n(k)Jrl ,gx;(k)),d(gxil(k)ﬂ ,gXi(k)), ...,d(gx;(k)ﬂ,gx;(k))}
+ max{d(gx}n(k) ) gxtl(k)),d(gxi(k),gxtz(k)), ey d(ng(kygx?(k))}
+ max{d(gxtl(k) ) gx,l(k)+1 ),d(gxtz(k) ) gxtz(k)H ); ...,d(gx?(k) ) gx:l(k)ﬂ 3]

= Ry + Dk + Ry
and
Dy < Ry () + D1 + Ry 1.

Letting kK — o in the preceding inequality, using (8) and (9) we have

/}E&Dk“ = kli_r)zlomax{d(gxil(k)H,gxtl(k)+1), ---7d(ng(k)+17gx:l(k)+1)} =¢&. (10)
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Since (k) > m(k) and

1 1 2 2 3 3
8Xm(k) = 8%1(k)» 8% (k) = 8Xm(k)» 8Xm(k) = 8%1(k)s --ng?(k) < ng(k)a

therefore owing to (1) and (4), we have

W(d(8% 01850 11)) = WIAF (0500001 F (g Xy -0 0)))

< f(l;/(max{d(gx}n(k),gxtl(k)), "'7d(gx2(k)7gx?(k))})7
(p(max{d(gx}n(k) ) gxtl(k))a ey d(ng(k) ) gx:l(k))}))v
that 1s,

W(d(gx;(k)+17gle(k)+1)> < y(Dx) — (D). (11)

Also,

W(d(gxrzn(k)—i-l’gxtz(k)—i—l)) = W(d(F<x3n(k)’"'7x:ln(k)’xm(k))’F(xt(k)’""xt(k)’xt(k))))

< f(l//(max{d(gxi(k),gxtz(k)), ..‘,d(gx’ln(kygxtl(k))}),
(p(max{d(gxi(k) ) gxtz(k))a ey d(gxii(k) ) gxtl(k))}))a
that is,

V(82 )41 85041)) < W(DK) — 9(Dy). (12)

Similarly, we have

l//(d(gx:’n(k)+1,gx?(k)+l)) = l//(d(F(xZ(k),xii(k),...,x";zk])),F(x:’(k),xtl(k),...,x:l(;)l)))

< f(l//(max{d(gx:'n(k),gx?(k)), ---yd(gx:lnzkl)agx?(_)l)}%
n—1 —1

¢(max{d(gx;’1(k),gx:‘(k)),...,d(gxmzk),g 1( ))}))7
that is,

w(d(gxfn(k)+l,gx?(k)+l)) < ¥(Di) — @(Dy). (13)
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Using (11)-(13) along with monotone property of y, we have,

V(Diy1) = W(max{d(gx}n(k)Jr]7gx[1(k)+1)7"'7d(gx:ln(k)+1?gx?(k)_‘_l)})
= max{¥d(gx,, ) 1 8%t 1)+ WA(8X] ) 12831 1)}

= f(y(Dx), o(Dy)).

Letting kK — oo in the above inequality, using (9), (10) and the continuities of y and ¢, we have

v(e) < f(y(e), o(e)),

therefore y(g) =0 or @(€) = 0, then &€ = 0 which is a contradiction. Thus {gx!},{gx2},...,

{gx"} are Cauchy sequences in X. From the completeness of X, there exist x',x?,....x" € X

such that

)
T F (x5, 05, ) = lim g(xy,) =,
Jim F (0,20, ) = lim g(x7) = %,
lim F(x), ..., 2% x) x2) = lim g(x}) = x°, (14)
m—oeo m—eo

| HimF (s sy ') = 1im () = 2,

1 .2

for some x",x“,...,x" € X are satisfied. Since F' and g are compatible, we have from (14) that

y
2 .3

,}ll_l;riod(g(F<x}ﬂ7xm’xm7 '7xz’l))7F(gx}n7gx12"n’gxl§ﬂ7 '7g'xg’l)) = 0’
1i_r>n d(g(F(x,Zn,x?n, ...,x%,x,ln,)),F(gxi,gxfn, ...7gx:’n,gx,£1)) =0,
m—soo
9 lim d(g(F(x,,....xk x) x2)), F(gxl,,...,gx%, gx} gx2)) =0, (15)
m—>o0

lim d(g(F (X}, xh, %2, o, X0 1)), F (X0, gk, 842,y g 1)) = 0.

\ /n—ro0

Let condition (a) holds. Then for all m > 0, we have

d(gx' F(gxh,gx2,....gx%)) < d(gx',g(F(xh,x2,....x%)))
+d(g(F (X}, X2, -, x0)), F (), 8X2, .., g1 ).
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Taking m — oo in above inequality, using (14), (15) and continuities of F' and g, we have
d(gx',F(x',x*,x3,...,x")) = 0; that is, gx! = F(x',x*,x°,....x").
Continuing this process, we obtain that

d(gxz,F(xz,x3, .,x",x1)) = 0; that is g’ = F(xz,x3,...,x”,x1).

d(gx",F(x",x' x*,...,.x" 1)) = 0; that is gx" = F(x",x!,x%,..., 2" 1).

2

Hence the element (x!,x?,...,x") € X" is an n-tupled coincidence point of the mappings F :

X" — X and g : X — X. Next, we suppose that condition (b) holds. From (6) and (14), we have
88y, < 8X', X7 < 88X, 88X < 8.0, X < 8GN (16)

Since F and g are compatible and g is continuous, by (14) and (15) we have

(

. . 2 . 2

n%lgloggx,h =gx!l = ’%gr!od(g(F(x%,xm,...,x%)) = %%F(gx%,gxm,...,gx”m),

lim ggx%i = gx2 = lim d(g(F(x,%“ ...,x’,ﬁ,,x}n)) = lim F(gx%“ ...,gx%,gx,%),
m—oo m—yoo m—soo

lim ggxy, = gx* = lim d(g(F (x3,,....%p, X5)) = lim F(gx3,, ..., 8x}, 8x%,), (17)
m-—yoo m—oo m—soo

lim ggx!, = gx" = lim d(g(F (x,,x},,.... x5 1)) = lim F(gx, gx}, ..., gx 1),

\ in—ro0 m—soo m—soo

Now, using triangle inequality, we have
1.2 1 1.2 1 1 1
d(F(X s X ,...,.Xﬂ>,gx ) Sd(F(X s X a"'7xn)7ggxm+l)+d(ggxm+lvgx )7
that is,

A(F (2 2), 0x) < d(F (62, 2), 9 (F (3,32, X)) + (28511, )

s Xy ++es
Taking m — oo in the above inequality and using (17) we have

d(F(xlaxzv---axn)agxl) < h_l;n d(F(xl7x2>-~-7xn)ag(F(x1]nvx1%1a---7%))
m—»oo

; 1 1
+ lim d(ggx,, . 1,8x")
= llm d(F(‘xl7‘x27'7‘xn)’F<g‘x}n7g‘x%’l7'7g‘xZ’l))

n—o0
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Since ¥ is continuous and monotonically increasing, from the above inequality we have

Y(AF (2 ), gx) < p(lim AP 22, ), F (g, 12, 80)))

- m—yoo

= lim I//(d(F(xl,xz,...,x”),F(gx,L,gx,zn,...,gxf,’l))).

m—soo

By (1) and (16), we have

Y(d(F (o2, x),ext)) < lim f([y(max{d(gx!, ggxy,), ... d(gx", g8x;,)}),
@(max{d(gx', ggxl,),d(gx*,ggx2),....d(gx",ggx") })]).

Using (17) and the properties of y and ¢ we have
v(d(F(x', %%, x%,...,x"),ex")) =0,

which implies that

d(F(x',x*,x3,...,x"),gx") =0, thatis F(x",x*,x3,...,x") = gx!.

Again, we have
d(F(2, ..., x"),ex%) <d(F (%, .., x" x1), ggxt ) +d(ggxt 1, 8%%),
that is,
d(F(xz, ...,x”,xl),gxz) < d(F(xz, ...,x”,xl),g(F(x,%, ...,xz,x}n))) +d(ggx,%1+1,gx2).
Taking m — oo in the above inequality, using (17) we have

d(F(xza“wxn?xl)?gxz) < lim d(F(x27"-7xn7x1)>g(F(x1%17---ax%ax}n)))

m—soo
. 2 2
+ lim d(ggx,, . 1,8x")

= lim d(F(x?,....x" x'),g(F(x2,,....x",x} ))).

m—»oo

Since y is continuous and monotonically increasing, from the above inequality we have
YA(FE, 2", 02) < y(lim d(FE2, 2" x), g (F (3,6, 1h))

= lim y(d(F(2, .2 x"), g (F (g, .. X X))

m—soo

By (1) and (16), we have

Y(d(F(2,...x"x1),gx%)) < lim f([y(max{d(gx*,ggxp), ....d(gx",g8x,)}),

m-—yoo

@ (max{d(gx?,ggx2,),....d(gx", ggxl),d(gx", ggx} ) 1)]).
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Using (17) and the properties of y and ¢, we have
w(d(F(x*,...x" x'),gx*)) =0,
which implies that
d(F(x?,...,x",x1),gx?) =0, thatis F(x?,...,x" x!) = gx’.
Continuing in this way, we get
d(F(x",x!,x%, .., x"1), gx") =0, thatis F(x",x", x?,....x" 1) = gx".

Hence the element (x',x?,...,x") € X" is an n-tupled coincidence point of mappings F and g.
This completes the proof of the theorem.

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, suppose that for real (xl,xz, e

X", (', y%, ..., y") € X" there exists, (z',2%,...,2") € X" such that (F (z',2%, ...,2"), F (%, ...,2",z")
v F(24,24, .., 277 Y)) is comparable to (F (x',x%,...,x"), F (x%, ..., x",x"),..., F(x*,x!, .., x""1))
and (F(y',y%,....y"),F(3?, ....¥",y"), ... F(y",¥',....y"1)). Then F and g have a unique n-

tupled common fixed point.

Proof. The set of n-tupled coincidence points of F' and g is non-empty due to Theorem 3.1.

Assume now, (x',x%,...,x"), (y',y?,...,y") are two n-tupled coincidence points, that is,

F(x' o2, x") = g(xh), Fy' 0% 00" = g0,

FO2, .2 x) = g(2), FO2, 0"y = ¢ (7).

Now, we show that

g(x") =g("),8(x*) = g(3%), ....g(¥") = g(v"). (18)

By assumption, there exists (z!,7%,...,2") € X" such that (F(z',2?,....2"),F(%,...,2%,2)), ...,

F(z",7',...,2"71)) is comparable to (F(x',x%,....x"), F(x*,...,.x",x"), .., F(x*,x!, ..., x"~1)) and
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1.2 2 1 1 —1 1 1 .2 2
(FO oy ) F O Yy )y s FOM YY) Putzg =2, 25 =27, ..., 23 = 2" and choose
z},z%,...,z’l’ € X such that

8(z1) = F (20,28, 28, -+»20),

8@ =F(z5, 2, 20,20),

8(Zh) = F(2,20: 25, -r2p ).

Further define sequences {g(z},)},{g(z2)},---, {8(z%)} such that

g(len—H) = F(Zrlnvzzwzzv "'7an)?

g(Z}%’Hrl) :F<Z,2~,Z,Z,3;1,.--,an,2,1n),

8(Zhi1) = F (2 2oy Togs oo 2 1)

Further set x(l) :xl,x(z) =x2, ..., Xo = x" and y(l) :yl,y(z) =2, ..,Yp = ". In the same way, define

the sequences {g(x;,)},{g(:3)}, -, {g(x)} and {g(y,) }, {g(¥m)}s -, {& ()} Then it is easy
to show that

1 1 .2 .3 1 1 .2 .3
g(xm+l) :F(xm,xm,xm,...,x,’;l),g(ymﬂ) :F(ymaym’yma“~7yZ1)v

2 2 .3 2 2 .3
g('xm-i—l) :F(xrmxm’"'7x}r1n7x1£1)ag(ym+l) :F(ymvym7ayllf1n7yr1n)7

800 11) = F (0 XXy -oos X )s80m1) = F Vs Vs Yoo sV -
Since (F(x!,...,x"), F(x?, ..., x" x!), . F (" x!, .., x" 1) = (g(x]), .8(xX)) = (g(x"),...,g(x"))
and
(F(z,2%,..,2Y), F (2, ., 2% 2Y), o F (22, 27 1) = (g(2)),2(23), ..., 8(2})) are comparable,
we have

g(x") < g(z1).8(z7) < 8(¥),8(x*) < 8(2}), ... 8(}) < g(*").

It is easy to show that g(x}),g(x?),...,g(x}) and g(z},),g(z%), -..,g(z",) are comparable, that is,

forallm > 1,
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From (1), we have

w(d(F(x",x%,....x"),F(z} .22, ....,2%)))
Sy (max{d(g(x"),&(zm)), - d(g(zn),8(x"))}),
o (max{d(g(x'),&(zm)), - d(&(z),8(x")}));

w(d(g(x'),8(zp+1))

IN

l[/(d(F(xz, ...,x",xl),F(z;i, ...,z’na,z,ln)))
f(w(max{d(g(z2),8(x*)),....d(g(x"),g(zm))}),
@(max{d(g(zz,),8(x*)),...,d(g(x"),g(z))})),

w(d(8(x*),8(z5,41)))

IN

w(d(g(r"),8(zp11))) = WAFE 2 ), F (g 2y sty 1))
< fly(max{d(g(z},),8(x"),...d(g(z 1).g(x" "))},
¢(max{d(g(z},),8(x")), ... d(g(z ), 8(x""1))})).

From above inequalities and monotone property of v, we have

y(max{d(g(z",),8(x")),d(g(x"),g(z 1)), d(g(@i ), 8" ")}
= max{yd(g(z",,),8(x"), wd(g(x"),8(z} 1)), wd(g(h,}).8(x" "))}

< flw(max{d(g(z),8(x")),d(g(x"),8(zm)), - d(g(zh ), 8" ))}),
p(max{d(g(zy),8(x")),d(g(x"),8(zp)), - d(g(zy 1),.8(x"")}).
Let
Ry = max{d(g(zp11):8(x")),d(8(x*),8(zp 1))+, d(8(zh41), (") }-
It follows that

Y(Rn) < f(Y(Rn1), @(Rim—1))- (19)

Using the property of y, we have
W(Rm) < W(Rmfl) = Ry < Ry—1.

Therefore {R,,} is a monotone decreasing sequence of nonnegative real numbers. Hence there

exists » > 0 such that R,,, — r as m — oo. Taking the limit as m — oo in (19), we have

v(r) < f(y(r),o(r),
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which is a contradiction unless » = 0. Therefore R,;, — 0 as m — oo. Then

lim d(g(zy41),8(x")) =0, lim d(g(x*),8(z41)) =O,..., lim d(g(z,1),8(x")) =0.

m—soo m—»oo

Similarly, we can prove that

lim d(g(zp11):8('")) =0, lim d(g(y*),8(z,11)) =0,..., lim d(g(z5,11),8(")) =0.

m—o0 m—»o0

On using the triangle inequality, we have
d(gx',gy") <d(gx',gzp11) +d(gzpy1,8Y") — 0 as m— oo,

d(gx*,gy*) < d(gx*,82m 1) +d(82my1,8Y") — 0 as m — oo,

d(gx",gy") < d(gx", 8z 1) +d (821 1,8") — 0 as m — oo,
Hence, we have

gl =gy, e =gy (20)

and F and g are compatible, we have

F(gx', gx?,...,gx") = gg(x),F(gx?, ..., gx" gx") = gg(x*), ...,

F(gx" gx',....gx" 1) = gg(x").

Writing g(x!) = a!,g(x*) = d?,...,g(x") = a", we have

(21)
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Thus (a',a®,a’,...,a") is an n-tupled coincidence point of F and g. Owing to (20) with y! =

a',y? =a?,...,y" = d", it follows that

that is,

gld)=d' g(a®) =d?,...,g(d") = a". (22)

(23)

Thus (a1 a%,a’, ...,a") is an n-tupled common fixed point of F and g. To prove the uniqueness,
assume that (bl,bz, ...,b") is another n-tupled common fixed point of F and g. In view of (20),

we have

b =g(b") = g(d") = d".
This completes the proof of the theorem.
In Theorem 3.1, setting f(s,7) =s—t, s,t € (0,00), we obtain the following result.

Corollary 3.3. Let (X,d,<) be a complete ordered metric space. Let ¢ be an ultra-altering
distance function and W an altering distance function. Let F : X" — X and g : X — X be two

mappings such that F' has the mixed g-monotone property on X and
w(d(F (2%, 2), F (Y2 y™)) < wimax{d(gx',gy'), ... d(gx",89")})

—p(max{d(gx',gy"),...,d(gx",8y")}))
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2L xN Lyt € X for which gy! < gx!,gx? < gy, 800 < g, e < )"

for all x' x
Suppose that F(X") C g(X), g is continuous and F and g are compatible. Also, suppose that
(a) F is continuous or

(b) X has the following properties:

(i) if nondecreasing sequence {x,,} — x, then g(x,;,) < g(x) for all m > 0;

(ii) if nonincreasing sequence {x,} — x, then g(x) < g(xy,) for all m > 0.

If there exist x(l),x(z),xg, ...,Xy € X such that (2) holds. Then F and g have an n-tupled coincidence

pointin X.

In Theorem 3.1, setting f(s,t) = (ITSI)” r € (0,00), 5,1 € (0,0), we obtain the following

result.
Corollary 3.4. Let (X,d,<) be a complete ordered metric space. Let ¢ be an ultra-altering
distance function and y an altering distance function. Let F : X" — X and g : X — X be two

mappings such that F has the mixed g-monotone property on X and

y(max{d(gx',gy"),...,d(gx",gy")})
(14 @(max{d(gx',gy'),...,d(gx",gy")}))"

l;/(d(F(xl,x27...7x"),F(yl,y2,...,y"))) <

2, xR LY € X and r € (0,00) for which gy' < gx', gx? < gy*, 8y < g, ..., gX"

forallx',x
< @". Suppose that F(X") C g(X), g is continuous and F and f are compatible. Also, suppose
that

(a) F is continuous or

(b) X has the following properties:

(i) if nondecreasing sequence {x,,} — x, then g(x,;,) < g(x) for all m > 0;

(ii) if nonincreasing sequence {x,} — x, then g(x) < g(xn,) for all m > 0.

If there exist x(l),x(z),xg’)7 .., X € X such that (2) holds. Then F and g have an n-tupled coincidence

pointin X.

In Theorem 3.1, setting f(s,t) = slog,,,a, a > 1, s,t € (0,00) (f is a C-class function), we

obtain the following result.

Corollary 3.5. Let (X,d,<) be a complete ordered metric space. Let ¢ be an ultra-altering

distance function and W an altering distance function. Let F : X" — X and g : X — X be two
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mappings such that F has the mixed g-monotone property on X and

y(d(F(x' 22, X, FO' 2, 0") < wimax{d(gx',gy'),....d(gx",y")})

lOga+<P(maX{d (gx1.gy1),....d(gx",gy")}) ¢

2L x Ly Lyt € X for which gy! < gx!,gx? < gy 8y < g, e < @)

for all x',x
Suppose that F(X") C g(X), g is continuous and F and g are compatible. Also, suppose that
(a) F is continuous or

(b) X has the following properties:

(i) if nondecreasing sequence {x,,} — x, then g(x,,) < g(x) for all m > 0;

(ii) if nonincreasing sequence {x,} — x, then g(x) < g(xy,) for all m > 0.

If there exist x(l),x(z),xg, ...,Xy € X such that (2) holds. Then F and g have an n-tupled coincidence

pointin X.
Considering g to be an identity mapping in Theorem 3.1, we have the following result.

Corollary 3.6. Let (X,<) be an ordered set. Suppose that there is a metric d on X such that
(X,d) is a complete metric space. Let @ be an ultra-altering distance function and y be an
altering distance function. Let F : X" — X be a mapping having the mixed monotone property

on X and f a C-class function and

Y(d(F(x' o2 x), LY y) < fy(max{d(x!,y!),d(x,y?),...d(x",y")}),
o(max{d(x',y!),d(x*,y?),....d(x",y")}))

forall x',x%,...,x",y1,y*,...,y" € X for which y' < x',x* <y?,y° <x3,....x" < y". Suppose that
(a) F is continuous or

(b) X has the following properties:

(i) if nondecreasing sequence {x,,} — x, then x,, < x for all m > 0;

(ii) if nonincreasing sequence {x,} — x, then x < xp, for all m > 0.
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If there exist x(l),x(z),xg, ...,Xy € X such that

)
1 1.2 3
Xy < F (0, X5, X5 -5 %)

2.3 1 2
F (X5, X5, X3, %) < XG5

xg <F(x8,...,x8,xé,x(2)), (24)

\F(xg,x(l),x(z), ...,xg_l) < X5,
then F has an n-tupled fixed point in X .
Considering y and g to be identity mappings in Theorem 3.1, we have the following result.

Corollary 3.7. Let (X,<) be an ordered set. Suppose that there is a metric d on X such that
(X,d) is a complete metric space. Let @ be an ultra-altering distance function and f a C-class

function. Let F : X"* — X be a mapping having the mixed monotone property on X and

d(F(x", 2%, ... x"), FO',y*,....y")) < f(max{d(x',y!),d(x*,y?),....,d(x",y")},
@(max{d(x',y"),d(x*y?),....d(x",y")}))

forall x', x%, ... x" y' ,y*, ...y € X for which y' < x',x* <y>,y> < x3,...,x" < y". Also in view

of conditions (a) and (b) of Corollary 3.6, if (24) is satisfied, then F has an n-tupled fixed point
inX.

Considering y and g to be identity mappings, f(s,7) =s—1¢ and ¢(¢) = (1 — k)¢, where

0 <k < 11in Theorem 3.1, we have the following result.

Corollary 3.8. Let (X,<) be an ordered set. Suppose that there is a metric d on X such that
(X,d) is a complete metric space. Let F : X" — X be a mapping having the mixed monotone

property on X. Assume that there exists k € [0,1) with

d(F(xl,xz, ...,x”),F(yl,yz, oY) < kmax{d(xl,yl),d(xz,yz), wnd(X"y")}

2 2,3

forall x',x%, ... x" y' v, ...y € X for which y' < x',x* <y>,y> <x3,...,x" < y". Also in view
of conditions (a) and (b) of Corollary 3.6, if (24) is satisfied, then F has an n-tupled fixed point

nX.
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Remark 3.9. With n = 2, Theorem 3.1 and Corollaries 3.3-3.8 respectively yield the results of
Choudhury et al. [9]. However, from Theorem 3.2, we can deduce a unique coupled common

fixed point theorem.

Example 3.10. Let X = [0,1]. Then (X, <) is an ordered set with the natural ordering of real
numbers. Let d(x,y) = |x—y| for all x,y € X. Then (X,d) is a complete metric space with the
required properties of Theorem 3.1. Define g: X — X by g(x) = x*forallx € X and F : X" — X

(wherein n is a fixed even integer) by

+(X3)2— ..... +(xn71)2_(xn)2’ ifo-] % xi)i — 1737 vy — 1’

F(x!', %, .. x") =

0 otherwise,

2 .., X" € X. Then F obeys the mixed g-monotone property. Now, define a function

for all x',x
f:]0,00) = R by f(s,t) =s—t, s,t € [0,00). Then f is a C-class function. Let W : [0,00) —

[0,00) and @ : [0,00) — [0,00) be defined respectively as follows:

y(t) =r*and @(1) = (2n+1 1%, fort € [0,00).

n+1)2

Then y and @ have the properties mentioned in Theorem 3.1. Also F and f are compatible in
X. Now choose (x},x3,...,x8) = (0,¢,0,c, ...,c) (¢ > 0). Then

(

g(x(l)) =g(0)=0= F(x(l),x%,xg, o Xy) = g(x%),
g(x7) = F (55,20, %0, xp) = ¢ = g(c) = g(x5),

g(xg) =2(0)=0= F(xg, ...,xg,x(l),x%) = g(x%),

| 8() = F(af 33, i) < 62 = glc) = o).

We next verify inequality (1) (of Theorem 3.1). We take x',x?,....x", y',y?,....y" € X such that

1 1 2 2
o' =gl gt < g% gyt < g, e < gy
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Let
M = max{d(gx',gy"),d(gx? gy?),d(gx>,gy*),....,d(gx",gy")}
= max{|(:")” = )7L 162)7 = 0271637 = 03)7 e |62 = )]
Then
M > =N M= 02 = 0D M > () = (7)), oM > | ()2 = (7).

The following four cases arise:

Casel: Letx' x*,x>,....x", y' ,y*, ¥, ... y" € X such that X' < x! y*! <yl fori=1,3,...n—1.

Then

:d<@5?—u%?+@%2— — @)’ @w?—@%?+@%2—n~—@wz)
n+1 ’ n+1
D I G0 N €0 Mot 0 RN S0 Mt 0 Ml 0 M (0
n+1 n+1
:{WV—wﬁ—wﬁ—wﬁ+w¥—wﬁ— — ()= (™)
n+1
G = 04160 = 02 163 = 077+ e+ 1) = 7))
- n+1
<" M.
“n+1

Case II: Let x',x* x3,....x", yl,yz,y3,...,y” € X such that X' <x fori=1,3,...n—1 and

vt <y for at least one i. Then (for y' < yz),
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CE) =61 = (6 = 0D+ () = 0+ = 07)
n+1
ED = 04160 = 0 +160) = 07+ e+ 1) = 7))
- n+1
= n+ IM'

Case III: Let x',x*,x3,....x", y'.y*, 3, ... 9" € X such that x* < x'T! for at least one i and

v+t <yl fori=1,3,...,n— 1. Then arguing as in Case II, one verify inequality (1).

Case IV: Let x', x>, x3, ..., x", y',y*,y3,...,y" € X such that X' < x'T1 y/ <y for at least one i.

Then

d(F(x',x%,3, . ), Fy L y?y, ... v") = d(0,0) < M.

n+1

In all above cases
Ill(d(F(xl7x27x37 "'7xn)7F(yl7y27y3? "'7yn))>

n? M2 — 12 2n+1

2
1+ 1) i

<

= y(max{d(gx',gy'),d(gx*, &*),....d(gx", gy")})
—@(max{d(gx',gy'),d(gx*, &%), ...,d(gx",&y")})
= f(y(max{d(gx',gy"),d(gx*, &), ....d(gx",&Y")}),

@(max{d(gx',gy"),d(gx*,gy%), ....d(gx", gy")})).

Hence all the conditions of Theorem 3.1 are satisfied and (0,0,0,...,0) is an n-tupled coinci-

dence point of F and g.
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