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Abstract. The purpose of this paper is to study common fixed points of a countable family of nonlinear operators
and solutions of a countable family of equilibrium problems based on a monotone projection algorithm. We
establish a strong convergence theorems without any compact assumptions imposed on the operators.
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1. Introduction

Equilibrium problems involving bifunctions provides us with a unified, natural, innovative
and general framework to study a wide class of problems arising in finance, economics, net-
work analysis, transportation, and elasticity. This theory has witnessed an explosive growth in
theoretical advances and applications across all disciplines of pure and applied sciences. As a
result of this interaction, we have a variety of techniques to study the existence results for the
equilibrium problems, which include variational inequalities, saddle point problems and com-

plementary problems as special cases, see [1-8] and the references therein. In this paper, we
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suggest and analyze a monotone projection algorithm for fixed points of nonlinear operators

and solutions of equilibrium problems.
2. Preliminaries

Let E be a real Banach space with the dual E*. Recall that the normalized duality mapping
J from E to 2F" is defined by Jx = {x* € E* : (x,x*) = ||x||* = ||x*|*}, where (-,-) denotes
the generalized duality pairing. Let Ug = {x € E : ||x|| = 1}. The norm of E is said to be

Gateaux differentiable if the limit lim,_q WM

exists for each x,y € Ug. In this case, E
is said to be smooth. The norm of E is said to be uniformly Gateaux differentiable if for each
y € Ug, the limit is attained uniformly for all x € Ug. The norm of E is said to be Fréchet
differentiable if for each x € Ug, the limit is attained uniformly for all y € Ug. The norm
of E is said to be uniformly Fréchet differentiable if the limit is attained uniformly for all
x,y € Ug. It is well known that (uniform) Fréchet differentiability of the norm of E implies
(uniform) Fréchet differentiability of the norm of E. Let pg : [0,00) — [0,0) be the modulus of
smoothness of E by pg(t) = sup{w —1:x € Ug,||ly|| <t}. A Banach space E is said
to be uniformly smooth if pET(’) — 0 as t — 0. It is known that E is uniformly smooth if and
only if the norm of E is uniformly Fréchet differentiable. The modulus of convexity of E is the
function g (¢€) : (0,2] — [0, 1] defined by Og(€) = inf{1 — M x| =yl =1, [x—y]| > €}
Recall that E is said to be uniformly convex if 6g(g) > O for any € € (0,2]. Let p > 1. We say
that E is p-uniformly convex if there exists a constant ¢, > 0 such that 6g(€) > c,&” for any
€ € (0,2]. In what follows, we use — and — to stand for the weak and strong convergence,
respectively. Recall that E enjoys Kadec-Klee property iff for any sequence {x,} C E, and
x € E with x,, = x, and ||x,|| — ||x||, then ||x,, —x|| — 0 as n — oo. It is well known that if E is a
uniformly convex Banach spaces, then E enjoys Kadec-Klee property.

Let E be a smooth Banach space. Let us consider the functional defined by ¢ (x,y) =
llx[|? — 2(x,Jy) + ||y||>, Vx,y € E. Observe that, in a Hilbert space H, the equality is reduced
to ¢(x,y) = ||x —y||%, x,y € H. As we all know that if C is a nonempty closed convex subset

of a Hilbert space H and Pc : H — C is the metric projection of H onto C, then P¢ is nonex-

pansive. This fact actually characterizes Hilbert spaces and consequently, it is not available in
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more general Banach spaces. In this connection, Alber [9] recently introduced a generalized
projection operator Il¢ in a Banach space E which is an analogue of the metric projection P¢
in Hilbert spaces. Recall that the generalized projection Il¢ : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the functional ¢ (x,y), that is, IIcx = X, where % is
the solution to the minimization problem ¢ (¥,x) = minycc ¢ (y,x) existence and uniqueness of
the operator I follows from the properties of the functional ¢ (x,y) and strict monotonicity of
the mapping J. If E is a reflexive, strictly convex and smooth Banach space, then ¢ (x,y) = 0 if
and only if x = y. In Hilbert spaces, we know that IIo = Fr.

Let C be a nonempty subset of E and let T : C — C be a mapping. In this paper, we use F (7))
to stand for the fixed point set of 7. Recall that T is said to be asymptotically regular on C iff
for any bounded subset K of C, limsup,_,..{||7"1x — T"x|| : x € K} = 0. Recall that T is said
to be closed iff for any sequence {x,} C C such that lim,,_,.x, = x¢ and lim,, . T'x,, = yo, then
Txp = yo. Recall that a point p in C is said to be an asymptotic fixed point of 7" iff C contains
a sequence {x,} which converges weakly to p such that lim,_,e ||x;, — Tx,|| = 0. The set of
asymptotic fixed points of 7" will be denoted by F (T). T is said to be relatively nonexpansive
iff F(T)=F(T)#0and ¢(p,Tx) < ¢(p,x), VxeC,V¥peF(T).T is said to be relatively
asymptotically nonexpansive iff F(T) = F(T) # 0 and ¢ (p,T"x) < (1+ )9 (p,x), VxeC,
Vp e F(T),¥n > 1, where {l,} C [0,0) is a sequence such that tt, — 0 as n — co.

Recall that T is said to be quasi-¢-nonexpansive iff F(T) # 0 and ¢(p,Tx) < ¢(p,x), Vx €
C,Vp € F(T). Recall that T is said to be asymptotically quasi-@-nonexpansive iff there ex-
ists a sequence {u,} C [0,00) with u, — 0 as n — o such that F(T) # 0, ¢(p,T"x) <
(14 )9 (p,x), VYxeC,Vpe€F(T),Yn>1.

Remark 2.1. The class of asymptotically quasi-¢-nonexpansive mappings is an extension of
the class of quasi-¢-nonexpansive mappings. The class of quasi-@-nonexpansive mappings and
the class of asymptotically quasi-@-nonexpansive mappings are more general than the class
of relatively nonexpansive mappings and the class of relatively asymptotically nonexpansive
mappings. Quasi-¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive do not

require the restriction F(T) = F(T).
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Let F be a bifunction from C x C to R, where R denotes the set of real numbers. Recall that
the following Ky Fan inequality, which is also known as “equilibrium problem”. Find p € C
such that F(p,y) > 0, Vy € C. We use EP(F) to denote the solution set of the equilibrium
problem. Given a mapping Q : C — E*, let F(x,y) = (Qx,y —x), Vx,y € C. Then p € EP(F) if
and only if p is a solution of the following variational inequality. Find p such that (Qp,y—p) >
0, Vy € C. Numerous problems in physics, optimization and economics reduce to find a solution
of the equilibrium problem.
Lemma 2.2 [1] Let C be a nonempty closed convex subset of a smooth Banach space E and

x € E. Then, xo = Icx if and only if (xg — y,Jx —Jxp) >0, Vy € C.

Lemma 2.3 [11] Let E be a smooth and uniformly convex Banach space and let r > 0. Then
there exists a strictly increasing, continuous and convex function g : [0,2r] — R such that g(0) =
Oand || £ (o) [|* < T2 (oullxll?) — g (|l =), Vi, j € {1,2,..., } for all x1,xa, ... €

B, ={xcE:|x|<r}and a1,00,...,€[0,1] such that ¥ ; o; = 1.

Lemma 2.4 [9] Let E be a reflexive, strictly convex and smooth Banach space, C a nonempty

closed convex subset of E and x € E. Then ¢ (Ilcx,x) 4+ ¢ (y,Iex) < ¢(y,x), Vy € C.

Lemma 2.5. [10] Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property and let C be a nonempty closed and convex subset of E. Let

T : C — C be a asymptotically quasi-@-nonexpansive mapping. Then F (T) is convex and closed.

Lemma 2.6. [4] Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let F be a bifunction from C x C to R satisfying (A1)-(A4). Let r > 0 and
x € E. Then there exists z € C such that rF (z,y) + (y —z,Jz—Jx) > 0, Vy € C. Define a mapping
T,:E—CbySx={z€C:rf(z,y)+{y—z,Jz—Jx), Vy€C}. Then S, is a single-valued
quasi-@-nonexpansive mapping; F(S,) = EP(F) is closed and convex; ¢(q,Syx)+ ¢(S;x,x) <
¢(q,x), Vg € F(Sy).

3. Main results

Now, we are in a position to show our main results.
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Theorem 3.1. Let E be a strictly convex and uniformly smooth Banach space which also has
the Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let T; : C — C
a asymptotically quasi-@-nonexpansive mapping, which is closed asymptotically regular on C
and let F; be a bifunction from C x C to R satisfying (A1)-(A4) for each i > 1. Let {x,} be a

sequence generated in the following manner:

¢

xo € E, chosen arbitrarily,

C,i=C,Cr=nZ,Cyy,

x1 = ¢ xo,

Jyn = Lily On ilJ T xp + Oy 0 X,

un,i € C such that (y — uy j,Jup i —Jyn) + 1y iFi(uni,y) >0, VyeC,
Coy1,i={2€Cn: O(z,x0) + 1721 MniMy > O (z,un) },

Cor1 =N, Gyt

xn+1 = g, X0,
\

where { &, ;} is a real number sequence in (0,1) {r, ;} is a real number sequence in [r,o0), where
r is some positive real number, and M, = sup{¢(z,x,) : z € N2 F(T;) N EP(F;)}. Assume
that Y7 o O i = 1 and liminf, e 0, 00, ; > O for every i > 1. If & =2 F(T;) N2 EP(F)
is nonempty and bounded, then {x,} converges strongly to Ilgxo, where Ilg is the generalized

projection from E onto G.

Proof. First, we show that the sets C, is convex and closed. It suffices to show, for any fixed
but arbitrary i that C,,; is convex and closed. This can be proved by induction. It is clear that
C j = Cis convex and closed. Assume that Cy, ; is closed, and convex for some m > 1. We next
prove that C,,1 1 ; is convex and closed. It is clear that Cy, ; is closed. We only prove the are
convex. Indeed, Vx,y € Cy41,j, we find that x,y € Gy ,

N

O (x,x7) + Z Mn,iMy > o (x, um7j)7
i=1

and

N
¢(y7xm) + Z ,un,iMn > (P(yv um,j)-
i—1

1=
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Notice that the above two inequalities are equivalent to the following inequalities, respectively.

N
||xm||2 - ||”m,j||2+ Z.un,iMn > 2(x,J X — St )5
i=1

and
N

2+ Y i iMy > 2(y, 0% — Jity ).
i=1

1 = 26,

These imply that

N
oo 1 = et 11> + Y My > 2{ax + (1 = @)y, Jxm = Jum ), Va € (0,1).
i=1

Since Cy, ; is convex, we see that ax + (1—a)y € Cu,j. Notice that the above inequality is

equivalent to

N

¢ (ax+ (1 —a)y,xm) + Y tniMy > ¢ (ax+ (1 —a)y,umj).
i=1

This proves that Cy, 1 ; is convex. This completes that C, is closed and convex. Note that

S C Cy,j = C. Suppose that & C G, ; for some m. Then, for Vz € & C Cy, j, we have

0zt ) < 121~ 20, 0T+ Y Qo TV"5) + | w05+ Y O s T
i=1 i=1

< 21— 200m.0(z, Jxm) =2 Y Om i (2, T )
i=1

+ am,OHXmHZ + Z O‘mJH]}mmeZ
i=1

o)

= O‘m,0¢(zaxm) + Z am,i¢(za szxm)
i=1

o5}

S OCm,o¢(Z,Xm) + Z am,i¢(zaxm) + Z am,i.um,iq) (Z;xm) + Z am,iém
=1 i=1 =1

l 1=

< O(z,%m) + Z Mon,i9 (2, Xm) + Z O iSm
i=1 i=1

< 0(2,Xm) + Z M, iMip,.
i=1

This implies z € Gy 11 ;.
Next, we show that x, — p € &. It is clear that ¢ (x,,xp) is a bounded sequence. This in turn

implies that {x,} is also bounded.
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Since the framework of the space is uniform, we find that it is also reflexive. Without loss of

generality, we assume that x,, — p, where p € C,,. Note that ¢ (p,xg) > ¢ (x,,x0). It follows that

¢(p,x0) < liminf (x,,x0) < limsup ¢ (xn,x0) < @(p;x0)-
n—soo

n—yoo

This gives that lim,, e ¢ (x,,,Xx0) = ¢ (p,x0). Hence, we have lim, . ||x,|| = ||p||-
Since the space E enjoys Kadec-Klee property, we find that x,, — p as n — oco. By the con-
struction of C,;, we have that C, | C G, and x,, 1 = I, X0 € Cp, we see that
¢ (Xnt1,%0) = @ (X0, X0) = ¢ (Xnt1,%0) — ¢ (I, X0, %0)
> (p (xn—i-l 3 HCnXO)
= (p(xn-i-l 7xﬂ)'

Letting n — oo, we find ¢ (x,,+1,%,) — 0. Since x,,11 € Cp,11, one further obtains that

¢(xn+1 7xn) + Z .un,iMn > ¢(xn+1 ) un,i)-
=1

1=

It follows that limy, e @ (Xy41,u, ;) = 0. On the other hand, one has lim, e ||us || = ||p||- It

follows that limy,_ ||Ju, ;|| = ||/p|| This implies that {Ju,, ;} is bounded. Note that E is reflexive

and E* is also reflexive. We may assume that Ju, ; — u*' € E*. Since E is reflexive, we see that
there exists an «' € E such that Ju/ = ™. It follows that ¢ (x4 1, 1) = || Xy 1]|? — 2 Xy 1, Jun) +

|| Ju, ||?. Taking liminf, ... the both sides of equality above yields that
0> [Ipl> = 2{p,u™") + [|u""||?
= [Ipl* = 2{p,Ju’) + ||Ju|
= [Ipll* —2(p,Ju') + [lu']]?
= (p.u').

It follows that p = u!, which in turn implies that Jp = u*'. It follows that Ju,; — Jp € E*. Since
E* enjoys the Kadec-Klee property, we obtain that Ju,, ; —Jp — 0 as n — oo. Since J 1 E* > E
is demi-continuous. It follows that u,; — p. Since E enjoys the Kadec-Klee property, we
obtain that u, ; — p as n — c. Note that ||x, — up ;|| < |[x, — p|| + ||p — un,i||. This gives that

lim, e || X, — up ;|| = 0. Since J is uniformly norm-to-norm continuous on any bounded sets, we
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have lim, e, ||Jx, — Ju, ;|| = 0. Notice that

O (2,2) = @ (2,un,0) < [0 =t | N6l + [oan 1) + 22| 1260 = ot

It follows that lim, (¢ (2,%,) — ¢(z,upn;) = 0. This further yields that ¢(z,y,) < ¢(z,x,) +

Yi2 | Un,iMy, where z € &. In view of up; = Sy, ;yn, we find that

¢(un,i7yn) < ¢(Zayn) - ¢(Z7Srn7iyn) < ¢(Zaxn) - ¢(Z7un,i) + Z .un,iMn-
i=1

Hence, we arrive at limy,_,e, ¢ (145,i,y) = 0. This further implies that ||, ;|| — ||y, || — 0 as n — oo.
Since uy, ; — p as n — oo, we arrive at lim, . ||y,|| = || p||. It follows that lim, e, ||Jy,|| = |/p||.
Since E* is also reflexive, we may assume that Jy, — y* € E*. In view of J(E) = E*, we see that
there exists y € E such that Jy = y*. It follows that ¢ (un.i,yn) = [[Jynl|> = 2(ttnis Jyn) + ||un.il|?-
Taking liminf,_,. the both sides of equality above yields that ¢ (p,y) < 0. That is, p =y, which
in turn implies that y* = Jp. It follows that Jy, — Jp € E*. Since E* enjoys the Kadec-Klee
property, we obtain that Jy, —Jp — 0 as n — co. Note that J~! : E* — E is demi-continuous. It
follows that y,, — p. Since E enjoys the Kadec-Klee property, we obtain that y, — p as n — oo.

Since
[t =ynll < llttn,j = pll + 1P = yull,
we find that that lim,,_,e ||t ; — y»|| = 0. Since J is uniformly norm-to-norm continuous on any

bounded sets, we have lim ||Ju, ; — Jy,|| = 0. From the assumption r, ; > r, we see that
n—yoo

o =Tl

n—oo Tn.i

)

0.

Notice that

<y_un,ia-]un,i_-]yn>+rn7iFj(un7i7y) 20: VyGC.

Hence, we have ||y —uy i||||Jun;i — Jynl| = (v —ttn,isJuni—Jyn) > 10 iFi(y,un j), Vy € C. Taking
the limit as n — oo, we find that Fi(y,p) <0, Vy € C. For 0 <f; < 1 and y € C, define y, =
tiy+ (1 —t;)p. It follows that y; j; € C, which yields that Fi(y,;,p) < 0. It follows from the
conditions (A1) and (A4) that 0 = F;(y:i,yr.i) < tiFi(y,i,y) + (1 — ) Fi(ye,i, p) < tiFi(V1.i,)-
This yields that F;(y; ;,y) > 0. Letting #; | 0, we find from the condition (A3) that Fi(p,y) > 0,
Vy € C. This implies that p € EP(F;).
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Since E is uniformly smooth, we know that E* is uniformly convex. It follows that

(P(Zv un,i) < ||Z||2 - 2<Zv OCn,O-])Cn + Z amiJTinxn> + || an,Oan + Z Ofn,i-]T;'nan2
i=1 i=1

< ||Z||2 - 206n70<z,an> -2 Z O‘n,i<Z7JTinxn>
i=1
+ 0 o[l + Y 0| Tl = 00 (1 = ) (19260 — T T4

i=1

i=1 i=1 i=1
- an70(1 - an,i)g(Han _JTinan)
< Oz m) + Y iy — 00 (1= 0n) (V0 — I T ).
i=1
In view of liminf, e &, 0(1 — 0, ;) > 0, we have lim, e [|JT"x,, — Jx,|| = 0. Since x, — p

asn —ooand J: E — E* is demi-continuous, we obtain that Jx, — Jp € E*. On the other
hand, we have ||Jx,|| — ||Jp|| as n — . Since E* enjoys the Kadec-Klee property, we see
that lim,, .. ||/p — Jx,|| = 0. Hence, we have ||Jx,, —JT"x,|| + ||Jp — Jx,| > ||JT"x, — Jp|| > 0.
This yields that lim, e ||/p —JT"x,|| = 0. Since J~! : E* — E is demi-continuous, one sees that
T"x, — p. On the other hand, we have lim,_,« [|T;"x,|| = || p||. It follows that lim, e || 7;"x, —
p|l = 0. Since T is asymptotically regular, one sees that lim, e ||p — 7" 'x,|| = 0. That is,
TiT"x, — p — 0 as n — oo. It follows from the closedness of 7; that T;p = p for every i < 1.
Since x,, = I, xp, we see that (x, —w,Jxg —Jx,) > 0, Vw € C,. In view of & C C,,, we find that
(xp —w,Jxg — Jxn) > 0, Yw € &. Letting n — oo, we arrive at (p —w,Jxo —Jp) >0, Vw € &.

This completes the proof.
In the framework of Hilbert spaces, we have the following result.

Corollary 3.2. Let E be a Hilbert space. Let C be a nonempty closed and convex subset of E.
Let T; : C — C a asymptotically quasi-nonexpansive mapping, which is closed asymptotically

regular on C and let F; be a bifunction from C x C to R satisfying (A1)-(A4) for eachi > 1. Let
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{xn} be a sequence generated in the following manner:

/

xo € E, chosen arbitrarily,

Ci=C,Cr=nZ,Chy,

x1 = Projc,xo,

Yn = Yiz1 OniT;"Xn + Oy 0,

up,i € C such that (y — uy i tn i — yn) + n,iFi(uni,y) >0, VyeC,

3,

Cn+1,i = {Z eCy: ||Z_xn||2+2?°:1 .un,iMn > ||Z_un,i

Cn—H = m;ozlcn—ﬁ—l,i»

Xn+1 = Projc,. X0,
\

where {04, ; } is a real number sequence in (0,1) {ry;} is a real number sequence in [r,), where
r is some positive real number, and M, = sup{||z—x,||>: z € N2 F(T) N7 EP(F;)}. Assume
that Y ;o Op; = 1 and liminf, e @, 0@ ; > 0 for every i > 1. If & =N F(T;) N2 EP(F;)
is nonempty and bounded, then {x,} converges strongly to Pro jsxo, where Projg is the metric

projection from E onto G.

Remark 3.3. Theorem 3.1 mainly improves the corresponding results in Takahashi and Zem-

bayashi [3], Qin, Cho and Kang [4], Wu and Wang [7], Kim [8], and Qin, Cho and Kang [10].
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