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1. Introduction

By applying the different fractional integral operators, such as, the Riemann-Liouville frac-
tional integral operators, the Hadamard fractional operators, the Saigo fractional integral op-
erators and fractional g-integral operators, many researchers have obtained a lot of fractional
integral inequalities and fractional g-integral inequalities; see [1, 2, 3, 4, 5, 6, 7, 8] and the
references therein. Recently, Dahmani and Bedjaoui [9] gave the following integral inequality
based on the Riemann-Liouville fractional integrals.

Let f and & be two positive and continuous functions on [a,b] such that f is decreasing and &
is increasing on [a,b]. Then for all @ > 0,6 >0, § > 6 > 0, we have

@l o)

a

@) 0] =18 e 001 [ 0] a<e<e, (1)

E-mail address: houasmed @yahoo.fr.
Received March 21, 2017; Accepted November 1, 2017.

(©2017 Communications in Optimization Theory



2 MOHAMED HOUAS

Dahmani [10] established the following fractional integral inequalities which are generalization-
s of the inequalities (1), by using the Riemann-Liouville fractional integrals. Let f;, i =1,...,n
and h be positive continuous functions on [a,b] such that f;, i = 1,...,n are decreasing and & is

increasing on [a,b]. Then

I [ff O] @] I [h O] (r)]
ik i=1 (12)

> e [h 0 R OTLS° <r>] I [ﬁfﬁf <r)] a<i<b,
ik i=1

for all 6 > 0,8 > 6; > 0,k € {1,...,n}. Recently, Chinchane and Pachpatte [11] established
some new fractional integral inequalities by using Saigo fractional integral operators. In [12],
Chinchane and Pachpatte obtained some new integral inequalities for the Hadamard fractional
integral operators. Dahmani and Pachpatte [13] derived certain integral inequalities involving
the fractional g—integral operators. Motivated by [9, 10], the main aim of this paper is to
establish some weighted fractional integral inequalities for (1.1) and (1.2) involving the Saigo
fractional integral operators. Also, fractional g—integral inequalities are presented using the

Saigo fractional g—integral operators.
2. Weighted integral inequalities involving the Saigo fractional integral

In this section, we introduce some definitions and properties concerning the Saigo fractional

integral. For more details, we refer the reader to [4, 14, 15].

Definition 2.1. A real valued function f(¢) is said to be in the space C (0,00), u € R, if there
exists a real number p > u such that f(t) =t” f;(t), where fi (1) € C(0,00).

Definition 2.2. Let a > 0,3, € R. Then the Saigo fractional integral I(()x 213 T of order o for a
real valued continuous function f(¢) is defined by

t

/(t—x)a_l oFi (a+ B -mast =2 ) fdr,  (20)

0

1B

0= T

where, the function F] (.) in the right-hand side of (2.1) is the Gaussian hypergeometric func-

tion defined by
(&), (&), 1"
F L Kt) = T
oF (g, 656:0) =) =t
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and (€), is the Pochhammer symbol (€), = e(e+1)...(e+n—1), (€)oo= 1.

a7ﬁ7n
hy

The integral operator includes both the Riemann-Liouville and the Erdelyi-Kober frac-

tional integral operators given by the following relationships

O] = T 0] = g [ =0 Fds a0
0

and

1N [f (0] = 140 [ ()] =

a1
NC) {(t—x) xMf(x)dx, a>0, n €R,

where I' (&) := [e “u®*"'du. For f(t) =t in (2.1), we get the known formula
0

Ia,ﬁ,ntw _ FNo+)'(@+1-B+n) (OB
0. FHNo+1-B)(@+1+a+n) ’

forall >0, @ > min(@, @ — B +1n) > —1.

First, we present some weighted integral inequalities involving the Saigo fractional integral
operators.
Theorem 2.1. Let f and h be two positive and continuous functions on [0,00) , such that f is

decreasing and g is increasing on [0,00) , w : [0,00) — R™*. Then we have
&P [w (1) h° (1) f° (z)] &P [w (1) (t)]
> 162w h” (072 ()] 157 w120

forallt >0,a>max(0,—B),<1,B—-1<n<0,0>0,86>06>0.

(2.2)

Proof. Let us consider

—-a—f B oa—1 X
F(t,x) = ! F(zoc) ) 2 F (OH—B,—T];OC;I—;),xE(O,t);t>0,
_ ﬁt—a—ﬁ (1 _x)oc—l I (ar—fi([j)—'_(l_)n)t—a—ﬁ—l (r—x)%
n (a+B) (_n)r(f‘atﬁz;‘ 1)(=n+ l)t—a—ﬁ—Z (1 _x)oc+1 S

We observe that the continuous function F (¢,x) remains positive, for all x € (0,¢), ¢ > 0 since
each term of the above series is positive in view of the conditions stated with Theorem 2.1.

Since f and h are two positive and continuous on [0,c0) such that f is decreasing and A is
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increasing on [0,0), we have

(h° () = () (£ ) =270 () =0,

forallc > 0,0 > 60 >0, x,y € (0,7), 7> 0, which implies that

W) 270 @)+ 270 0) A% (x) 2 1 () 270 () +h () 27 (x). (2:3)

Multiplying both sides of (2.3) by F (t,x)w (x) % (x), x € (0,2), ¢t > 0, where w : [0,00) — R
is positive continuous function and integrating the resulting inequality with respect to x from 0

tor, we get

WGV lw (o) £ (0] + 0 @) P [w (6 (1) £ ()] )
> 10 (3) 150 )IEP w (0) £ (0] + 18P [w (08 (6% ()] |

Next, on multiplying both sides of (2.4) by F (¢,y)w(y) f® (y), y € (0,£), ¢ > 0, and integrating

the resulting inequality with respect to y over (0,7), we can write

1P w)h® @) £ 0] 152w ) £ 0] + 155 [wie) £2 O] 1P [w oy ne £ )]
> I6P [w ) he 0 2 O] 157 [wio) 12 0] + 1855wy n £ 0] 1657 w0 )]
which implies (2.2).

Theorem 2.2. Suppose that f and h are two positive and continuous functions on [0,e0), such

that f is decreasing and h is increasing on [0,0), w : [0,00) — RT. Then we have
I [w e (0 £ 0] 152 [w ) £ 0)]
I [w o) £ O) 5P [wioyne 079 )]
> 100 [w )k (0 £ ()] 1555w (0) £ (1)
1P w ) h (0 £ 0|15 [w(0) £ )]

forallt >0,a >max(0,—fB),0 >max(0,-1),B,A <1, B-1<n<0,A-1<7y<0,
0>60>0,0>0.

Proof. Multiplying both sides of (2.4) by the quantity G (¢,y)w (y) £ (y), where

R e N
I'(0)

G(1,y) = 2 (042, ~70:1=2), ye (0.0),1 >0,
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and using the arguments mentioned above in the proof of Theorem 2.1, we see that the function
G (t,y) remains positive under the conditions stated with Theorem 2.2. Integrating the resulting

inequality obtained with respect to y from O to ¢, we obtain

15w n @ £ O 5P w o) £2 0] + 103w £ 0] 52w ne (072 )]
> 10 () h® (0 £ ()] 157 [w(0) £ ()]
P [w (1) (1) £ (t)] ol [w (1) f° (t)} .

Hence, we have (2.5).
Remark 2.3. If @ = w, B = A and = yin Theorem 2.1, then we obtain Theorem 2.2.

Next, we generalize the previous theorems by using a family of n positive functions defined

on [0,00).

Theorem 2.4. Let f;, i = 1,...,n and h be positive continuous functions on [0,0), such that h
is increasing and f;, i = 1,...,n are decreasing on [0,%0) ,w : [0,00) — R™. Then, the following

inequality

e [w R © Qfﬁf (r)] Y [w 0 O£ (r)]

250 [W wne w7 L <r>] 5" [w oI @)

holds for anyt >0, oo > max (0,—f),<1,—-1<n<0,0>0,86 >6,>0,ke{l,...n}.

Proof. Letting x,y € (0,7),¢ > 0, we have
o— o— 5— 5—
WOV * 0+ 10 H 0V () 2 h () F 0V +h% 0 % ) (27)
forany 0 >0, 0 > 6, > 0,k € {1,2,...,n}. Multiplying both sides of (2.7) by

F(z,x)w(x)]n]fff (x), x € (0,), >0,
i=1
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and integrating the resulting inequality with respect to x from O to ¢, we obtain

h° () 3‘,‘”[ I;y AR il [w(r)h“ (t)fllﬁ-e" <r>]
> % (y) £ % () 1P [w <r>ﬁfﬁf <t>] (2.8)
i=1

+1 P lw (0)h° (1) £ (f)]ﬂlﬁe" (t)] ~

ik
Now, Multiplying both sides of (2.8) by F (¢,y)w (y) [T~ fiei (y),y€(0,t),t >0, and integrat-

ing the resulting inequality with respect to y from O to ¢, we have

S‘f”[ Hf ] 1P ”[ <r>f,§<z>f1ﬁ"f<r>]

ik
+Ié’f;‘*’”[ gf ] “ﬁ”[ (0)h° (1) ,lf,-f’fm]
zlé’f;“’"[ LG Qf ] “’“’[ (r)H]ﬁ’f(z)
+1“-f*"[ OTT ] e [wo) 15 <z>]
0, ik P l ’

which implies (2.6). This completes proof.

Theorem 2.5. Let f;, i = 1,...,n and h be positive continuous functions on [0,0), such that h is
increasing and f;, i =1,...,n are decreasing on [0,00), w: [0,00) — R™. Then, for all t > 0, we

have

ik

+135;B’"[ Hf ] "’”[ <r>f£<t>f1f?f<r>]

ik

18,’? i [w (t)h° (1) ﬁlf,-"" (r)] zgf;ﬁﬂ lw (1) £ (1) H fP (t)]

(2.9)

zlo“fﬁ”[ O ] ‘”“’[ <r>13ﬁ@>]

i#£k

+13§;"’”[ OTT7%( ] “’“[ (t)lﬂlff’"(t)],
i=1

i#k
with o > max (0,—f),®0 > max (0,—1),B,A<1,B—-1<n<0,A-1<y<0,6>6>

0,0 >0,0>0,6>6;,>0,ke{l,...,n}.
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Proof. Multiplying both sides of (2.8) by G (¢,y)w (y) [T, fie’ (y),y€(0,),¢ >0, and inte-
grating the resulting inequality with respect to y from O to ¢, we obtain

Io“ff”[ Hf ] “‘*"[ <t>f£<r>ﬁﬁ9f<z>]

ik

+I(§‘,’,’l’y[ Hf ] “B"[ (f)h"(t)ﬁﬁei(f)]
i=1

i#k

> 15’?;“[ O£ ] “ﬁ"[ <r>f[f,-9"<r>]

i#k

O [ O] <r>] o [ 0 (0) £ O] £° <r>] .

i=1 i£k

This ends the proof of Theorem 2.5.

Remark 2.6. Applying Theorem 2.5 for « = o, f = A and 1 = 7, we obtain Theorem 2.4

immediately.
3. g—Integral inequalities involving the Saigo fractional g—integral

We give some necessary definitions and mathematical preliminaries of fractional g—calculus.
More details, one can consult [16, 17, 18, 19].
For any complex number ¢ € C, we define[a], = q 1=0® g1 sl !t =[n], [n—1],... 2], 1],
n e N and ([ﬁ]q) = [0], [0+ 1], [0 +n—1],,n € N with [0],! = 1 and the g—shifted fac-
n

torial is defined for as a product of n factors by
(a:q),=1,n=0; (0;9), = (1-a)(1-aq)...(1-ag"'), neN, (3.1)

and in terms of the basic analogue of the gamma function

Ty(a+n)(1—q)"

(¢%:4q), = ,n>0,
Iy (o)
where the g—gamma function is defined by
(4:9)o (1 —9)'
I,(z)= = ,0<g< 1.
! (4%9).
We note that
(1-9)"Ty (2)
r,(1
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and if |g| < 1, the definition (3.1) remains meaningful for n = oo, as a convergent infinite product

given by(a;q)., = I (1 — 0tg’) . Also, the g—binomial expansion is given by

s () =] ().

Letting 1o € R, we define a specific time scale
T, ={t;t=t0q", ne N}U{0}, 0<g< 1.

The Jackson’s g—derivative and g—integral of a function f defined on T; are, respectively, given
by
f)—flat)

(1—q) 1 #0, g F#1,

Dy, [f(t)] =

and

[ F@dp=10-0) ¥ a'f (1)
0 j=0

Definition 3.1. The Riemann-Liouville fractional g—integral operator of a function f(¢) of
order « is given by
N 1%Lt gy
BUOI= 5 ) (539), f @ a>0,0<g<1,

where
(a:9).

, o €R.
(a9*:q).

(a:9)y =

Definition 3.2. For oo > 0 and 1 > 0, the basic analogue of the Kober fractional integral operator

is given by

o (-1 gt
I 0] = W/O (?W)a_lxnf(x)dqx, 0<g<l.

Definition 3.3. For o > 0,8 € R a basic analogue of the Saigo’s fractional integral operator is
given for "ﬂ < 1by

—B-1,—n(o+B) rt
a,B.n :t q / qx. a a+B 7. .
1 f ()] T, (@) A (t ,q)a_]a/% s (291[ g Mg ,q,q])f(X)dqx,
(3.2)

where 1 is any non-negative integer, and the function ,Q (.) and the g—translation operator

occurring in theright-hand side of (3.2) are, respectively, defined by

(2Q1 [a,b;c;q,t]) = i )(qq; , gl < Lt < 1,



w-WEIGHTED FRACTIONAL INTEGRAL INEQUALITIES 9
and
Fax(F1) = L A" (Z20)
where (A)nez (Z =0,4£1,42,...) is any bounded sequence of real or complex numbers. For

f(t) =1%, we get the known formula

apnpe_ L@+ DT (@+1-B+1) 54
I 7] = t
! T, (@+1-B)T,(@+1+a+n)

Y

forallt >0, min(@,®—f+n)>—-1,0<qg<1.
Firstly, we prove some g—integral inequalities concerning the Saigo fractional g—integral

operators.

Theorem 3.4. Let f and h be two positive and continuous functions on Ty, such that f is

decreasing and h is increasing on T,. Then, for all t > 0, we have

B 1 (1) 10 (0| 1280 [ 2 0] 2488 he ) 22 0] g [P ()], (3.3)
where 1 <g<1,a>max(0,-B),p<l,n—B>-1,6>0,6>6>0.

Proof. Consider
t—ﬁ—lq—n(OHﬁ)

Fn) = Iy (a)

(qx/t;q)a_lcbq 4L (291 [q“*ﬁ,q*”;q“;q,q}) :

7
for x € (0,¢), r > 0. We note that the function F* (¢,x) remains positive for all values of x €
(0,¢), t > 0, and under the conditions imposed with Theorem 3.4. Since f and & are two
positive and continuous on 7;,, such that f is decreasing and g is increasing on Ty, for x € (0,¢),
t > 0, one sees that the inequality (2.3) is satisfied. Now on multiplying both sides of (2.3) by

F*(t,x) f% (x), and taking g—integration with respect to x from 0 to 7, we get
B VP 2 0)] + £ ) 18P0 [ (1) £° ()] )
3.
> 1 () f570 ) IEPM [ 12 (0)] + 18P0 [ (1) £2 (1)

Next, multiplying both sides of (3.4) by F* (¢,y) f (y), and noting that the function F* (,y) is
also positive for all y € (0,¢),7 > 0 and under the conditions imposed with Theorem 3.1, and

taking g—integration with respect to y from O to ¢, we obtain
1P (5 @) 10 ] 2P [ £ 0] + 1B [ £ 0 1B 10 (0.4 1)
e e GOV Ol R O ER AR O VIO s VOl
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The proof is done.

Theorem 3.5. Suppose that f and h are two positive and continuous functions on Ty, such that

f is decreasing and h is increasing on T;,. Then we have

e OO A TR O RY A A OV I PR VaI0)

> B 1 ) £ O 122 |10 O] #1227 [0 @) 72 )] 1B |79 )], )

forallt >0,0<g<1l,a>max(0,—f),0 >max(0,—1),B,A<1,n—-B,y—A>—-1,6>
60>0,0>0.

Proof. Multiplying both sides of (2.3) by G* (¢,y) £ (y), where

A1, y(w+A)
* t q qy Q. | g2t ;7. @
G l" — (—, ) (I) ® ( |: ) Y; g, i|>7

t

fory € (0,¢),t > 0, we can see that the function G* (¢,y) remains positive under the conditions
stated with Theorem 3.4. Integrating the resulting inequality obtained with respect to y from 0

to t, we have

PO PR 1 (1) £0 (1)) + 1 () 12 |12 ()]

> 1947 [1 6 12 (1)) 41 (5) £ () 122 [£0 )] (36)

Multiplying both sides of (3.6) by F* (¢,x) f¢ (x), and integrating the resulting inequality with

respect to x from O to ¢, we obtain

ool ] g g o
= [;)7/1,7 [hc (1) f° (t)] Ic‘fﬁ’" [fe (t)] +Iq“’7l77 [fe (;)] ]gaﬁ,n [hc (1) £ (t)} '

This ends proof of Theorem 3.5.
Remark 3.6. For @ = w, B = A and 11 = 7, Theorem 3.5 immediately reduces to Theorem 3.4.

Next, by using the Saigo fractional g—integral, we generate new class of the Saigo fractional

g—integral inequalities involving a family of n positive functions defined on 7;,.
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Theorem 3.6. Let f;, i = 1,...,n and h be positive continuous functions on Tj, such that h is

increasing and f;, i =1,...,n are decreasing on Tj,. Then, for allt > 0,0 < g < 1, we have

b [ff o114 <r>] . [h oI (r)]
i#k =1 (3.7)

> 1P lh R O] @] O [ﬁf"& m] |
i=1

ik
where o0 > max (0,—),B<1,n—B>—-1,06>0,6 > 6, >0,ke{l,....n}.
Proof. Multiplying both sides of (2.7) by F* (z,x) [T, fiei (x),x€(0,¢),t >0, and integrating

the resulting inequality with respect to x over (0,¢), we obtain

he (y Iaﬁn[fk Hf
i#k

(3.8)
> 4o (y) k‘dfﬂk (y) I;ﬂ,ﬁ:n [I_—!fzel (l)

I“B”[h" Hf ]

i#k
Now, multiplying both sides of (3.8) by F* (z,y) [T, fiei (y),y€(0,t), ¢t >0, and integrating
the resulting inequality with respect to y from O to 7, we have

210B [ff OT14" @] 1P [h (1) flfﬁ‘ <t>]

ik
221‘(]17[3777 Hfil(t 105571 ho' Hf
i=1 iF#k
This completes proof of Theorem 3.6.

Theorem 3.7. Let f;, i = 1,...,n and h be positive continuous functions on Ty, such that h is

increasing and f;, i = 1,...,n are decreasing on Ty,. Then, for allt > 0,0 < g < 1, we have

1B [f,? o112 <r>] 19 [h" (1 ﬁﬁ-"" <r>]

ik

£ 10h [fk L ] )| 1o [h“ o114 <r>]
i#k i=1 (39)

Ia) Ay [hc Hf ] [;‘ﬁﬂ [ﬁfi&' (t)]
i=1

i#k

P [’“ 07 O] @] i [ﬁf"@ Y ] |
i=1

ik
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where o¢ > max (0,—f),® >max (0,—1),8,A<1,n—-B,y—A>-1,6>6>0,06 >0,0 >
0,6 >6,>0,ke{l,...,n}.

Proof. Multiplying both sides of (3.8) by G* (¢,y) [T, fiei (y),y€(0,t),t> 0, and integrating
with respect to y over (0,7), we obtain

n

2B (O [ 1847 | O ()

i#k i=1

+1P e TR 0| 1927 | R OTTA @)
i=1 i#k

> PP T O 1947 10 @) 0 O T LA @)
i=1 i#k

n n
, ) 0; A, 0;
I @ S OTLA O 1847 | TTA 0]

i#k i=1
Theorem 3.7 is thus proved.

Remark 3.8. Putting &« = @, B = A and 1 = ¥ in Theorem 3.7, we obtain Theorem 3.6 imme-

diately.
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