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Abstract. In this paper, we introduce a new classes of generalized (s,m,ϕ)-preinvex Godunova-Levin functions

of the second kind. Some characterization theorems and some new integral inequalities for the left-hand side

of the Gauss-Jacobi type quadrature formula involving generalized (s,m,ϕ)-preinvex Godunova-Levin functions

of the second kind along with the beta function are established. Some extensions integral inequalities involving

generalized (h,(m,ϕ))-preinvex functions are also given.
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1. Introduction and Preliminaries

Recently, the theory of convex functions has received special attention from many researcher-

s and the classical concepts of convex functions have been extended and generalized in var-

ious different directions using novel and innovative ideas and techniques. In [1] and [2],

Dragomir introduced and investigated a new class of Godunova-Levin functions which is called

s-Godunova-Levin functions of the second kind. In [3], Noor et al. extended the class of the

Godunova-Levin functions and introduced the classes of s-Godunova-Levin functions of first
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kind, logarithmic s-Godunova-Levin functions of the first and second kinds. The interrela-

tionship between theory of convex functions and theory of inequalities led many researchers

to extend various classical inequalities known in the literature for these newly developed gen-

eralizations of classical convex functions. Convexity plays an important role in economics,

management science, engineering, finance and optimization theory. Many interesting general-

izations and extensions of classical convexity have been used in optimization and mathematical

inequalities. The following notation is used throughout this paper. We use I,J to denote inter-

vals on the real line R = (−∞,+∞) and I◦,J◦ to denote the interior of I and J. For any subset

K ⊆ Rn, K◦ is used to denote the interior of K. Rn is used to denote a n-dimensional vector

space and Rn
+ is used to denote an n-dimensional nonnegative vector space. The nonnegative

real numbers are denoted by R◦ = [0,+∞). The set of integrable functions on the interval [a,b]

is denoted by L([a,b]).

First, let us recall some definitions of various convex functions.

Definition 1.1. (see [4]) A nonnegative function f : I ⊆ R−→ R◦ is said to be a P-function or

P-convex if

f (tx+(1− t)y)≤ f (x)+ f (y), ∀x,y ∈ I, t ∈ [0,1].

Definition 1.2. (see [5]) A function f : I ⊆ R −→ R◦ is said to be a Godunova-Levin function

or f ∈ Q(I), if f is nonnegative and for all x,y ∈ I, t ∈ (0,1), we have

f (tx+(1− t)y)≤ f (x)
t

+
f (y)
1− t

.

The class Q(I) was first described in [6] by Godunova and Levin. Some further properties

are given in [4], [7] and [8]. It is noted that nonnegative monotone and nonnegative convex

functions belong to this class of functions.

Definition 1.3. (see [9]) A function f : I ⊆ R −→ R◦ is said to be (s,m)-Godunova-Levin

functions of the first kind or f ∈ Q1
(s,m), if ∀s,m ∈ (0,1], we have

f (tx+m(1− t)y)≤ 1
ts f (x)+m

(
1

1− ts

)
f (y), ∀x,y ∈ I, t ∈ (0,1).

We here mention that Definition 1.3 is also introduced and studied by Li, Wang and Wei [10]

independently. Putting m = 1 in Definition 1.3, we have the definition of s-Godunova-Levin

functions of the first kind, which is introduced and investigated by Noor et al. see [3].
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Definition 1.4. (see [9]) A function f : I ⊆ R −→ R◦ is said to be a (s,m)-Godunova-Levin

function of the second kind or f ∈ Q2
(s,m), if s ∈ [0,1], m ∈ (0,1], we have

f (tx+m(1− t)y)≤ 1
ts f (x)+m

(
1

(1− t)s

)
f (y), ∀x,y ∈ I, t ∈ (0,1).

It is obvious that for s = 0,m = 1,(s,m)-Godunova-Levin functions of the second kind re-

duce to Definition 1.1 of P-functions. If s = 1,m = 1, then it reduces to the Godunova-Levin

functions. For m = 1, we have the definition of s-Godunova-Levin function of the second kind

introduced and studied by Dragomir; see [1], [2] and the references therein.

Definition 1.5. (see [11]) Let h : J⊆R−→R be a positive function. We say that f : I⊆R−→R

is a h-convex function, or that f belongs to the class SX(h, I), if f is nonnegative and for all

x,y ∈ I and t ∈ (0,1), then

f (tx+(1− t)y)≤ h(t) f (x)+h(1− t) f (y).

Definition 1.6. (see [12]) A set K ⊆ Rn is said to be invex with respect to the mapping η :

K×K −→ Rn, if x+ tη(y,x) ∈ K for every x,y ∈ K and t ∈ [0,1].

Definition 1.7. (see [13]) The function f defined on the invex set K ⊆Rn is said to be preinvex

with respect η , if for every x,y ∈ K and t ∈ [0,1],

f (x+ tη(y,x))≤ (1− t) f (x)+ t f (y).

The concept of preinvexity is more general than convexity since every convex function is

preinvex with respect to mapping η(y,x) = y−x, but the converse is not true. The Gauss-Jacobi

type quadrature formula has the following

∫ b

a
(x−a)p(b− x)q f (x)dx =

+∞

∑
k=0

Bm,k f (γk)+R?
m| f |, (1.1)

for certain Bm,k,γk and rest R?
m| f |; see [14] and the references therein. Recently, Liu [15] ob-

tained several integral inequalities for the left-hand side of (1.1) under Definition 1.1 of the

P-function. In [16], Özdemir, Set and Alomari established several integral inequalities concern-

ing the left-hand side of (1.1) via some kinds of convexity.
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The main purpose of this paper is to introduce some new concepts: generalized (s,m,ϕ)-

preinvex Godunova-Levin functions of the second kind and explicitly generalized (s,m,ϕ)-

preinvex Godunova-Levin functions of the second kind, and give some interesting properties

for the newly introduced functions. In Section 3, some new integral inequalities for the left-

hand side of (1.1) involving generalized (s,m,ϕ)-preinvex Godunova-Levin functions of the

second kind functions along with beta function are established. Some extensions integral in-

equalities involving generalized (h,(m,ϕ))-preinvex functions are also given. In Section 4,

some conclusions are provided and future research is discussed.

2. New definitions and properties

Definition 2.1. (see [17]) A set K ⊆ Rn is said to be m-invex with respect to mapping η :

K×K× (0,1]−→ Rn for some fixed m ∈ (0,1], if mx+ tη(y,x,m) ∈ K holds for each x,y ∈ K

and any t ∈ [0,1].

Remark 2.2. In Definition 2.1, under certain conditions, mapping η(y,x,m) could reduce to

η(y,x). For example, when m = 1, the m-invex set degenerates an invex set on K.

Next, we give new definitions, to be referred as generalized (s,m,ϕ)-preinvex Godunova-

Levin functions of the second kind and explicitly generalized (s,m,ϕ)-preinvex Godunova-

Levin functions of the second kind, respectively.

Definition 2.3. Let K ⊆ R be an open m-invex set with respect to η : K×K× (0,1]−→ R and

ϕ : I −→ K be a continuous function. For f : K −→ R and any fixed s ∈ [0,1], m ∈ (0,1], if

f (mϕ(y)+ tη(ϕ(x),ϕ(y),m))≤ f (ϕ(x))
ts +

m f (ϕ(y))
(1− t)s , (2.1)

is valid for all x,y∈ I, t ∈ (0,1), then we say that f is a generalized (s,m,ϕ)-preinvex Godunova-

Levin function of the second kind with respect to η or f ∈ Q?2
(s,m,ϕ).

The function f is said to be a strictly generalized (s,m,ϕ)-preinvex Godunova-Levin function

of the second kind on K with respect to η , if a strict inequality holds on (2.1) for any x,y ∈ I

and ϕ(x) 6= ϕ(y).
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Remark 2.4. In Definition 2.3, it is worth to note that the generalized (s,m,ϕ)-preinvex

Godunova-Levin function of the second kind is an (s,m)-Godunova-Levin functions of the sec-

ond kind on K with respect to η(ϕ(x),ϕ(y),m) = ϕ(x)−mϕ(y) and ϕ(x) = x, for all x,y ∈ I.

Definition 2.5. Let K ⊆ R be an open m-invex set with respect to η : K×K× (0,1]−→ R and

ϕ : I −→ K be a continuous function. For f : K −→ R and any fixed s ∈ [0,1], m ∈ (0,1], if

f (mϕ(y)+ tη(ϕ(x),ϕ(y),m))<
f (ϕ(x))

ts +
m f (ϕ(y))
(1− t)s , (2.2)

is valid for all x,y ∈ I, t ∈ (0,1) and f (ϕ(x)) 6= f (ϕ(y)), then we say that f is an explicitly

generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind with respect to η

or f ∈ Q�2(s,m,ϕ).

According to the above definitions, we now derive some interesting properties of the gener-

alized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind and the explicitly gener-

alized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind as follows. The proof of

the following two propositions are straightforward.

Proposition 2.6. Let ϕ : I −→ K be a continuous function. If fi : K ⊆ R−→ R (i = 1,2, . . . ,n)

are generalized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind (explicitly gen-

eralized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind) with respect to the

same η : K×K× (0,1]−→ R, for any fixed s ∈ [0,1], m ∈ (0,1], then

f =
n

∑
i=1

ai fi, ai ≥ 0, (i = 1,2, . . . ,n),

is also a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind (explicitly

generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind) on K with respect

to the same η for any fixed s ∈ [0,1], m ∈ (0,1].

Proposition 2.7. Let ϕ : I −→ K be a continuous function. If fi : K ⊆ R−→ R (i = 1,2, . . . ,n)

are generalized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind (explicitly gen-

eralized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind) with respect to the

same η : K×K× (0,1]−→ R, for any fixed s ∈ [0,1], m ∈ (0,1], then

f = max
{

fi, i = 1,2, . . . ,n
}
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is also a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind (explicitly

generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind) on K with respect

to the same η for any fixed s ∈ [0,1], m ∈ (0,1].

Next, we prove that the combination of a generalized (s,m,ϕ)-preinvex Godunova-Levin

function of the second kind with a positively homogenous and nondecreasing function is a

generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind with respect to the

same η on K for any fixed s ∈ [0,1], m ∈ (0,1].

Proposition 2.8. Let ϕ : I −→ K be a continuous function. Assume that K be a nonempty

m-invex set in R with respect to η : K ×K × (0,1] −→ R. Let f : K −→ R be a general-

ized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind with respect to η for any

fixed s ∈ [0,1], m ∈ (0,1], and let g : W −→ R (W ⊆ R) be a positively homogenous and non-

decreasing function, where rang( f ) ⊆W. Then the composite function g( f ) is a generalized

(s,m,ϕ)-preinvex Godunova-Levin function of the second kind with respect to the same η on

K for any fixed s ∈ [0,1], m ∈ (0,1].

Proof. Since f is a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind,

then

f (mϕ(y)+ tη(ϕ(x),ϕ(y),m))≤ f (ϕ(x))
ts +

m f (ϕ(y))
(1− t)s , ∀x,y ∈ K

holds for any t ∈ (0,1). Since g is a positively homogenous and nondecreasing function, one

has

g( f (mϕ(y)+ tη(ϕ(x),ϕ(y),m)))≤ g
(

f (ϕ(x))
ts +

m f (ϕ(y))
(1− t)s

)

=
g( f (ϕ(x)))

ts +
mg( f (ϕ(y)))

(1− t)s ,

which follows that g( f ) is a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the

second kind with respect to the same η on K for any fixed s ∈ [0,1], m ∈ (0,1].

Proposition 2.9. Let ϕ : I −→ K be a continuous function. If gi : R −→ R (i = 1,2, . . . ,n) are

generalized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind with respect to the

same η for any fixed s ∈ [0,1], m ∈ (0,1], then M = max
{

x ∈R : gi(ϕ(x))≤ 0, i = 1,2, . . . ,n
}

is an m-invex set.
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Proof. Since gi(x), (i = 1,2, . . . ,n) are generalized (s,m,ϕ)-preinvex Godunova-Levin func-

tions of the second kind, one sees, for all x,y ∈ R, that

gi(mϕ(y)+ tη(ϕ(x),ϕ(y),m))≤ gi(ϕ(x))
ts +

mgi(ϕ(y))
(1− t)s , i = 1,2, . . . ,n,

holds for any t ∈ (0,1). When x,y ∈ M, we know gi(ϕ(x)) ≤ 0 and gi(ϕ(y)) ≤ 0. From the

above inequality, one has

gi(mϕ(y)+ tη(ϕ(x),ϕ(y),m))≤ 0, i = 1,2, . . . ,n,

that is, mϕ(y)+ tη(ϕ(x),ϕ(y),m) ∈M. Hence, M is an m-invex set related to function ϕ .

Proposition 2.10. Let ϕ : R+ −→ K be a continuous function. Assume that f : R+ −→ R+

is a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind with respect to

η :R+×R+×(0,1]−→R+ for any fixed s∈ [0,1], m∈ (0,1]. Also, suppose that f is monotone

decreasing, η is monotone increasing regarding m for fixed x,y ∈ R+, and m1 ≤ m2 (m1, m2 ∈

(0,1]). If f is a generalized (s,m1,ϕ)-preinvex Godunova-Levin function of the second kind on

R+ with respect to η , then f is a generalized (s,m2,ϕ)-preinvex Godunova-Levin function of

the second kind on R+ with respect to η .

Proof. Since f is a generalized (s,m1,ϕ)-preinvex Godunova-Levin function of the second

kind, we have, for all x,y ∈ R+, that

f (m1ϕ(y)+ tη(ϕ(x),ϕ(y),m1))≤
f (ϕ(x))

ts +
m1 f (ϕ(y))
(1− t)s .

Combining the conditions that f is monotone decreasing, η is monotone increasing regarding

m for fixed x,y ∈ R+, and m1 ≤ m2, we have

f (m2ϕ(y)+ tη(ϕ(x),ϕ(y),m2))≤ f (m1ϕ(y)+ tη(ϕ(x),ϕ(y),m1))

and
f (ϕ(x))

ts +
m1 f (ϕ(y))
(1− t)s ≤ f (ϕ(x))

ts +
m2 f (ϕ(y))
(1− t)s .

Following the above two inequalities, we have

f (m2ϕ(y)+ tη(ϕ(x),ϕ(y),m2))≤
f (ϕ(x))

ts +
m2 f (ϕ(y))
(1− t)s .

Hence, f is also a generalized (s,m2,ϕ)-preinvex Godunova-Levin function of the second kind

on R+ with respect to η , for any fixed s ∈ [0,1].
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Proposition 2.11. Let ϕ : I −→ K be a continuous function. Assume that K is a nonempty m-

invex set in R with respect to η : K×K×(0,1]−→R. Let fi : K−→R
(
i ∈ I =

{
1,2, . . . ,n

})
be

a family of real-valued functions which are explicitly generalized (s,m,ϕ)-preinvex Godunova-

Levin function of the second kind with respect to the same η for any fixed s ∈ [0,1], m ∈ (0,1]

and bounded from above on K. Then the function f (x) = sup
{

fi(x), i ∈ I
}

is also an explicitly

generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind on K with respect

to the same η for any fixed s ∈ [0,1], m ∈ (0,1].

Proof. Since each fi(x)(i ∈ I) is an explicitly generalized (s,m,ϕ)-preinvex Godunova-Levin

function of the second kind with respect to the same η for any fixed s ∈ [0,1], m ∈ (0,1], we

have for each i ∈ I

fi(mϕ(y)+ tη(ϕ(x),ϕ(y),m))<
fi(ϕ(x))

ts +
m fi(ϕ(y))
(1− t)s ,

∀x,y ∈ K, t ∈ (0,1). Therefore, for each i ∈ I, we have

fi(mϕ(y)+ tη(ϕ(x),ϕ(y),m))<
supi∈I fi(ϕ(x))

ts +
msupi∈I fi(ϕ(y))

(1− t)s ,

∀x,y ∈ I, t ∈ (0,1). Taking sup of the left-hand side of the above equation, we obtain

sup
i∈I

fi(mϕ(y)+ tη(ϕ(x),ϕ(y),m))<
supi∈I fi(ϕ(x))

ts +
msupi∈I fi(ϕ(y))

(1− t)s ,

∀x,y ∈ I, t ∈ (0,1), that is, f (x) = sup
{

fi(x), i ∈ I
}

is also an explicitly generalized (s,m,ϕ)-

preinvex Godunova-Levin function of the second kind on K with respect to the same η for any

fixed s ∈ [0,1], m ∈ (0,1].

3. New integral inequalities for generalized (s,m,ϕ)-preinvex Godunova-
Levin functions of the second kind

In this section, in order to prove our main results regarding some new integral inequalities

involving generalized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind along

with the beta function, we need the following new interesting lemma.

Lemma 3.1. Let ϕ : I −→ K be a continuous function and η : K×K× (0,1] −→ R. Assume

that f : K = [mϕ(a),mϕ(a)+η(ϕ(b),ϕ(a),m)]−→ R is a continuous function on the interval

of real numbers K◦, with a < b and mϕ(a) < mϕ(a)+η(ϕ(b),ϕ(a),m). Then for any fixed
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m ∈ (0,1] and p,q > 0, we have∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

= η(ϕ(b),ϕ(a),m)p+q+1
∫ 1

0
t p(1− t)q f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))dt.

Proof. ∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

= η(ϕ(b),ϕ(a),m)
∫ 1

0
(mϕ(a)+ tη(ϕ(b),ϕ(a),m)−mϕ(a))p

× (mϕ(a)+η(ϕ(b),ϕ(a),m)−mϕ(a)− tη(ϕ(b),ϕ(a),m))q

× f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))dt

= η(ϕ(b),ϕ(a),m)p+q+1
∫ 1

0
t p(1− t)q f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))dt.

This completes the proof.

The following definition will be used in the sequel.

Definition 3.2. The Euler beta function is defined for x,y > 0 as

β (x,y) =
∫ 1

0
tx−1(1− t)y−1dt =

Γ(x)Γ(y)
Γ(x+ y)

.

Theorem 3.3. Let ϕ : I −→ K be a continuous function and η : K×K× (0,1] −→ R. Assume

that f : K = [mϕ(a),mϕ(a)+η(ϕ(b),ϕ(a),m)] −→ R is a continuous function on K◦, a < b

with mϕ(a) < mϕ(a)+η(ϕ(b),ϕ(a),m) and η(ϕ(b),ϕ(a),m) 6= 0. If k > 1 and | f |
k

k−1 is a

generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind on K for any fixed

m ∈ (0,1], s ∈ [0,1), then for any fixed p,q > 0,∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

≤ |η(ϕ(b),ϕ(a),m)|p+q+1

(1− s)
k−1

k

[
β (kp+1,kq+1)

] 1
k
(

m| f (ϕ(a))|
k

k−1 + | f (ϕ(b))|
k

k−1

) k−1
k
.

Proof. Since | f |
k

k−1 is a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second

kind on K, combining with Lemma 3.1, Definition 3.2 and Hölder inequality for all t ∈ (0,1)
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and for any fixed m ∈ (0,1], s ∈ [0,1), we get∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

≤ |η(ϕ(b),ϕ(a),m)|p+q+1

[∫ 1

0
tkp(1− t)kqdt

] 1
k

×

[∫ 1

0

∣∣ f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))
∣∣ k

k−1 dt

] k−1
k

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
[
β (kp+1,kq+1)

] 1
k

×

[∫ 1

0

(
m| f (ϕ(a))|

k
k−1

(1− t)s +
| f (ϕ(b))|

k
k−1

ts

)
dt

] k−1
k

=
|η(ϕ(b),ϕ(a),m)|p+q+1

(1− s)
k−1

k

[
β (kp+1,kq+1)

] 1
k
(

m| f (ϕ(a))|
k

k−1 + | f (ϕ(b))|
k

k−1

) k−1
k
.

The proof of Theorem 3.3 is completed.

Theorem 3.4. Let ϕ : I −→ K be a continuous function and η : K×K× (0,1] −→ R. Assume

that f : K = [mϕ(a),mϕ(a)+η(ϕ(b),ϕ(a),m)]−→ R is a continuous function on the interval

of real numbers K◦, a < b with mϕ(a)< mϕ(a)+η(ϕ(b),ϕ(a),m) and η(ϕ(b),ϕ(a),m) 6= 0.

If l ≥ 1 and | f |l is a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second kind

on K for any fixed m ∈ (0,1], s ∈ [0,1], then for any fixed p,q > 0,∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
[
β (p+1,q+1)

] l−1
l

×
[
m| f (ϕ(a))|lβ (p+1,q− s+1)+ | f (ϕ(b))|lβ (p− s+1,q+1)

] 1
l
.

Proof. Since | f |l is a generalized (s,m,ϕ)-preinvex Godunova-Levin function of the second

kind on K, combining with Lemma 3.1, Definition 3.2 and the well-known power mean in-

equality for all t ∈ (0,1) and for any fixed m ∈ (0,1], s ∈ [0,1], we get∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

= η(ϕ(b),ϕ(a),m)p+q+1
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×
∫ 1

0

[
t p(1− t)q

] l−1
l
[
t p(1− t)q

] 1
l

f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))dt

≤ |η(ϕ(b),ϕ(a),m)|p+q+1

[∫ 1

0
t p(1− t)qdt

] l−1
l

×

[∫ 1

0
t p(1− t)q∣∣ f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))

∣∣ldt

] 1
l

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
[
β (p+1,q+1)

] l−1
l

×

[∫ 1

0
t p(1− t)q

(
m| f (ϕ(a))|l

(1− t)s +
| f (ϕ(b))|l

ts

)
dt

] 1
l

= |η(ϕ(b),ϕ(a),m)|p+q+1
[
β (p+1,q+1)

] l−1
l

×
[
m| f (ϕ(a))|lβ (p+1,q− s+1)+ | f (ϕ(b))|lβ (p− s+1,q+1)

] 1
l
.

The proof of Theorem 3.4 is completed.

Definition 3.5. Let h : I ⊆R−→R be a positive function and ϕ : I −→ K be a continuous func-

tion. We say that f : K ⊆R−→R is a generalized (h,(m,ϕ))-preinvex function with respect to

η : K×K× (0,1]−→R, or that f belongs to the class SX?(h,ϕ,K), if f is nonnegative and for

all x,y ∈ I and t ∈ [0,1] we have

f (mϕ(y)+ tη(ϕ(x),ϕ(y),m))≤ h(t) f (ϕ(x))+mh(1− t) f (ϕ(y)). (3.1)

Definition 3.6. Let h : I ⊆ R −→ R be a positive function and ϕ : I −→ K be a continuous

function. We say that f : K ⊆R−→R is an explicitly generalized (h,(m,ϕ))-preinvex function

with respect to η : K×K× (0,1] −→ R, or that f belongs to the class SX�(h,ϕ,K), if f is

nonnegative and for all x,y ∈ I, t ∈ [0,1] and f (ϕ(x)) 6= f (ϕ(y)), we have

f (mϕ(y)+ tη(ϕ(x),ϕ(y),m))< h(t) f (ϕ(x))+mh(1− t) f (ϕ(y)). (3.2)

Remark 3.7. If h(t) =
1
ts , t ∈ (0,1), then (3.1) is reduced to the generalized (s,m,ϕ)-preinvex

Godunova-Levin function of the second kind with respect to η , and any fixed s ∈ [0,1], m ∈

(0,1] given in Definition 2.3.

Remark 3.8. Propositions 2.6-2.11 can be reformulated for functions f that belongs to the class

SX?(h,ϕ,K) or SX�(h,ϕ,K).
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Recently, Liu [15] obtained a new result for P-functions as follows.

Theorem 3.9. Let f : [a,b] −→ R be continuous on [a,b] such that f ∈ L([a,b]), 0 ≤ a < b <

+∞. If | f | is a P-function on [a,b], for some fixed p,q > 0, then∫ b

a
(x−a)p(b− x)q f (x)dx

≤ (b−a)p+q+1
β (p+1,q+1)(| f (a)|+ | f (b)|).

(3.3)

Now we are in a position to prove the following interesting theorems.

Theorem 3.10. Let h : [0,1] −→ R be continuous on [0,1] such that h ∈ L([0,1]), and let |h|

be a P-function on [0,1]. Assume that ϕ : I −→ K is a continuous function. Also, suppose that

f : K = [mϕ(a),mϕ(a)+η(ϕ(b),ϕ(a),m)] −→ R is a continuous function on K◦, a < b with

mϕ(a) < mϕ(a)+η(ϕ(b),ϕ(a),m). If | f | is a generalized (h,(m,ϕ))-preinvex function with

respect to η : K×K× (0,1]−→ R on K for any fixed m ∈ (0,1], then for any fixed p,q > 0,∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
β (p+1,q+1)(h(0)+h(1))(m| f (ϕ(a))|+ | f (ϕ(b))|).

Proof. Let h : [0,1] −→ R be continuous on [0,1] such that h ∈ L([0,1]), and let |h| be a P-

function on [0,1]. Note that | f | is a generalized (h,(m,ϕ))-preinvex function with respect to η

on K for any fixed m ∈ (0,1]. For any fixed p,q > 0, by Theorem 3.9 and Lemma 3.1, we get∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
∫ 1

0
t p(1− t)q∣∣ f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))

∣∣dt

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
∫ 1

0
t p(1− t)q (mh(1− t)| f (ϕ(a))|+h(t)| f (ϕ(b))|)dt

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
β (p+1,q+1)(h(0)+h(1))(m| f (ϕ(a))|+ | f (ϕ(b))|).

Theorem 3.11. Let h : [0,1] −→ R be continuous on [0,1] such that h ∈ L([0,1]), and let |h|

be a P-function on [0,1]. Assume that ϕ : I −→ K be a continuous function. Also, suppose

that f : K = [mϕ(a),mϕ(a)+η(ϕ(b),ϕ(a),m)]−→ R is a continuous function on the interval

of real numbers K◦, a < b with mϕ(a) < mϕ(a) + η(ϕ(b),ϕ(a),m). Let l ≥ 1. If | f |l is a
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generalized (h,(m,ϕ))-preinvex function with respect to η : K×K× (0,1]−→ R on K for any

fixed m ∈ (0,1], then, for any fixed p,q > 0,∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
β (p+1,q+1)(h(0)+h(1))

1
l (m| f (ϕ(a))|l + | f (ϕ(b))|l)

1
l .

Proof. Let h : [0,1] −→ R be continuous on [0,1] such that h ∈ L([0,1]), and let |h| be a P-

function on [0,1]. Note | f |l is a generalized (h,(m,ϕ))-preinvex function with respect to η on

K for any fixed m ∈ (0,1]. For any fixed p,q > 0, by Theorem 3.9, Lemma 3.1 and the well-

known power mean inequality, we get∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)
(x−mϕ(a))p(mϕ(a)+η(ϕ(b),ϕ(a),m)− x)q f (x)dx

= |η(ϕ(b),ϕ(a),m)|p+q+1

×
∫ 1

0

[
t p(1− t)q

] l−1
l
[
t p(1− t)q

] 1
l

f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))dt

≤ |η(ϕ(b),ϕ(a),m)|p+q+1

[∫ 1

0
t p(1− t)qdt

] l−1
l

×

[∫ 1

0
t p(1− t)q∣∣ f (mϕ(a)+ tη(ϕ(b),ϕ(a),m))

∣∣ldt

] 1
l

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
[
β (p+1,q+1)

] l−1
l

×

[∫ 1

0
t p(1− t)q

(
mh(1− t)| f (ϕ(a))|l +h(t)| f (ϕ(b))|l

)
dt

] 1
l

≤ |η(ϕ(b),ϕ(a),m)|p+q+1
β (p+1,q+1)(h(0)+h(1))

1
l (m| f (ϕ(a))|l + | f (ϕ(b))|l)

1
l .

4. Conclusion

In this paper, we introduced a new classes of generalized (s,m,ϕ)-preinvex Godunova-Levin

functions of the second kind. Moreover, some characterization theorems and some new inte-

gral inequalities for the left-hand side of the Gauss-Jacobi type quadrature formula involving

the generalized (s,m,ϕ)-preinvex Godunova-Levin functions of the second kind along with
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the beta function are established. Some extensions integral inequalities involving the general-

ized (h,(m,ϕ))-preinvex functions are also given. We remark here that our methods may be a

stimulant for further investigations concerning the Hermite-Hadamard and Ostrowski type inte-

gral inequalities for various kinds of preinvex functions involving classical integrals, Riemann-

Liouville fractional integrals, k-fractional integrals, local fractional integrals, fractional integral

operators, Caputo k-fractional derivatives, q-calculus, (p,q)-calculus, time scale calculus and

conformable fractional integrals.
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