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MOUDAFT’S VISCOSITY APPROXIMATION METHOD FOR MONOTONE
OPERATORS AND A BIFUNCTION
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Abstract. In this paper, a Moudafi’s viscosity approximation algorithm is investigated for solving zero points
of the sums of monotone operators and solutions of a generalized equilibrium problem. Strong convergence of
the algorithm is obtained in the framework of Hilbert spaces. Applications are also provided to support the main
results presented in this article.
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1. Introduction

Variational inclusion problem is a useful and important extension of the variational principles
with a wide range of applications in finance, economics, network analysis, transportation, elas-
ticity and optimization. This theory has witnessed an explosive growth in theoretical advances
and applications across all disciplines of pure and applied sciences. There are a substantial
number of numerical methods including projection method and its variant forms, Wiener-Hopf
equations, auxiliary principle and descent for solving various classes of variational inequali-
ties and complementarity problems; see [1, 2, 3, 4, 5, 6] and the references therein. It is well

known that the projection methods, Wiener-Hopf equations techniques and auxiliary principle
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techniques cannot be extended and modified for solving variational inclusions. This fact moti-
vated to develop another technique, which involves the use of the resolvent operator associated
with maximal monotone operator; see [7, 8, 9, 10, 11, 12] and the references therein. Using the
resolvent operator technique, one can show that that the variational inclusions are equivalent to
a fixed point problem of a composition operator.

There are several fixed point algorithms for solving the variational inclusions, such as, Mann-
type iterative algorithms, Halper-type iterative algorithms, Ishikawa-type iterative algorithms
and so on. Among them, Mann-type iterative algorithms and Ishikawa-type iterative algorithms
are convergence in infinite dimensional spaces. To obtain the strong convergence, we study a
Moudafi’s approximation algorithm for solving variational inclusion with maximal monotone
operators and strong monotone operators and a generalized equilibrium problem. A strong
convergence theorem is established in the framework of Hilbert spaces. The rest of this article
is organized as follows. In Section 2, we provide some definitions and lemmas which play an
important role in this paper. In Section 3, we give the algorithm and convergence analysis in a

Hilbert space. Finally, we give some applications in Section 4.
2. Preliminaries

In what follows, we always assume that H is a real Hilbert space with the inner product (-, -)
and the norm || - ||. Let C be a nonempty, closed, and convex subset of H and let Pc be the metric
projection from H onto C.

Let A : C — H be a mapping. Recall that A is said to be monotone iff
(Ax—Ay,x—y) >0, Vx,yeC.
Recall that A is said to be strongly monotone iff there exists a constant @ > 0 such that
(Ax—Ay,x—y) > a|x—y|]*>, Vx,yeC.

For such a case, A is also said to be o-strongly monotone. Recall that A is said to be inverse-

strongly monotone iff there exists a constant & > 0 such that
(Ax—Ay,x—y) > al|Ax—Ay|]*>, Vx,yeC.

For such a case, A is also said to be a-inverse-strongly monotone.
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Recall that a set-valued mapping M : H = H is said to be monotone iff, forall x,y € H, f € Mx
and g € My imply (x —y, f —g) > 0. M is maximal iff the graph Graph(M) of R is not properly
contained in the graph of any other monotone mapping. It is known that a monotone mapping
M is maximal if and only if, for any (x, f) € H x H, (x—y, f —g) > 0, for all (y,g) € Graph(M)
implies f € Rx. For a maximal monotone operator M on H, and r > 0, we may define the
single-valued resolvent J, : H — D(M), where D(M) denote the domain of M. It is known that
M~1(0) = F(J,), where F(J,) := {x e D(M) : x = J,x},and M~ 1(0) := {x € H: 0 € Mx}.

Let A : C — H be a inverse-strongly monotone mapping, and let F' be a bifunction of C X
C into R, where R denotes the set of real numbers. We consider the following generalized

equilibrium problem.
Find x € C such that F(x,y) + (Ax,y—x) >0, VYyeC. (1.1)

In this paper, the set of such an x € C is denoted by EP(F,A). The generalized equilibrium
problem has been extensively studied from the viewpoint of numerical computation; see [13,
14, 15, 16, 17] and the references therein.

To study problem (1.1), we may assume that F satisfies the following conditions:

(A1) F(x,x) =0forall x € C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;

(A3) for each x,y,z € C, limsup, | F (tz+ (1 —t)x,y) < F(x,y);

(A4) foreachx € C,y — F(x,y) is convex and weakly lower semi-continuous.

Let S: C — C be a mapping. F(S) stands for the fixed point set of S; that is, F(S) :={x € C:
x = Sx}.

Recall that S is said to be contractive iff there exists a constant ¢ € [0, 1) such that ||Sx —
Sy|| < a||x —y||, Vx,y € C. S is said to be nonexpansive iff ||Sx — Sy|| < ||x—y||, Vx,y € C. S is
said to be firmly nonexpansive iff ||Sx — Sy||*> < (x —y,Sx — Sy), Vx,y € C.

The following mathematical tools play an important role in this paper.
Lemma 2.1. [18] Let F : C x C — R be a bifunction satisfying (A1) — (A4). Then, for any r >0

and x € H, there exists 7 € C such that F(z,y) + %(y —z,2—x) >0, Vy € C. Define a mapping
T, : H — C as follows:

1
Tx= {ZEC:F(z,y)+;(y—z,z—x> >0, VyeC}, x€H,



4 MINGLIANG ZHANG
then the following conclusions hold:
(1) T, is single-valued firmly nonexpansive.
(2) F(T,) = EP(F) is closed and convex.
Lemma 2.3. [19] Assume that {0y, } is a sequence of nonnegative real numbers such that

Oy +-1 S (1 - '}/n)an + 5}1;

where {7y, } is a sequence in (0,1) and {6,} is a sequence such that
(1) Z:;ozl Y = oo
(2) limsup,,_,o0 64/ n < 0 0r L7 6| < oo.

Then lim,,_. 04, = 0.

Lemma 2.4. [20] Let {x, } and {y,} be bounded sequences in H and let { B, } be a sequence in
(0,1) with 0 < liminf,_, B, < limsup,,_,., B < 1. Suppose that x,+1 = (1 — Bp)yn + Bnxn for

all n > 0 and limsup,_,.. ([[ya+1 — Yl = [xn+1 — Xa||) < 0. Then limy,_e || yn — Xn|| = 0.
3. Main results

Theorem 2.1. Let C be a nonempty closed convex subset of a Hilbert space H and F a bifunction
from C x C to R which satisfies (A1)-(A4). Let f: C — C be a a-contraction. Let Ay : C — H
be a Oi-inverse-strongly monotone mapping, A, : C — H be a 0,-inverse-strongly monotone
mapping, Az : C — H be a 03-inverse-strongly monotone mapping, My : H = H a maximal
monotone operator such that Dom(M,) C C and M, : H =% H a maximal monotone operator
such that Dom(My) C C. Assume that Q = EP(F,A3) N (A1 +M;)~1(0) N (A2 +M>)~1(0) #£ 0.

Let x| € C and {x,} be a sequence generated by
MF (tn,y) + Ap(Asxn,y — up) + (y — up,up —x,) >0, VyeC,
in = sn(un - SnAZMn):
Xnt1 = O f (Xn) + BuXn + Yoy, (20 — 1nA120), VR 21,

where {a,}, {Bn} and {y,} are sequences in (0,1) such that o, + B, + v, = 1 for each n > 1
and {r,}, {sn} and {A,} are positive number sequences. Assume that the above control se-
quences satisfy the following restrictions: 0 < liminf,_,. B, < limsup,_,., B, < 1, lim, e O =

0, Z;ozl 0 = oo, lim;_e M'n - )Ln+1| = lim; e |Sn - Sn+1| = lim;, 0 |rn - rn+1| =0,0<a<
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M <b<28,0<d <r,<b <28,0<a<s,<b<28. Then {x,} converges strongly to

X € Q, where X = Po f(X), that is, X is the unique solution to the following variational inequality

(f(®) —x,x—x) <0, VxeQ.

Proof. The proof is split into three steps.
Step 1. Show that sequence {x,} is bounded.

Fixing a element x* in the common solution set, one has

001 =X < Q| f (xn) = X7 4 Ballxn — X" || + Vull T, (20 — rnA120) — T,

n

(x* = rpApx™)||
< 040t xn — x| 4 0 [ £ (x7) = X7 + Bl — 7|
+ Yl T, (20 — rnA1Z0) — T, (2 — 1A LX) || (3.1)
< 0 0tloxn — X[ + 0 [| £ (x7) — x| + B flen — x|
+ Yall(zn — rnAiza) — (X — raArx") .
Note that / — r,A; is nonexpansive. Indeed, one has
(= ruAn)x— (I = raA1)y||?
< Jx=yI? =2r81 A — Ay [ + rpllA e — Ary|?
= e =y 4 ru(ra = 281) A1 — Ay
<llk—y?, Vxyec,

which implies that the mapping I — r,A; is nonexpansive. In the same way, we find I — 5,A;

and I — A,A3 are also nonexpansive. It follows from (3.1) that
%41 — 7|
< (@0 A+ B |60 — x| + 06 ||f (&) = X*[| + Vol [ s, (i — $pActtn) — T, (X* — s0A2x") |

(
< (00 + Bo) [ = x| + 0| f () = X7 (| + Yo (4 — $0A21tn) — (& — 500"
< (00 + Ba) [P = X7 [| 4 0t | £ (x7) = 7| + Yo |t — X7

(

< (@ Bo) n = [+ €l () =+l T — T 2|
1) ]

< (1= 0, (1 =) |xn — x| + 04 (1 — @) -

This implies that ||x,,+1 —x*|| < max{||x; —x*||, W} This implies that {x, } is bounded,

so are {y,}, {z,} and {u,}. This completes Step 1.



6 MINGLIANG ZHANG
Step 2. Show that

limsup(f (%) —%,x, —%) <0

n—soo

To see this, we choose a subsequence {x,, } of {x,} such that
limsup(f (%) — X, x, —%) = im (f(X) — %,x,, — X).
n—oo 1—poo
Since {x,,} is bounded, there exists a subsequence {xnij} of {x,,} which converges weakly to
w. Without loss of generality, we may assume that x,,, — g. We are in a position to show that g
isin Q.
From the iterative process, one has

<I/t —u Up — (1 - )“nA3)xn _ Up1— (1 - 2fn+1A3)xn+l
n+1 ns )Ln

) > 0.

)“nqtl

It follows that

|24 4-1 _“n||2 < |1 — un| <||<I_)Ln+1A3)xn+l — (I = 2A3) x|

A1 — My
+ %Ilunﬂ — (- 7Ln+1A3>x"+1>”> ‘
n+1

Hence, one has

A 1 _)vn
1 — un | < ’n;—“‘”“nﬂ -
n

(I = Ap41A3)Xp 41|
1= An143)% 41 — (I = AnA3)xa | (3.2)
< %1 = Xnll + A1 — Aa| M1,
where M is an appropriate constant. Since Jy, is firmly nonexpansive, we find that
zn+1 = zull < lwnr1 — ]l + [0 — spi1| | A2 |-
This implies from (3.2) that
1zn-+1 = 2zl < [[xns1 = Xnll + [An1 = An|M1 + s — sp1[[|A2un |- (3.3)

Put y, = J,, (zn — rsA12,). Since J,, is also firmly nonexpansive, we find that

[yt =yall < llzns = zall +|rn = raga[[|Arza]
< ent1 =2l + An i1 = A M (3.4)

+ 180 = Sn1[[[A2un]| + [ = a1 || Arzall
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Setting x,+1 = (1 — B,)E, + Buxn, we see that

—_ —_ Oh4-1 (04
||:'n+1 _5n|| < n—+||f(xn+1))7n+1|| + 2 Hf(xn) _)’nH
1_Bn+1 1_Bn

+ Hyn+1 _ynH-

This implies from (3.4) that

- - O+1 (07
1Zn11 = Znll = 1 = Xall < 2l = W tyms || + [l = Woyl|
1_ﬁn+1 l_ﬁn

+ (‘rrH—l _rnl + M'n _)“n+l| + ‘Sn _Sn—HDMZa

where M, is an appropriate constant. It follows from Lemma 2.4 that lim, .« ||E, — x,|| = 0.

This in turn implies that
lim [[%s1 x| = 0. (3.5)
For any x* € Q, we see that
[Pene1 = %12 < 0l () =12+ Ballvn — 1> + Fallyn — 2717
< 0| f (%) _X*Hz + B llxn _X*H2 + Wl (I = raA1)zn — (I — rnAl)X*Hz
< 0| f (%) _X*HZ + [ _X*Hz‘i"’n(’”n —261)WllA1zn _AIX*HZ-

Using the restrictions imposed on the control sequences, one has

lim HAlx* _Alzn” =0. (36)
n—oo

In the same way, one has
lim HAzx* —AzunH =0. (37)
n—oo

Note that
[Penet =21 < 0tall £ () =1+ Balben — 2717 + % ([lon — x>
+ ?L,%\|A3xn —Azx” ||2 — 20 (Asx, — A3x" X, —x*))
< 0| fn) = %17 4 Bl — 21 4l — 7|
— A ¥a(283 = An) [[A3x, — Asx* |,

Using the restrictions imposed on the control sequences, one finds that

h_r)n HAgx* —A3an =0. (38)
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Since T} is firmly nonexpansive, we find that

ity =% <

—~

(I —AuA3)x, — (I — AA3)X" Jup — x°)

< 5 (e =217 ot =17 = [l = |* = 2| Az — Asx” |

| =

+ 24, (Asx, — A3x™ X, — un>)
This in turn implies that
Yl = un|* < 0| £ Cin) =1 4 ([ =26 4 a1 =]l — 2 |
+ 240 || Asxy — Asx™|| || %0 — |-
It follows that
Jlim [x, — uy[| = 0. (3.9)
Since J;,, is also firmly nonexpansive mapping, we see that
=1 < 5 (=Pl = 212 = i — 20— (Aot — A2 )
< 5 (i =1+ N =212 =t — P
+ 28ty — zn ||| A2ty — Aox*|| — 52| A2ty —Agx*Hz) :
Hence, one has
Pallitn = zal|* < 0l £ () = 2117 4 (pin =[] 41 =) [l — 241 |
+ 28y || un — zn || [|[A2tty — Apx™||.

Using the restrictions imposed on the control sequences, one has

r}g&””n_znn =0. (3.10)
In the same way, one has
Tim [y, — ]| =0. (3.11)

From the iterative process, one has (1 — f,)|1x, — yall < [[xn — Xut1|| + 0| f(x2) — ya||. This
obtains that

tim 50 = 0 3.12)

Now, we are in a position to prove that g € (A +M;)~!(0). Notice that % —Ayzy € Myyy.

Let u € Mv. Since M is monotone, we find that

<Zn;yn —AlZn—,u,yn—V> 2 0.

n
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This implies from (3.11) and (3.12) that (—A;g — u,q — v) > 0. This implies that —Aq € M) q,
that is, g € (A; +M;)~1(0).

Now, we prove that ¢ € (Ay +M;)~1(0). Notice that i — Aoy € Mazy. Let ' € MV

Since M, is monotone, we find that

Sn

Hence (—Aq— u',q— V') > 0. This implies from (3.10) that —A>q € M>q, that is, g € (Ay +
M3)~1(0).
Next, we show that ¢ € EP(F,A3). Since u, = T, (I — A,A3)x,, for any y € C, we have

F(”nu)’) +A‘n<A3xn7y_ un) + <y_ Up,Un _xn> > 0.

Replacing n by n;, we find from (A2) that

Uy, — Xy
<A3Xn,~7y—un,~> + <y_un,7%> Z F(ya Mni)a vy eC.

Putting y, =ty+ (1 —¢)g forany r € (0,1] and y € C, we see that y, € C. It follows that

<)’z _unpA3yt>

2 <yl _ul’li7A3yl> - <A3xn,-7yt _ul’li> - <yl‘ - unja A’;> +F()’taun,~)
n;

+ F (yr, ;).
Using the monotonicity of A3, we obtain from (A4) that (y, — q,A3y,) > F(y;,q). From (A1)
and (A4), we see that
0=F(y,y) <tF(y1,y)+ (1 =1)F(y,q)
<tF(ye,y) + (1 =1){y — q,A3y:)
= tF (yi,y) + (1 = 1)t{y — q,A3y1).

It follows that 0 < F (y;,y) + (1 —1)(y —w,A3y:), Vy € C. It follows from (A3) that g € EP(F,A3).
This completes Step 2.

Step 3. Show that x,, — X as n — oo.
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Note that

g1 = E% < 0 (f () =%, w1 =)+ Bal b =T a1 =+ Yallyo — & [xn1 =]

< an(f(xn) _f(x)yanrl _X> + (Xn<f()f) — X, Xp+1 _X>
1—a,
2

< 0 0tlon — X[ |1 = X[ + 0 (f(F) = T, X041 — )

([l =%+ a1 = 51%)

1—o
2

(b =27 + s = 5%)

1 —op(l—a)
2

< 04 (f(X) =%, X041 —X) + (1l = %> + g1 —%[1%).

This implies that

[Pone1 =21 < (1= 0t (1 — @) [l — 51| + 204 (£ (%) =T, — ).
Using Lemma 2.3, we find that lim,,_ ||x, — X|| = 0. This completes the proof.
4. Applications

In this section, we consider some applications of the main results. Recall that a mapping

T : C — C is said to be a k-strict pseudo-contraction if there exists a constant k € [0, 1) such that
ITx—Ty|? <K|(I=T)x— (I = T)y|2+|x—»]?, VxyecC.

If £k =0, then the class of strict pseudo-contractions is reduce to the class of nonexpansive
mappings. Putting A =1—T, where T : C — C is a k-strict pseudo-contraction, we find that A

is %-inverse-strongly monotone.

Next, we consider common fixed points of strict pseudo-contractions.
Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H and let F be
a bifunction from C x C to R which satisfies (A1)-(A4). Let f be a contraction on C. Let
T\ : C — H be a kp-strict pseudo-contraction, T, : C — H be a ky-strict pseudo-contraction,
A3 :C — H be a §-inverse-strongly monotone mapping, and {S; : C — C} be a family of infinitely
nonexpansive mappings. Assume that Q := NEP(F,A3) NF(T) NF(T;) # 0. Let x| € C and
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{xn} be a sequence generated by

MF (tn,y) + An(Asxp,y —up) + (y — tty,up —x,) >0, VyeC
in = (1 _sn)un ‘I‘SHTZMVH
Xn+1 = anf(xn) +ann + '}/n((l - rn)un +rnT1un>, Vn > 17

where {a, }, {Bn} and {1} are sequences in (0, 1) such that o, + B, + 1, = 1 for eachn > 1 and
{rn}, {sn} and {A,} are positive number sequences. Assume that the above control sequences
satisfy the restrictions as in Theorem 3.1. Then {x,} converges strongly to X = Pg f ().

Proof. Taking A; =1—T;, wee see that A; : C — H is a 9;-strict pseudo-contraction with §; = l%k’

and F(T;) = VI(C,A;) for i = 1,2. In view of Theorem 3.1, we find the desired conclusion
immediately.

Recall that the classical variational inequality is to find an x € C such that
(Ax,y—x) >0, VyeC.

In this paper, we use VI(C,A) to denote the solution set of the inequality. It is known that x € C
is a solution of the inequality iff x is a fixed point of the mapping Pc(I —rA), where r > 0 is a
constant, / stands for the identity mapping. If A is ot-inverse-strongly monotone and r € (0,2¢],
then the mapping I — rA is nonexpansive. It follows that VI(C,A) is closed, and convex.

Let g: H — (—oo, 40| be a proper convex lower semicontinuous function. Then the subdif-

ferential dg of g is defined as follows:
dfg(x)={yeH:g(z) >gx)+(z—x,y), z€H}, VxeH.

From Rockafellar [21], we know that dg is maximal monotone. It is not hard to verify that
0 € dg(x) if and only if g(x) = minyey g(y).

Let Ic be the indicator function of C, i.e., Ic(x) = 0, if x € C and I¢(x) = +oo, if x ¢ C. Since
Ic is a proper lower semicontinuous convex function on H, we see that the subdifferential dl¢

of I is a maximal monotone operator. It is clearly that J,x = Pcx, Vx € H, (A + dlc)~'(0) =
VI(C,Ay) and (Ay +dIc)~1(0) = VI(C,A,).

Theorem 4.2. Let C be a nonempty closed convex subset of a Hilbert space H and let [ be a
contraction on C. Let F be a bifunction from C x C to R which satisfies (A1)-(A4). Let A} : C —

H be a 6)-inverse-strongly monotone mapping, A, : C — H be a &,-inverse-strongly monotone
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mapping, Az : C — H be a 83-inverse-strongly monotone mapping, and {S; : C — C} be a family
of infinitely nonexpansive mappings. Assume that Q := EP(F,A3) \VI(C,A;)NVI(C,A;) # 0.

Let x| € C and {x,} be a sequence generated by

¢

lnF(Mm)’) +A'n<A3xn7y_Mn> + <y_un7un —)Cn> Z 07 Vy € C7
Zn :PC(un_snAﬂ/ln);

Yn= PC(Zn - rnAlZn)7

\xn—ﬁ—l = anf(xn) "‘ﬁnxn + Yuns Vn>1,

where {a,}, {Bn} and {y,} are sequences in (0,1) such that o, + B, + Y, = 1 for eachn > 1 and
{rn}, {sn} and {A,} are positive number sequences. Assume that the above control sequences

satisfy the restrictions as in Theorem 3.1. Then {x,} converges strongly to X = Pg f ().
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