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1. Introduction-Preliminaries

Fixed point theory is one of the traditional branch of nonlinear analysis. The importance
of fixed point theory has been increasing rapidly over the time as this theory provide useful
tools for proving the existence and uniqueness of the solutions to various mathematical models
(integral and partial differential equations, variational inequalities etc). It is well known that
the contractive-type conditions are very indispensable in the study of fixed point theory and
Banach’s fixed point theorem [1] for contraction mappings is one of the pivotal result in analysis.

This theorem that has been extended and generalized by various authors in metric spaces and
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ordered metric spaces (see, for example, [2], [3]-[21]). Bhaskar and Lakshmikantham [3],
Chandok [7]-[8], Nieto et al. [14, 15], O’Regan et al. [16], Ran and Reurings [17] extended the
Banach’s contraction principle to partial ordered metric spaces and provided many applications
to matrix equations and solution of differential equations. Khan et al. [13] introduced concept
of altering distance function and many researchers generalize the contraction mapping using
altering distance function and proved many interesting results in metric spaces, complex valued
metric spaces (see, for example, [5], [9], [10], [21] and references cited therein).

In this paper, using the idea of set valued mappings, we introduced the notions of C-class
and A-class mappings. These classes of mappings are used to obtain some fixed point results
for generalized contraction mappings with some auxiliary functions in the framework of metric
spaces and ordered metric spaces. The proved results generalize and extend some well known
results of the lilterature. Some examples are also presented to illustrate our obtained results.

To begin with, first we give some definitions and notations which will be used in the sequel.

Definition 1.1. € a family functions f : [0,00)> — R is called C-class if it is continuous and

satisfies following axioms:

(D) f(s,1) <53
(2) f(s,t) = s implies that either s = 0 or r = 0;
for all 5,7 € [0,0).

Note that for some f, we have £(0,0) = 0.

Example 1.2. The following functions f : [0,00)? — R are elements of €. For each s,t € [0,),

(1) f(s;t) =s—1, f(s,;) =5 =1=0;

(2) f(s,t) =155 f(s,t) =s =1 =0;

(3) f(s,t) =155 f(s;t) =s =>s=00rt=0;

4) f(s,t) = og’fft,a>l, fls,t)=s=s=00rt=0;

(5) f(s, 1) =InEC a>e f(s,1)=5s=s5s=0;
(6) f(s,t) = (s+1)% Li>1, f(s,t)=s=1=0;
(7) f(s,t) = slog,,a,a>1, f(s,t) =s=s=0o0rt=0.

(
(
(
(
(
(
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Definition 1.3. 2 a family of functions & : R™ — R is called a A-class if it is a continuous

function such that i(z) >, forallt € R,

Example 1.4. The following functions h : RT™ — R are elements of 2.
(1)h(t)=d —1,a>1,t € R;
(2)h(t) =mt,m> 1,1 € RT.

Definition 1.5. Let (X,d) be a metric space and T : X — X. F a subset of X is invariant under

Tifandonlyifxe F = T(x) € F

Let W denote the set of all monotone non-decreasing continuous functions y : [0,00) — [0, ),
with y~1({0}) = 0.

Let @ denote the set of all continuous functions ¢ : [0,c0) — [0, e0), with ¢(0) > 0.

2. Main results
2.1. Fixed points in metric spaces

Theorem 2.1. Let T be a self-mapping defined on a complete metric space (X ,d). Suppose that

F is a closed subset of X and invariant under T and T satisfies

(1) h(w(d(Tx,Ty))) < f(y(d(x,y)),9(d(x,y))),

forall x,y e F, y e ¥,¢ € ®, f a function of C-class, h a function of A-class. Then T has a

unique fixed point in F.

Proof. For any xo € F, we can construct the sequence {x,} such that x, = Tx,_; € F, n > 1.

Substituting x = x,—; and y = x,, in (1), we obtain {x, } which is invariant under 7', and
2 W (d(xn,%n11)) < h(W(d(xn,Xn41))) < F(W(dXn—1,%n)), 0 (d(Xn-1,%2))),
for any n > 1. Since f is a function of C-class, we obtain

W (d(xn,%n11)) < Y(d(Xp—1,%n))-
Now, as ¢ € ¥, we find that

3) d(xnuanrl) < d(xnflyxn)
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for every n > 1. Hence the sequence {d(x,,x,+1)} is a decreasing sequence. So for the non-

negative decreasing sequence {d(x,,x,+1)}, there exists some r > 0 such that

@) fim d (xp, % 1) = -

n—soo

Assume that » > 0. On letting n — oo in (2) and using (4), we obtain

(5) y(r) < f(y(r), ¢(r)).

Since f is a C-class, we have ¢(r) =0 or y(r) = 0. It further imples that » = 0, which is a

contradiction. Hence

(6) lim d (X, Xp41) = 0.

n—soo

Now, we prove that {x,} is a Cauchy sequence. If possible, let {x,} be not a Cauchy se-
quence. Then there exists 6 > 0 for which we can find subsequences {x,, )} and {x,, } of {x,}

with n; > my, > k such that
7 d (X, Xm,) > 6.

Further, corresponding to my, we can choose n; in such a way that it is the smallest integer with

ny > my and satisfying (7). Therefore, we have

(®) d(Xn—1,%m,) < 6.

Using (7) and (8), we have

9) 0 <6 <d(xp,Xm) < d(Xn, Xn—1) +d(Xn—1,%m,) < O +d (X, Xp—1)-
On letting k — oo and using (6), in (9), we have

(10) lim d (%, , Xm,) = 0.

k—>o0

Consider

d(xnkaxmk) S d(xnkvxnk—l)+d(xnk—laxmk—l)+d(xmk—laxmk)

(11) < 2d(Xpy s Xp—1) +d (X, Xmy ) +2d (X —1,Ximy, ) -
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Letting kK — oo in the above inequality (11) and using (6), (10), we get

(12) lim d (X, 1,%m, 1) = 6.

k—roo

Now, by setting x = x,,, —1 and y = x,,,_1 in (1), we obtain

(13) W(d(xnk’xmk» < h(‘l/(d(xnpxmk)) < f(lll(d(xnk*bxmk*l))a(P(d(xnk*lvxmk*l)))'

Letting kK — oo, using (10) and (12), we obtain

(14) w(8) < f(w(d),¢(3)),

which is a contradiction if § > 0. This shows that {x,} is a Cauchy sequence. As (X,d) is
complete metric space and F is closed subset of X and invariant under 7, {x,} is convergent in
F. Let x,, — z € F. Substituting x = x,,_1 and y =z in (1), we obtain

Y(d(n,T2)) < h(y(d(n,T2)))

(15) < f(l//(d(xn—hz)):¢(d(xn—17z)))'

Letting n — oo, using continuity of y,¢ and f, we have

v(d(z,Tz)) < f(y(0),9(0)) =0,
which implies d(z,Tz) = 0 and hence z = T'z.
Now, let z1,2> € F such that z; # zp and z; = T'z1, 2z = Tzp. Then
v(d(z1,22)) = y(d(Tz1,T22))
< h(y(d(Tz1,Tz2)))

< fly(d(z1,22)),9(d(21,22))),

which implies that d(z;,z2) = 0, i.e. z; = zp. This completes the proof.

Example 2.2. Let X = [0,1], d(x,y) = |[x—y|and F = {%,%,%}. Define T : X — X by

D ERREES X

1 1 1
l_xax%§7§71'
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Take y(t) =t, (1) = £, f(s,1) = s—1t, h(r) =t, for each s,t > 0. It is easy to to verify that

h(y(d(Tx,Ty))) < f(y(d(x,y)), ¢(d(x,y))),

holds for all x,y € F. Therefore, Theorem 2.1 implies that T has a fixed point and % is a fixed
point of T. Note that in this example without F, there do not exist ¢,y : [0,00) — [0,00), such

that inequality (1) holds.

2.2. Fixed points in ordered metric spaces

Let (X, =) be a partially ordered set endowed with a metric d.
(X,=) is called directed if for every pair (a,b) € X x X, there exists ¢ € X such that a < ¢

and b <c.

A mapping 7 : X — X is said to be nondecreasing if x,y € X, x Sy = Tx X Ty.

Theorem 2.3. Let (X, =) be a partially ordered set endowed with a metric d such that (X ,d)
is complete. Suppose that the mapping T : X — X is nondecreasing and satisfies the following

condition for all x,y € X, such that x =y,

h(y(d(Tx,Ty))) < f(y(d(x,y)),9(d(x,y))),

where yw € W, ¢ € ®, f a function of C-class, h a function of A-class. Suppose also that there

exists xo € X such that xo =< Txo. Further assume that either

(a) T is continuous,

(b) if {xn} C X is a nondecreasing sequence with x,, — 7 then x, < z for every n.
Then T has a fixed point.

Proof. For any xy € X, we can construct the sequence {x,} such that x,; = Tx, € X, n > 0.

Since T is nondecreasing, we have
X0 3 Txo=x1=>x1 3Tx1... = Fx_1 =x, 2 Tx;; X X411,

that is,
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Taking x = x,_1 =~ y = x, in (1), we obtain

(16) W (d(xns Xnt1)) < A(W(d (ns X0 11)) < (WA (Xn-1,%)), @ (d(Xn1,%0))),

for any n > 1. Since f is a function of C-class, we obtain

W (d(xn, Xn11)) < W(d(n—1,%n))-
Now, as y € ¥, we have
17) d(xnuanrl) < d(xnflyxn)

for every n > 1. Hence the sequence {d(x,,x,+1)} is a decreasing sequence. So for the non-

negative decreasing sequence {d(x,,x,+1)}, there exists some r > 0, such that

(18) lim d(x,,X%,+1) = r-

n—oo

Assume that r > 0. Letting n — oo in (16) and using (18), we obtain

(19) w(r) < f(w(r),9(r)).

Since f is a C-class, we find that ¢ (r) = 0 or y(r) = 0. It further implies that » = 0, which is a

contradiction. Hence

(20) lim d (%, %11) = O.

n—oo

Now, we prove that {x,} is a Cauchy sequence. If possible, let {x,} be not a Cauchy se-
quence. Then there exists § > 0 for which we can find subsequences {x,, )} and {x,, } of {x,}

with n; > my > k such that
21 d (X, Xm,) > 6.

Further, corresponding to my, we can choose ny, in such a way that it is the smallest integer with

n; > my and satistfying (21). Therefore, we have
Using (21) and (22), we have

(23) 0 <6 <d(Xn,Xm) <d(Xp,Xn—1) +d(Xn—1,Xm,) < & +d(Xp s Xp—1)-
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Letting kK — oo and using (20), in (23), we have

(24) 1im d (X, Xy ) = 6.

k—yo0

Consider

d(Xp X)) < d(Xng, Xn—1) +d(Xn—1,Xme—1) +d (Xpmp—1,Xmy.)
(25) < 2d(Xpy s Xp—1) +d (X, Xmy ) +2d (X —1,Ximy,)-
Letting kK — oo in the above inequality (25) and using (20), (24), we get

(26) lim d(xnk,l,xmk,l) =9.

k—so0

Setting x = x,,, -1 and y = x;,, _1 in (1), we obtain

(27) l//(d(xnkvxmk» < h(‘I/(d(xnwxmk)) < f(llj(d<xnk*17xmk*1))7(P(d(xnk*lvxmk*l)))'

Letting kK — oo, using (24) and (26), we obtain

(28) w(8) < f(y(9),9(3)),

which is a contradiction if 6 > 0 This shows that {x,} is a Cauchy sequence in a complete
metric space (X,d). This implies that there exists x* € X such that lim,_,.x, = x*. First, we
set that 7" is continuous. It follows that lim,_. T'x, = Tx*. Since x| = Tx,, we have also
lim,, . T'x, = x*. By the uniqueness of the limit, we get Tx* = x*, that is, x* is a fixed point of
T.

Now, we consider second part, that is, if {x,} C X is a nondecreasing sequence with x,, — z
then x,, < z for every n. Since xg = x; < ... 2 x, = ... and lim, X, = x*. So x* = x,, for all n.

Substituting x = x* and y = x,, in (1), we obtain
w(d(xn, Tx")) < h(y(d(x,,Tx")))
(29) < f(w(d(xn-1,x)),0(d(xp-1,x7))).
Letting n — oo, using continuity of y,¢ and f, we have
v(d(x*, Tx")) < f(y(0),9(0)) =0,

which implies d(x*,Tx*) = 0 and hence x* = Tx*. This completes the proof.



GENERALIZED NONLINEAR CONTRACTIVE MAPPINGS 9

Theorem 2.4. In addition to the hypotheses of Theorem 2.3, suppose that (X,=) is directed.

Then, T has a unique fixed point x* € X.

Proof. Following the proof of Theorem 2.3, we know that T admits a fixed point x* € X
satisfying lim, .. x, = x*. Suppose now that y* € X is also a fixed point of T. We prove that
x* =y*. Since (X, X) is directed, there exists u € X such that x* < u and y* < u. We define the
sequence {u,} as follows: uy = u, upy1 = Tu,, n > 0. Since T is nondecreasing, x* is a fixed
point of T and x < u, we obtain x* < u,, n > 0.

Now, consider (1) with x = u,, and y = x*. Then
Y(d(uni1,x7)) < h(y(d(Tup, Tx")))
< S(w(d(un, X)), ¢ (d(un, x7)))
(30) < y(d(un,x%)),
which implies that y(d(u,41,x*)) < w(d(u,,x*)), n > 0. Thus, by the monotonicity of v, we

obtain that the sequence {A} defined by {A} = d(u,,x*), n > 0, is nonincreasing. Hence, there

exists A > 0 such that

31) lim A, = lim d(u,,x*) = A.

n—soo n—soo

Now, we prove that A = 0. Suppose, to the contrary, that A > 0. Letting n — oo in (30) and

using (31), we get
v(4)) < f(y(A),9(4)))
< y(4),
which is a contradiction. Thus A = 0, that is, lim,_ed(u,,x*) = 0. Similarly, we obtain that
limy, e d(u,,y*) = 0, and hence x* = y*. This completes the proof.

Example 2.5. Let X = [0,1]U{2,3,4,...} and define the metric on X by

4

lx—y|, ifx,y € [0,1] and x # y,
d(x,y) = x+y, ifxory¢[0,1] and x #y,

0, ifx=y.
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We see that (X,d) is a complete metric space (see [4]). Define T : X — X as

2
x—%,x€[0,1],
T(x) = 2

x—1lxe{2,3,4,...}.

Now, define f € €, he R, y € ¥ and ¢ € D, for each s,t >0, as f(s,t) = 133, h(t) =1,

x,x € [0, 1], >, x€[0,1],
Y= ¢ =

xz,x> 1; 1

2x2-1°

x> 1.

Now, consider inequality (1),

v(d(Tx,Ty)) = h(y(d(Tx,Ty)))

Letx > y.

Case 1. When x,y € [0,1], we have

vdxy) _ w(x—y) e |_Ix—yl2
1+¢(d(x,y)) 1+ y(lx—yl) 2
> (x—y (=) +y)

2
2
= (x—3)—(—%)=Tx—Ty
74

— Y(Tx—Ty) = y(d(Tx,Ty)).

Case 2. When x € {3,4,...}, there are two sub-cases:
When y € [0,1], we have
2 2

d(TxTy) =d(x =1,y =2) = (x= 1)+ (y=5) Sx+y— 1.

When'y = {2}, we have

d(Tx,Ty)=d(x—1,y—1)=(x—-1)+(—1) <x+y—1.
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Here in both the sub-cases, d(Tx,Ty) < x+y— 1. Consider

v(dxy) _ wx+y)

1+¢(d(x,y)) 1+ y(x+y)
_ (x+y)? — (x 2 1
= —HW_(H) 3

> (x+y)2 =12 (d(Tx,Ty))>?
= y(d(Tx,Ty)).

Case 3. When x = {2} and y € [0,1], we have

2 2
d(TxTy) =d2—1,y-2) = 1+(r—2) <y+1,
ydxy) _ y2+y)  (2+y)°
1+¢(d(x,y)) I+y2+y) T+ gy
= QP52 @012 (1)

Hence in all the above cases, we conclude that inequality (1) holds. Hence by the application

of our result T has a fixed point and 0 is a unique fixed point of T.
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