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Abstract. In this paper, by employing some fixed point theorems, we establish the existence and uniqueness of the
global positive solution for a system of nonlinear fractional differential equations with variable delays, involving
the Caputo fractional derivative. Some examples are provided to illustrate our main results.
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1. Introduction

Fractional differential equations theory has emerged as an interesting area to explore in recent
years due to its applications in engineering and other related fields. A very interesting account
of the study of fractional differential equations can be found in [2, 3, 4, 5, 6, 7]. Furthermore,
fractional differential equations with delays have gained much attention of research; see [1, 8]

and references cited therein.
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In [9], Ye, Ding and Gao have studied the existence of a positive solution for a delay fractional

differential equation

where o € (0,1), D* is the Riemann-Liouville fractional derivative, and ¢ and f are continu-
ous. By using the sub- and super-solution method, they gave some sufficient conditions for the
existence of positive solutions.

In this paper, motivated by the work in [9], we are interested in studying the existence and

uniqueness of a positive solution for the fractional differential system with variable delays
‘D% (t) = fi (t,xi (t),x1 (t — 71 (£)) ,esxn ( — T2 (2))), i€[1l,n], t>0, (1.1)

x(t)=®(t) >0, te[-1,0], (1.2)

where ‘D% is the Caputo fractional derivative of order o € (0,1), x(¢) = (x1(¢),...,x,(¢)),
where / denote the transpose of the vector and f; : RT x C"*! — R are continuous such that C =
C ([—7,00],RT) is the space of continuous function from [—7,c0| to RT. ® (1) = (¢; (¢) ..., 0, (¢))’
are given vector, such that ¢; (1) € C([—7,0],R™). 1; are continuous real-valued functions de-
fined on R such that T = max{sup,cp+ 7 (), i € [1,n]} > 0.

First, by using the sub- and super-solution method (on a cone), we establish the existence
of a global positive solution to the problem (1.1)-(1.2). Second, we show the uniqueness of a
positive solution of the problem(1.1)-(1.2) by using the Banach fixed point theorem.

The remainder of this paper is structured as follows. In Section 2, we list some preliminaries
to make the paper self-contained. In Section 3, we present and prove our main results on the
global existence of a positive solution. Furthermore, the uniqueness of the solution is shown in

Section 4. Finally, we provide two examples to illustrate our results.
2. Preliminaries

Let E be a real Banach space. A cone K introduces a partial order < in E in the following

manner [7]

x<yify—xeKk.
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Definition 2.1. [7] For x,y € E, the order interval (x,y) is defined as

(r,y) ={z€E: x<z<y}.

Definition 2.2. [7] The functional % (¢,x,x1,...,X,) is nondecreasing with respect to arguments
(starting from the second argument) on I x E"*! if for any (¢,9,¢1,...,¢,) € [ x E™"! and

(t,w,y1,...,W,) €1 x E" such that
¢(6) <y (0) and ¢;(8) < ;i (6), i=1,2,....,n, 6 € [-7,0],

h(t,0,01,....00) < h(t,¥,y,...,w,) holds.

Theorem 2.3. [7] Let D be a subset of the cone K of partially ordered space E, F : D —
E be nondecreasing. If there exist xo,yo € D such that xo < yo, {x0,y0) C D and xo,yy are
respectively lower and upper solutions of equation x— F (x) = 0, then the equation x—F (x) =0
has minimum solution and maximum solution x*,y* in (xo,yo) such that x* < y*, when one of

the following conditions holds

(1) K is normal and F is completely continuous,
(2) K is regular and F is continuous;

(3) E is reflexive, K is normal, and F is continuous or weak continuous.

In this paper, the functions we are going to manipulate are defined on infinite (unbounded)
intervals. Therefore, in our case, the theorem of Arzela-Ascoli does not work. So, we need the

following modification [10].

Proposition 2.4. Let Q C E. If the functions x € Q are almost equicontinuous on I and uniformly

bounded in the sens of the norm

Ielly = sup{lx(n)l g (1)},

where function q is positive and continuous on I and

t
tim 20 _ g,

=g (1)
then Q is relatively compact in E, where p : I := [0,00) — (0,0) be a continuous function such

that

sup{[x(1)] P (1)} < oo
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Recall that the functions x € € are said to be almost equicontinuous on / if they are equicon-

tinuous in each interval [0,7],0 < T < co.

Definition 2.5. [3] For all T > 0, the Riemann-Liouville fractional integral of order ¢ € R of

a function f € L'[0,T] is given by:

I%f (t) == ! /t (t—s)*"" f(s)ds, 1 €[0,T).

I'(a) Jo
For o = 0, we set I := Id, the identity operator.
Definition 2.6. [3] The Caputo fractional derivative of order ¢ € R of the function f with

D'f € L'[0,T] is defined by

DEF()=1""*D"f (1) = ﬁ /O (t—s5)"" %' 0 (s)ds, t >0,

Sl

where n = [a] + 1, [a] denotes the integer part of number o and D =

Obviously, Caputo’s derivative of a constant is equal to zero. From the definition of Caputo’s
derivative, we can acquire the following properties; see [3] and the references therein.

Lemma 2.7. Let o« >0 (n—1 < a < n),n=[a] + 1 and f € L'[0,). Then

DY (1) =D (7). (2.1)

Lemma 2.8. Let &« > 0. Then

DI (1) = £(1). (2.2)

3. Existence of positive solutions

In this section, we prove the existence of global positive solutions.
Lemma 3.1. The vector function x(t) := (x1 (t),...,x, (t)) is a solution of the problem (1.1) —
(1.2) if and only if

O (0)+1%f; (t,xi (1), x1 (t =71 (2)) ooy xn (t — 71, (1)), >0,

x,-(t): '
¢ (0), t€[-7,0], i€ [l,n].
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Proof. For ¢ > 0, equation (1.1) can be written as
19D (1) = fi (8,5 (£) 21 (E=T1 () 5o 20 (1 = T (1))
Applying the operator I* on both sides, we have

IDx;(t) =1%f; (t,x; () ,x1 (£ — T1 (£)) 5 ooy X (£ — T (1))
xi (1) = x; (0) = 1% f; (t,x: (1) ,x1 (1 — 71 (2)) 4 ooy X (1 — T (1)) .
Then
xi () = i (0) + I i (t,xi (£) 1 (¢ = T (£)) oo X (£ = T (1)) - (3.1)

Conversely, by operating D% on both sides of (3.1), we get
‘D%x; (t) = D%@; (0) +“DXI% f; (t,x; () ,x1 (t = T1 (£)) 5 o0y Xn (1 — T, (2))) -
Using (2.2) and the fact that Caputo’s derivative of a constant is equal to zero, we have
‘D (t) = fi (t,xi () ,x1 (t = T1 (£)) o0y (1 — T, (2))) -
This completes the proof.

Next, we consider space E = [C ([—T,o0),RT)]", where [C ([—7,0),RT)]" is the class of all

continuous column n—vectors function with the norm
n
Ixlly =) sup {e ™M [xi (1)}, x € E,
i=11€R*

where N € R™ will be chosen later.

Next, we define the cone K = {x € E :x;(t) >0, ¢t > —1, i€ [l,n]}, and the subset D =
{xeK:x(t)=®(t), —7 <t <0} C K. We define the integral operator F by

= %0 re =m0 ie[ln]. (32)

¢ (0) +1%fi (1,x: () . x1 (1 =71 (1)), X (£ = T (1)), £ >0,
Assume that:

(H): there exists g;, ij : R — R™ continuous such that

n

‘f‘i(t,ui,VI,...,Vn)’ < gi(ui)+ Z llfl] (V]) for i € [[1,}’1]]
j=1

(Hy): ¥ A, 3 B;,B; : gi(A) C B; and vii(A) C B;, where A, B; and B; are bounded subset
in D for i € [1,n].
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Lemma 3.2. Assume that (Hy) — (H,) holds. Then operator F : D — D is completely continu-

ous.

Proof. From the assumption of continuity of f, we see that F' : D — D is continuous. Let G C D
be bounded, i.e. there exists a positive constant / such that ||x|| <, Vx € G. So, for each x € G,

we have for i € [1,n] :

Fxi(n)] < 19:0)] + 5 “Ha Ui (531 (5) 31 (5= T (8)) oo (5 — 5 (5))) | s

o]
< [¢:(0)] "’fo r gl (xi (s ))ds+27:1 fé %‘VU (xj (S_ Tj (S))) ds.
It follows that

M E ()] < eV gi(0)]+ Jy Rl e N e Mg (3 (5)) dst

L —s+7Ti(s)) ,—N(s—7;(s
X fo e NI MOy (o (s — 75 (s)) ) ds

IN

s oa—1 _ s
101y +supg e {e g (i ()} g e MO Vst

a—1

+ X o e MU N Oy (x; (v () ) ds /1y () = s = (5)

IA

611y +supecrs {e g (xi ()} Jg e M ds+

+ X supecr+ {e Vo (x; N " NLéOIi e~ NG gy

IN

—s oa—1 _ s
19l +supeems {e i (xi (8))} Jo ke N0 9dst

_ N a-1
+ X supgcpe {e Mo wi; (x5 (E))} o ' Naraye du.
From hypothesis (H,), there exists L,-,L/j such that L; = sup,cp+ {e ™ |gi (x: (1))|}, Llj =
supteﬂw{e*N’ ’1//,7 (xj (t)) |}, Vj. Then

1 1
e NFx ()] < 9ln+Lify" werraye “dut i Lo werraye “du

< 4Rl
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Hence FG is bounded.
Next, we show that F'G is locally (almost) equicontinuous. There are three possible cases for

ie[l,n]:

1

Case 1. Foreach x € G, & > 0,VT €]0,), 11,1, € [0,T], t; < tp. Let §; = (%) ,
iThj=1€;

when 1, —f; < J;, we have:

|Fx,~ (tl) — Fx; (t2)|

e o (=9 = (=)

IA

8i (i () + X vy (% (s — 75 (5))) ) ds+

(a—s)*
+ I R

gi(xi (s)) + X1 vij (xj (s =7 (5))) ) ds

IA

e o (=9 = (12 =9)7") {1 (i () + By vy (3 (s = 75(5))) s+

+ (Q;&jﬂ {gi (xi (8)) + Ky Wi (%) (s = 7 (S)))}ds’

31 > 0 such that for x € G, ||x|| < then |x; (¢)] < 1eM < 1eNT. Indeed, the subset X = {x(t),

t €[0,T], x € G} is a closed bounded subset. Then g;, y;; have a maximum on X. Therefore, 3

Ci,C; (G = suptE[O,T} 8i (Xi (t)), C; = Supte[O,T] Vij (xi (t - Ti)) ) VZ,] = 1727 ey 1L Then

|Fx;(t) — Fxi (t2)|

IN

il (=9 = (=" (a+ T ¢)) ds+

o—1
+ ttlz (tzlj(sgl) <Ci +Xi c']) ds

ity ¢ _ _ _

< —F(Ja)l ’{ o ((fl S R (A 1>ds+ft’12 (th —5)* 1a’s}
¢+Y"_ . ¢

< ocl"](oc]) L{(y—0)* 1 —1f + (2 —11)"}

< 29ENG ) )t R G sa o

I'(o+1) I(a+1) ~i
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Case 2. Foreachx € G, & > 0,1, € [-7,0],1, € [0,T],VT € [0,0). Since ¢; € C[—7,0], we see

1
Polgh. Y & o / o S s / gl(a+1) *
that 36" : |@; (1) — ¢ (0)| < 5 when 0—t; < 8'. If t —t; < §;, ; = min (5 , (—2<Ci+z,}169)) ) ,

we have
|Fx,-(tl)—Fx,-(t2)|
<101 (0) = 95 O]+ 2 L2 i (5,0 8) 31 (5= 1 (5))s X (5 = T (5))) ] d
< %-i—f(;z (lej(sl;il {gi (xi (S)) —|—Z?:1 Yij (Xj (S—Tj (S)))}ds

/
g o, GtYj ¢ oq
< 3+ Tarn 0

Case 3. Foreach x € G, g > 0, 11,1, € [—1,0], by continuity of ¢;, when t, —#; < &;, we have
|Fxi (1) — Fxi(2)] = [¢i (1) — 9i (12)| <&

Therefore, F'G is equicontinuous in each bounded interval. We now appeal proposition (2.4)
to conclude that F'G is relatively compact. Hence operator F' is completely continuous. This

completes the proof.

Definition 3.3. The function u € E is called a lower solution of problem (1.1)-(1.2) if
D% (1) < fi (1 () st (= 1 (1)) costtn (£ = % (1)), 120, i€ [1,],

and

ut) <®(t), tel—r1,0].
Similarly, function v € E is called an upper solution of problem (1.1)-(1.2) if
Di(t) = fi(t,vi(t),vi(t =71 (1) ovn (t =T (1)), =0, i€ [Ln],

and
v(t)>®(t), te]-1,0].

If the strict inequalities hold, then u (7) ,v(¢) are called strict lower and upper solutions.
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Theorem 3.4. Assume that (H))— (H>) hold, and (Hs:) for i € [1,n] : f; : RT x E"*1 —
R is continuous and nondecreasing function for each t € [0,0). (Hs) uo = (u}), ...,ug)/ Vo =
(v, ...,vg)/ are respectively lower and upper solutions of (1.1)-(1.2) satisfying uo (t) < vo (t),

t € ]0,00), up,vo € D. Then (1.1)-(1.2) has at least a global positive solution.

Proof. By Lemma (3.2), we have F : D — D is completely continuous. And by (3.2), ué, vf) are

lower and upper solutions of F respectively. By (H3), x,y € D, x <y, we have for i € [1,n]:

Fxi(t) =x; (0)+1%f; (t,x; (t) ,x1 (t =71 (2)) e, Xn (£ — T (2)))
<y ) +1%fi(t,yi(t) y1 (t =71 () oo ¥n (t = T (1))
< Fyi(t).

Hence F is a nondecreasing operator. Clearly, fori € [1,n] : F uf) > uf), F vf) < vf) by definition of
lower and upper solution of F. Hence, F : (ug,vo) — (uo,vp) is a compact continuous operator.
As K is a normal cone, by Theorem 2.3, F has a fixed point x € (ug,vp) . This completes the

proof.

Remark 3.5. The condition (H4) in Theorem 3.4 can be replaced by (Hs) : there exists a
positive function H (t) = (hy (t),...,h, (t))', t > 0, such that
filt,xi(@),x1 (t =11 (), 0 (t =T (1)) S hi(t), 120,
a—1
where V¢ > 0: fé %hi (5)ds < oo. We can easily find lower and upper solutions of the
problem as follow. Consider the problem
‘D%l (1) =0, t>0
uy (1) =i (1), —7<1<0

Obviously, the equation “D%u (1) = 0 has a solution u}, (1) = ¢; (0), 7 >0, i = 1,2,...,n, which

Li=1,2,....n. (3.3)

is a lower solution of the problem (1.1) — (1.2). Similarly, consider the problem

DO () = hi (1) > fi (t,xi (8) ,x1 (1 =T () ooy X0 (£ — T0 (1)) t>0 e [La]
Vi) =¢i(t), —1<t<0 ’ ’
We have
)Ot 1
—0:(0 +/ e @ds 120
which is an upper solution of the problem (1.1) — (1.2) and u, (t) < v{(t). By Theorem 3.4,

(1.1) — (1.2) has at least a positive solution.
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4. Uniqueness of solutions

In this section, we discuss the uniqueness of solutions.
Theorem 4.1. Let f; : R* x [C([—1,00),RT)]""! — R be continuous and satisfy the Lipschitz
condition fori € [1,n]: |fi (t,ui uy,...;un) — fi (¢,vi, iy vn)| < Ii|u; —vi|+):7:1 kij ‘uj —vj‘ , L€

[1,n]. Then (1.1) — (1.2) has a unique global positive solution.

Proof. Letting u,v € D, we have

|[Fui (1) = Fvi ()]

IN

FLa)f(; (t—s)(x*1 {li|ui (s) —vi(s)] +j§1kij ‘uj (s— T (s)) —v;j (s— Tj (s))‘}ds

IN

L o i (s) — (>rds+zkufor g (s 75 (5)) = v (s — 7 () | ds.

n n n
Letl=Y |li|, k=Y |ki|= Y% maxv,-|k,~j| . Then
i=1 i=1 j=1

e M }Fuj (l‘) —Fv,'(t)|

IN

1 05 () v 5] ds+

bk B oMo Ny (s 5)) vy (- 5 6) s

N, ocl Nt 01
< lu—=vlly v N otur( ) “du+ nk; e —vlly Jo ”;var
< iy, — ki, —

S ya Ju V||N+Na lu—vlly-
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Hence, we have

n
|Fu—Fv|y = Y sup e*N’|Fu,~(t)—Fv,~(t)\
i=1tcR+

IN

L Lk
¥ vy

=

IN

l+nk ||”—V||N

It follows that
l+nk

[Fu—Fvlly < —==llu=viy-

We choose N large enough such that l;\r,ﬁk

< 1. By Banach fixed point theorem, F has a unique

fixed point in D, which is the unique positive solution. This completes the proof.
5. Examples

Example 5.1. Consider the problem

‘D%; (t) = i ajjx; (t—’L'j (Z‘)), t>0

J=1 , 1€ [1,n], (5.1)
x(t)=d(t) >0, —1<t<0
where A = (a;j), is given matrix. The hypothesis (H;)-(Hy) are verified. By Theorem 3.4,
problem (5.1) has at least a global positive solution. In addition, Z ajjxj (t—7;(r)) satisfies
=

the Lipschitz condition. By Theorem 4.1, the problem (5.1) has umque global positive solution.

Example 5.2. Consider the problem

n 2
Do ()= § HCERD) o
) & e 2 i [1,n]. (5.2)
x(t)=d(t) >0, —1<t<0

The hypothesis (H;) — (Hy) are verified. Using Theorem 3.4, we find that problem (5.2) has at

least a global positive solution.
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