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1. Introduction

Fixed point problems of integral type contractions was first initiated by Branciari [1]. In [1],

Branciari obtain a generalized version of the Banach contraction principle. Suziki [2] showed

that integral contractions are Meer-keeler type contractions in a integral form. Recently, Wang

[3] proved some results on the existence of fixed points for expansive mappings. Subsequently,

many authors obtained some common fixed point results via the expansive condition, see [4, 5,

6] and the references therein. In [7], Jungck introduced the notion of compatible maps. In [8],

Jungck and Rhoades further weakened the concept of compatibility to the weak compatibility.

Recently Al-Thagafi and Shahzad [9] gave a generalization, which is called the occasional weak
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compatibility property. We remark here that this notion is weaker than the weak compatibility;

see Jungck and Rhoades [8] and the references therein. Recently, Doric et al. [10] showed

that the condition of occasionally weak compatibility reduces to weak compatibility in the case

that the two mappings have a unique point of coincidence (or a unique common fixed point). In

2009, Bouhadjera and Tobie [11] introduced the concepts of subcompatibility and subsequential

continuity which are more general than the occasional weak compatibility and the reciprocal

continuity. Later, Imdad et al. [12] improved the results of Bouhadjera and Godet Thobie

[11] by using the subcompatibility with reciprocal continuity or subsequential continuity with

compatibility.

In this paper, we prove some common fixed point theorems for two weakly subsequentially

continuous pairs of mappings which are compatible of type (E) and satisfy implicit relations in

metric spaces. The results presented in this article generalize and extend some previous known

results.

2. Preliminaries

Definition 2.1. Let (X ,d) be a metric space. Two self mappings A,S : X → X are said to be

(1) Compatible [7] iff

lim
n→∞

d(ASxn,SAxn) = 0,

whenever {xn} is a sequence in X such lim
n→∞

Axn = lim
n→∞

Sxn = t, for some t ∈ X .

(2) Compatible mappings of type (A) [8] iff

lim
n→∞

d(ASxn,S2xn) = 0 and lim
n→+∞

d(SAxn,A2xn) = 0,

whenever {xn} is a sequence in X such that lim
n→∞

Axn = lim
n→+∞

Sxn = t, for some t ∈ X .

(3) Compatible mappings of type (B) [13] iff

lim
n→∞

d(SAxn,A2xn)≤
1
2

[
lim
n→∞

d(SAxn,St)+ lim
n→∞

d(St,S2xn)
]

and

lim
n→∞

d(ASxn,S2xn)≤
1
2

[
lim
n→∞

d(ASxn,At)+ lim
n→∞

d(At,A2xn)
]
,

whenever {xn} is a sequence in X such that lim
n→∞

Axn = lim
n→∞

Sxn = t, for some t ∈ X .
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(4) Compatible mappings of type (P) [14] iff

lim
n→∞

d(A2xn,S2xn) = 0,

where {xn} is a sequence in X such that lim
n→∞

Axn = lim
n→∞

Sxn = t, for some t ∈ X .

(5) Compatible mappings of type (C) [15] iff

lim
n→∞

d(ASxn,S2xn)≤
1
3
[ lim
n→∞

d(ASxn,At)+ lim
n→∞

d(At,S2xn)+ lim
n→∞

d(At,A2xn)]

and

lim
n→∞

d(SAxn,A2xn)≤
1
3
[ lim
n→∞

d(SAxn,St)+ lim
n→∞

d(St,S2xn)+ lim
n→∞

d(St,S2xn)],

whenever {xn} is a sequence in X such that lim
n→∞

Axn = lim
n→∞

Sxn = t, for some t ∈ X .

(6) Weakly compatible [16] iff they commute in their coincidence points, i.e., if Au = Su,

then ASu = SAu, for some u ∈ X .

If A and S are compatible or compatible of type (A) or compatible of type (B) or compatible

of type (C) or compatible of type (P), then they are weakly compatible. Singh et al. [17]

introduced the notion of compatibility of type (E) as follows.

Definition 2.2. Two self maps A and S of a metric space (X ,d) are said to be compatible of

type (E) iff lim
n→∞

S2xn = lim
n→∞

SAxn = At and lim
n→∞

A2xn = lim
n→+∞

ASxn = St, whenever {xn} is a

sequence in X such that lim
n→∞

Axn = lim
n→∞

Sxn = t, for some t ∈ X .

Remark 2.3. If At = St, then compatible of type (E) implies compatible (compatible of type (A),

compatible of type (B), compatible of type (C), compatible of type (P)), however the converse

may not be true. In general case, compatibility of type (E) implies compatibility of type (B).

In 2011, Singh et al. [18] used the two following definitions and the concept of reciprocal

continuity to prove the existence of fixed point for two pairs of self mappings in metric spaces.

Definition 2.4. Two self maps A and S of a metric space (X ,d) are A-compatible of type (E) iff

lim
n→∞

A2xn = lim
n→∞

ASxn = St, for some t ∈ X .

Definition 2.5. Two self maps A and S of a metric space (X ,d) are S-compatible of type (E) iff

lim
n→∞

S2xn = lim
n→∞

SAxn = At, for some t ∈ X .
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Notice that if A and S are compatible of type (E), then they are A-compatible and S-compatible

of type (E), but the converse may not be true.

Example 2.6. Let X = [0,2],d(x,y) = |x− y|. We define A and S as follows:

Ax =

 1, 0≤ x < 1,

2− x, 1≤ x≤ 2,
Sx =

 0, 0≤ x < 1,
x+1

2 , 1≤ x≤ 2.

Consider {xn} defined by xn = 1+
1
n

, ∀n≥ 1. It is clear that, for all n≥ 1, 1 < xn ≤ 2,

lim
n→∞

Axn = lim
n→∞

Sxn = 1,

A2xn = A(2− xn) = 1−→ 1 = S(1) and

ASxn = A(xn) = 2− xn −→ 1 = S(1).

Then (A,S) is A-compatible of type (E), but

SAxn = S(2− xn) = 0−→ 0 6= A(1).

So (A,S) is not compatible of type (E).

More recently, Al-Thagafi and Shahzad [9] introduced the notion of occasionally weakly

compatible maps in metric spaces.

Two self mappings f and g of a metric space (X ,d) are to be occasionally weakly compatible

(owc) iff there exists a point u ∈ X such that f u = gu and f gu = g f u for some u ∈ X . The

last concept generalizes the notion of weak compatibility, i.e., weak compatibility implies oc-

casional weakly compatibility. In 2009, Bouhadjera and Thobie [11] introduced the concepts of

sub-compatibility and subsequential continuity as follows.

Two self-mappings A and S on a metric space (X ,d) are said to be sub-compatible iff there

exists a sequence {xn} such that

lim
n→∞

Axn = lim
n→∞

Sxn = z and lim
n→∞

d(ASxn,SAxn) = 0,

for some z ∈ X . The pair (A,S) is called to be subsequentially continuous iff there exists a

sequence {xn} such that lim
n→∞

Axn = lim
n→∞

Sxn = z, and lim
n→∞

ASxn = Az, lim
n→∞

SAxn) = Sz, for some

z ∈ X . Notice that two occasionally weakly compatible mappings are subcompatible , however

the converse may not be true.
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Definition 2.7. [19] Let A and S two self mappings of a metric space (X ,d), the pair (A,S) is to

be weakly subsequentially continuous if there exists a sequence {xn} such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X and

lim
n→∞

ASxn = Az, or lim
n→∞

S f (xn) = Sz.

It is easy to show that the subsequential continuity implies weak subsequential continuity, but

the converse is not true in general.

Example 2.8. Let X = [0,∞) and d be the euclidian metric. We define A,S by

Ax =

 x+3, 0≤ x≤ 2,

0, x > 2,
Sx =

 2x+1, 0≤ x≤ 2,
x+5

2 , x > 2.

It is clear that A and S are not continuous at 2. We consider {xn} defined by xn = 2− 1
n , ∀n≥ 1.

Hence, we have

lim
n→∞

Axn = lim
n→∞

Sxn = 5,

lim
n→∞

SAxn = lim
n→∞

S(5− 1
n
)→ 5 = S(2).

Then {A,S} is weakly subsequentially continuous, but

lim
n→∞

ASxn = lim
n→∞

A(5− 1
n
) = 0 6= A(2),

which implies that A and S are not reciprocally continuous.

Definition 2.9. [19] Let A and S two self mappings of a metric space (X ,d). (A,S) is said to be

A-subsequentially continuous iff there exists a sequence {xn} such that

lim
n→∞

Axn = lim
n→∞

Sxn = z

for some z ∈ X and

lim
n→∞

ASxn = Az.

Definition 2.10. [19] Let A and S two self mappings of a metric space (X ,d). (A,S) is said to

be S-subsequentially continuous iff there exists a sequence {xn} such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,
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for some z ∈ X and

lim
n→∞

SAxn = Sz.

Example 2.11. Let X = [0,∞) and d is the euclidian metric. We define f ,S by

Ax =

 2x+1, 0≤ x≤ 1,

x+4, x > 1,
Sx =

 x+2, 0≤ x≤ 1,

0, x > 1.

Consider {xn} defined by xn = 1− 1
n , ∀n≥ 1. Hence, we have

lim
n→∞

Axn = lim
n→∞

Sxn = 3,

lim
n→∞

ASxn = lim
n→∞

A(3− 1
n
)→ 7 = A(3).

Then {A,S} is A-subsequentially continuous, but

lim
n→∞

SAxn = lim
n→∞

S(3− 2
n
) = 0 6= S(3).

So the pair {A,S} is not reciprocally continuous.

Notice that two subsequentially continuous mappings A and S are A-subsequentially contin-

uous and S-subsequentially continuous, the converse may not be true. Also if the pair {A,S} is

A or S-subsequentially continuous, then it is weakly subsequentially continuous.

Let G is the set of of all upper semicontinuous functions G : R6
+→ R+ such that

G(u,u,0,0,u,u)< 0, ∀u > 0.

Example 2.12.

G(t1, t2, t3, t4, t5, t6) = at2
1 −bt2

3 −
ct5t6

dt2
3 + et2

4 +1
,

where c,d,e≥ 0, b > a > 0,c > a > 0.

Example 2.13.

G(t1, t2, t3, t4, t5, t6) = t1− [at2
2 +

bt2
3 + ct2

4
t5t6 +1

]
1
2 ,

where b≥ 0, c < 1,a > 1.

Example 2.14.

G(t1, t2, t3, t4, t5, t6) = t1− [at p
2 +bt p

3 + ct p
4 ]

1
p −dt5t6,

where a > (1+d)p, d ≥ 0,c≥ 0,b < 1, p ∈ N.
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The aim of this paper is to prove some common fixed point theorems for two weakly subse-

quentially continuous pairs of mappings which are compatible of type (E) and satisfy implicit

relations in metric spaces. The results presented in this article generalize and extend the results

in Bouhadjera and Thobie [11] and some other corresponding results.

3. Main results

Theorem 3.1. Let A,B,S and T be self maps on a metric space (X ,d) into itself such for all

x,yinX. Then

G(
∫ d(Ax,By)

0
ϕ(t)dt,

∫ d(Sx,Ty)

0
ϕ(t)dt,

∫ d(Ax,Sx)

0
ϕ(t)dt,

∫ d(By,Ty)

0
ϕ(t)dt,

∫ d(Ax,Ty)

0
ϕ(t)dt,

∫ d(By,Sx)

0
ϕ(t)dt)≥ 0. (3.1)

If (A,S) and (B,T ) are weakly subsequentially continuous and compatible of type (E) as well

as B and T , then A,B,S and T have a unique common fixed point in X.

Proof. Since the pair (A,S) is weakly subsequentially continuous, we see that there exists a

sequence {xn} in X such that lim
n→∞

Axn = lim
n→∞

Sxn = z and lim
n→∞

ASxn = Az, limn→∞ SAxn = Sz.

The pair (A,S) is compatible of type (E) implies

lim
n→∞

A2xn = lim
n→∞

ASxn = Sz, lim
n→∞

S2xn lim
n→∞

SAxn = Az.

Then Az = Sz. Similarly, for (B,T ), there is a sequence {yn} in X such

lim
n→∞

Byn = lim
n→∞

Tyn = t

and

lim
n→∞

BTyn = Bt, lim
n→∞

T Byn = Tt.

The pair (B,T ) is compatible of type (E) implies

lim
n→∞

B2xn = lim
n→∞

BT xn = Tt

and lim
n→∞

T 2xn = lim
n→∞

T Byn = Bt. Consequently Bt = Tt. We are in a position to claim Az = Bt.

If not, we get

G
(∫ d(Az,Bt)

0
ϕ(t)dt,

∫ d(Sz,Tt)

0
ϕ(t)dt,

∫ d(Az,Sz)

0
ϕ(t)dt,

∫ d(By,Tt)

0
ϕ(t)dt,

∫ d(Az,Tt)

0
ϕ(t)dt,

∫ d(Bt,Sz)

0
ϕ(t)dt

)
≥ 0,
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G
(∫ d(Az,Bt)

0
ϕ(t)dt,

∫ d(Az,Bt)

0
ϕ(t)dt,0,0,

∫ d(Az,Bt)

0
ϕ(t)dt,

∫ d(Bt,Az)

0
ϕ(t)dt

)
≥ 0,

which is a contradiction, then Az = Bt. Now, we show z = t. If not, we get

G
(∫ d(Axn,Byn

0
ϕ(t)dt),

∫ d(Sxn,Tyn

0
ϕ(t)dt),

∫ d(Axn,Sxn

0
ϕ(t)dt,

∫ d(Byn,Tyn)

0
ϕ(t)dt),

∫ d(Axn,Tyn)

0
ϕ(t)dt,

∫ d(Byn,Sxn)

0
ϕ(t)dt

)
≥ 0.

Letting n→ ∞, we get

G
(∫ d(z,t)

0
ϕ(t)dt,

∫ d(z,t)

0
ϕ(t)dt,0,0,

∫ d(z,t)

0
ϕ(t)dt,

∫ d(z,t)

0
ϕ(t)dt

)
≥ 0,

which is a contradiction. This proves that z = t. Next, we prove z = Az. If not, we find that

G
(∫ d(Az,Byn

0
ϕ(t)dt),

∫ d(Sz,Tyn

0
)ϕ(t)dt,

∫ d(Az,Sz)

0
ϕ(t)dt,

∫ d(Byn,Tyn)

0
ϕ(t)dt,

∫ d(Az,Tyn)

0
ϕ(t)dt,

∫ d(Byn,Sz)

0
ϕ(t)dt

)
≥ 0.

Letting n→ ∞, we get

G
(∫ d(Az,z)

0
ϕ(t)dt,

∫ d(Az,z)

0
ϕ(t)dt,0,0,

∫ d(Az,z)

0
ϕ(t)dt,

∫ d(Az,z)

0
ϕ(t)dt

)
≥ 0,

which is a contradiction. Hence, z = Az = Bz = Sz = T z. For the uniqueness, suppose there

exists an other common point w ∈ X . It follows that

G
(∫ d(Az,Bw)

0
ϕ(t)dt,

∫ d(Sz,Tw)

0
ϕ(t)dt,0,0,

∫ d(Az,Tw)

0
ϕ(t)dt,

∫ d(Sz,Bw)

0
ϕ(t)dt

)
G
(∫ d(z,w)

0
ϕ(t)dt,

∫ d(z,w)

0
ϕ(t)dt,0,0,

∫ d(z,w)

0
ϕ(t)dt,

∫ d(z,w)

0
ϕ(t)dt

)
≥ 0,

which is a contradiction. This obtains w = z. This completes the proof.

If A = B and S = T , we get the following result.

Corollary 3.2. Let (X ,d) be a metric space and let S,A : X → X be two self mappings such

that, ∀x,y ∈ X,

G
(∫ d(Ax,By)

0
ϕ(t)dt,

∫ (Sx,Sy)

0
ϕ(t)dt,

∫ d(Sx,Ax)

0
ϕ(t)dt,∫ d(Ay,Sy)

0
ϕ(t)dt,

∫ d(Ax,Sy)

0
ϕ(t)dt,

∫ d(Ay,Sx)

0
ϕ(t)dt

)
≥ 0,

where G ∈ G . Assume that the pair (A,S) is wsc compatible of type (E). Then A and S have a

unique common fixed point in X.

Putting d = 0 in Example 2.12, we find from Theorem 3.1 the following result.
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Corollary 3.3. Let A,B,S and T be self maps in a metric space (X ,d) such that(∫ d(Ax,By)

0
ϕ(t)dt

)p
≥ a
(∫ dp(Sx,Ty)

0
ϕ(t)dt

)p
+b
(∫ d(Sx,Ty)

0
ϕ(t)dt

)p
+c
(∫ d(Sx,Ty)

0
ϕ(t)dt

)p
,

where a,b,c are nonnegative real numbers such a > 1, 0 ≤ b,c < 1 and p ∈ N∗. If {A,S} is

weakly subsequentially continuous and compatible of type (E) as well as B and T , then A,B,S

and T have a unique common fixed point.

We remark here that Corollary 3.3 generalizes the corollary 3.3 in Djoudi [20].

Theorem 3.4. Let S,T and { fn}n∈N∗ be self maps on metric space (Xd) into itself such S and

{ fn} are weakly subsequentially continuous and compatible of type (E) as well as T and { fn+1}.

Assume that

G(
∫ d( fnx, fn+1y)

0
ϕ(t)dt,

∫ d(Sx,Ty)

0
ϕ(t)dt,

∫ d( fnx,Sx)

0
ϕ(t)dt,

∫ d( fn+1y,Ty)

0
ϕ(t)dt,

∫ d( fnx,Ty)

0
ϕ(t)dt,

∫ d( fn+1y,Sx)

0
ϕ(t)dt)≥ 0,

for all x,y∈ X and n∈N∗, where G∈ G . Then S,T and { fn} have a unique common fixed point

in X.

Proof. For n = 1, the four mappings f1, f2,S and T satisfy all the hypothesis of Theorem 3.1.

Then they have a unique common fixed point z. So z is a common fixed point for S,T and f1.

For S,T and f2, if t another fixed point for S,T and f1 such t 6= z, we get

G(
∫ d( f1z, f2t)

0
ϕ(t)dt,0,0,

∫ d( f2z,Tt)

0
ϕ(t)dt,

∫ d( f1z,Tt)

0
ϕ(t)dt),

∫ d( f2t,Sz)

0
ϕ(t)dt) =

G(
∫ d(z,t)

0
,0,0,

∫ d(t,t)

0
ϕ(t)dt,

∫ d(z,t)

0
ϕ(t)dt,

∫ d(t,z)

0
ϕ(t)dt)≥ 0,

which is a contradiction. Hence z = t. Similarly, by using the same method, we get that z is the

unique fixed point for S,T and f2. For n = 2, the mappings f2, f3,S and T satisfy all hypothesis

of Theorem 3.1, they have a unique common fixed point. Using the same method, we find the

the uniqueness. By continuing in this manner, we find that z is the required point.

We remark here that Theorem 3.4 extends the theorem 3.4 in Djoudi [20].

Corollary 3.5. Let (X ,d) be a metric space and let A,B and S be three self mappings such that

∀x,y ∈ X,

G
(∫ d(Sx,Sy)

0
ϕ(t)dt,

∫ d(Ax,By)

0
ϕ(t)dt,

∫ d(Ax,Sx)

0
ϕ(t)dt,
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0
ϕ(t)dt,

∫ d(Ax,Sy)

0
ϕ(t)dt,

∫ d(By,Sx)

0
ϕ(t)dt

)
≥ 0,

where G ∈ G . If the pairs (A,S) and (B,S) are wsc and compatible of type (E), then A and S

have a unique common fixed point in X.

Theorem 3.6. Let A,B,S and T be self maps on a metric space (X ,d) into itself satisfying (3.1).

If the two pairs (A,S),(B,T ) are A-subsequentially continuous and A compatible of type (E)(

or S-subsequentially continuous and S compatible of type (E)) and (B,T ) is B-subsequentially

continuous and B-compatible of type (E)( or T -subsequentially continuous and T -compatible

of type (E)), then A,B,S and T have a unique common fixed point in X.

Example 3.7. Let X = [0,2] and d is the euclidian metric. We define A,B,S and T by

Ax = Bx =

 1, 0≤ x≤ 2,
1
2 , 2 < x≤ 4,

Sx =

 x, 0≤ x≤ 1,
1
4 , 1 < x≤ 2,

T x =

 2− x, 0≤ x≤ 1,

2, 1 < x≤ 2.

Consider {xn} defined by xn = 1− 1
n , ∀n≥ 1. It is clear that lim

n→∞
Axn = 2 and lim

n→∞
Sxn = 1. We

also have

lim
n→∞

ASxn = 1 = A(1)

= S(1),

lim
n→∞

A2xn = S(1) = 1.

Then (A,S) is A-subsequentially continuous and A-compatible of type (E).

On the other hand, we consider a sequence {yn} defined by: yn = 1, for all n≥ 0. It is clear

that

lim
n→∞

Byn = lim
n→∞

Tyn = 2,

and

lim
n→∞

BTyn = B(1)

= T (1) = 1,

lim
n→∞

B2yn = T (1) = 1.

This yields that (B,T ) is B-subsequentially continuous and B-compatible of type (E). We utilize

Corollary 3.2 with a = 4
3 that b = c = 1

3 , p = 1 and ϕ(t) = 3
2
√

t. Using (3.1), we obtain that
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(1) For x,y ∈ [0,1], we have

d(Sx,Ty) = 2− (x+ y),

d(Ax,By) = 0, d(Ax,Sx) = 1− x, d(By,Ty) = 1− y,∫ d(Sx,Ty)

0
ϕ(t)dt = (2− (x+ y))

3
2 ≥ 1

3
[(1− x)3 +(1− x)3]

=
1
3
[d3(Ax,by+d3(Ax,Sx)+d3(By,Ty).

(2) For x ∈ [0,1] and 1 < y≤ 2, we have

∫ d(Sx,Ty)

0
ϕ(t)dt = (2− x)3 ≥ 1

3
[4(

1
2
)3 +(1− x)3 +(

3
2
)3]

=
1
3
[4d(Ax,By)+d(Ax,Sx)+d(By,Ty)].

(3) For x ∈ (1,2] and y ∈ [0,1], we have∫ d(Sx,Ty)

0
ϕ(t)dt = (2− y)3 ≥ 1

3
[4(

1
2
)3 +(1− y)3 +(

3
2
)3]

=
1
3
[4d(Ax,By)+d(Ax,Sx)+d(By,Ty)].

(4) For x,y ∈ (2,4], we have∫ d(Sx,Ty)

0
ϕ(t)dt = (

7
4
)3 ≥ (

1
4
)3 +(

3
2
)3

=
1
3
[4d(Ax,By)+d(Ax,Sx)+d(By,Ty)].

Consequently all hypotheses of Corollary 3.3 are satisfied. Therefore, 1 is the unique common

fixed for A,S and T .
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