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1. Introduction

In 1922, Banach established the celebrated Banach’s Contraction Principle. Since then, fixed

point theory has received much attention due to its applications in pure mathematics and ap-

plied sciences. Recently, a number of generalizations of metric spaces were introduced and
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extensively studied. In 1989, Bakhtin [1] (and also Czerwik [2]) introduced the concept of b-

metric spaces and presented contraction mappings in b-metric spaces that is a generalization of

Banach contraction principle in metric spaces. For fixed point theory in b-metric spaces, see

[3]-[11] and the references therein. In 2000, Hitzlerand and Seda [12] introduced the notion

of dislocated metric spaces, in which the self distance of a point need not be equal to zero.

Such spaces play an important role in topology and logical programming. Recently, Hussain

et al. [3] introduced the notion of b-dislocated metric spaces. Some topological properties of

dislocated and b-dislocated metrics were investigated in [3]. Very recently, many results on

fixed points, coincidence points and common fixed points of mappings which satisfy certain

contractive conditions in dislocated metric spaces where obtained, see [13]-[19] and references

therein.

In this paper, we establish some fixed point theorems for contractive mappings in the setting

of dislocated and b-dislocated metric spaces, using altering distance functions and (ψ,s,α)-

contractions. Our main results extend and generalize some known results in the literature to

general metric spaces.

2. Preliminaries

Definition 2.1. [12] Let X be a nonempty set. A mapping dl : X ×X → [0,∞) is said to be a

dislocated metric (or simply dl-metric) if for all x,y,z∈X , the following conditions are satisfied:

(1) If dl(x,y) = 0, then x = y;

(2) dl(x,y) = dl(y,x);

(3) dl(x,y)≤ dl(x,z)+dl(z,y).

The pair (X ,dl) is called a dislocated metric space (or dl-metric space for short).

Note that if x = y, then dl(x,y) may not be 0.

Example 2.2. If X = R, then d(x,y) = |x|+ |y| defines a dislocated metric on X .

Definition 2.3. [12] A sequence {xn} in dl-metric space (X ,dl) is said to be

(1) a Cauchy sequence if, for given ε > 0, there exists n0 ∈N such that for all m,n > n0, we

have dl(xm,xn)< ε or lim
n,m→∞

dl(xm,xn) = 0 ,
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(2) convergent with respect to dl if there exists x ∈ X such that dl(xn,x)→ 0 as n→ ∞. In

this case, x is called the limit of {xn} and we write xn→ x.

A dl-metric space is called complete if every Cauchy sequence in X converges to a point in

X .

Definition 2.4. [3] Let X be a nonempty set and s ≥ 1 be a given real number. A mapping

bd : X ×X → [0,∞) is said to be a b-dislocated metric (or simply bd-metric for short) if for all

x,y,z ∈ X , the following conditions are satisfied:

(1) If bd(x,y) = 0, then x = y;

(2) bd(x,y) = bd(y,x);

(3) bd(x,y)≤ s [bd(x,z)+bd(z,y)].

(X ,bd) is called a b-dislocated metric space (with parameter s ≥ 1). And the class of b-

dislocated metric space is larger than that of dislocated metric spaces, since a b-dislocated

metric is a dislocated metric when s = 1.

In [3], it was showed that each bd-metric on X generates a topology τbd whose base is the

family of open bd-balls Bbd(x,ε) = {y ∈ X : bd(x,y)< ε}.

Definition 2.5. [7] Let (X ,bd) be a bd-metric space, and {xn} be a sequence of points in X . A

point x ∈ X is said to be the limit of the sequence {xn} if lim
n→∞

bd(xn,x) = 0 and we say that the

sequence {xn} is bd-convergent to x and denote it by xn→ x as n→ ∞.

The limit of a bd-convergent sequence in a bd-metric space is unique; seee ([8], Proposition

1.27).

Definition 2.6. [3] A sequence {xn} in a bd-metric space (X ,bd) is called a bd-Cauchy se-

quence iff, given ε > 0, there exists n0 ∈ N such that for all n,m > n0, we have bd(xn,xm) < ε

or lim
n,m→∞

bd(xn,xm) = 0. Every bd-convergent sequence in a bd-metric space is a bd-Cauchy

sequence.

Remark 2.7. The sequence {xn} in a bd-metric space (X ,bd) is called a bd-Cauchy sequence

iff lim
n,m→∞

bd(xn,xn+p) = 0 for all p ∈ N∗.

Definition 2.8. [3] A bd-metric space (X ,bd) is called complete if every bd-Cauchy sequence

in X is bd-convergent.
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Definition 2.9. [21] A function ψ : [0,∞)→ [0,∞) is called an altering distance function if the

following properties are satisfied:

(1) ψ is monotone increasing and continuous,

(2) ψ(t) = 0 if and only if t = 0.

We denote the set of altering distance functions by Ψ .

Lemma 2.10. [3] Let (X ,bd) be a b-dislocated metric space with parameter s ≥ 1. Suppose

that {xn} and {yn} are bd-convergent to x,y ∈ X, respectively. Then we have

1
s2 bd (x,y)≤ liminf

n→∞
bd (xn,yn)≤ limsup

n→∞

bd (xn,yn)≤ s2bd (x,y) .

In particular, if bd(x,y) = 0, then we have lim
n→∞

bd(xn,yn) = 0 = bd(x,y). Moreover, for each

z ∈ X, we have

1
s

bd (x,z)≤ liminf
n→∞

bd (xn,z)≤ limsup
n→∞

bd (xn,z)≤ sbd (x,z) .

In particular, if bd(x,z) = 0, then we have lim
n→∞

bd(xn,z) = 0 = bd(x,z).

Example 2.11. Let X =R+∪{0} and a constant α with α > 0. Define the function dl : X×X→

[0,∞) by dl(x,y) = α(x+ y). Then (X ,dl) is a dislocated metric space.

Example 2.12. If X = R+ ∪{0}, then bd(x,y) = (x+ y)2 defines a b-dislocated metric on X

with parameter s = 2.

We prove the following lemma which is used to prove our results.

Lemma 2.13. Let (X ,bd) be complete b-dislocated metric space with parameter s ≥ 1 and let

{xn} be a sequence such that

lim
n→∞

bd(xn,xn+1) = 0. (2.1)

If {xn} is not Cauchy, then there exists ε > 0 and two subsequences {xmk} and {xnk} of {xn}

with nk > mk > k (positive integers) such that bd(xmk ,xnk)≥ ε , bd(xmk ,xnk−1)< ε , and

ε

s2 ≤ lim sup
k→∞

bd(xmk−1,xnk−1) ≤ εs,

ε

s
≤ lim sup

k→∞

bd(xnk−1,xmk) ≤ εs2,

ε

s
≤ lim sup

k→∞

bd(xmk−1,xnk) ≤ εs2.
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Proof. If {xn} is not a bd-Cauchy sequence, then there exists ε > 0 for which we can find two

subsequences {xmk} and {xnk} of {xn} such that nk is smallest index for which

nk > mk > k, bd(xmk ,xnk)≥ ε. (2.2)

This means that

bd(xmk ,xnk−1)< ε. (2.3)

From (2.2) and property (c) of Definition 2.4, we have

ε ≤ bd(xmk ,xnk)≤ sbd(xmk ,xmk−1)+ sbd(xmk−1,xnk)

≤ sbd(xmk ,xmk−1)+ s2bd(xmk−1,xnk−1)+ s2bd(xnk−1,xnk).
(2.4)

Taking the upper limit as k→ ∞ in (2.4) and using (2.1)-(2.3), we get

ε

s2 ≤ lim sup
k→∞

bd(xmk−1,xnk−1). (2.5)

By triangular inequality, we have

bd(xmk−1,xnk−1)≤ sbd(xmk−1,xmk)+ sbd(xmk ,xnk−1).

Taking the upper limit as k→ ∞, we get

lim sup
k→∞

bd(xmk−1,xnk−1)≤ εs. (2.6)

It follows from (2.5) and (2.6) that

ε

s2 ≤ lim sup
k→∞

bd(xmk−1,xnk−1)≤ εs, (2.7)

and

ε ≤ bd(xmk ,xnk)≤ sbd(xmk ,xmk−1)+ sbd(xmk−1,xnk).

Taking the upper limit as k→ ∞, we get

ε

s
≤ lim sup

k→∞

bd(xmk−1,xnk), (2.8)

and

ε ≤ bd(xmk ,xnk)≤ sbd(xmk ,xnk−1)+ sbd(xnk−1,xnk).

They imply
ε

s
≤ lim sup

k→∞

bd(xnk−1,xmk). (2.9)
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Since bd(xnk−1,xmk)≤ sbd(xnk−1,xmk−1)+ sbd(xmk−1,xmk), we find (2.1) and (2.7) that

lim sup
k→∞

bd(xnk−1,xmk)≤ s lim sup
k→∞

bd(xnk−1,xmk−1)≤ εs2. (2.10)

Consequently, we have
ε

s
≤ lim sup

k→∞

bd(xnk−1,xmk)≤ εs2 (2.11)

and

bd(xmk−1,xnk)≤ sbd(xmk−1,xnk−1)+ sbd(xnk−1,xnk).

Using (2.1), (2.7) and (2.8), we have

lim sup
k→∞

bd(xmk−1,xnk)≤ s lim sup
k→∞

bd(xmk−1,xnk−1)≤ εs2.

Consequently, we arrive at

ε

s
≤ lim sup

k→∞

bd(xmk−1,xnk)≤ εs2.

This completes the proof.

3. Main results

Based on the definitions of Cirić contraction in [23], we introduce the definitions of (ψ,s,α)-

contractive mappings in the setting of b-dislocated metric spaces. Some fixed point results for

these contractions are obtained in such spaces.

Definition 3.1. Let (X ,bd) be a b-dislocated metric space with parameter s≥ 1. A self-mapping

T : X → X is called a s−α contraction if it satisfies the following condition:

sbd(T x,Ty)≤ αbd(x,y)

for all x,y ∈ X, where α ∈ [0,1).

Definition 3.2. Let (X ,bd) be a b-dislocated metric space with parameter s≥ 1. A self-mapping

T : X → X is called a (ψ,s,α)-contraction if there exist ψ ∈Ψ such that

ψ(sbd(T x,Ty))≤ αψ(bd(x,y))

for all x,y ∈ X, where α ∈ [0,1).
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Definition 3.3. Let (X ,bd) be a b-dislocated metric space with parameter s ≥ 1. If T : X → X

is a self mapping that satisfies:

sbd(T x,Ty)≤max
{

bd(x,y),bd(x,T x),bd(y,Ty),
bd(x,Ty)+bd(y,T x)

4s

}
for all x,y ∈ X, where α ∈ [0,1). Then T is called a s−α-generalized contraction.

Definition 3.4. Let (X ,bd) be a b-dislocated metric space with parameter s ≥ 1. We say that

a self-mapping T : X → X is a (ψ,s,α)-generalized contractive mapping if there exist ψ ∈ Ψ

such that

ψ (sbd (T x,Ty))≤ αψ

(
max

{
bd (x,y) ,bd (x,T x) ,bd (y,Ty)

bd (x,Ty)+bd (y,T x)
4s

})
(3.1)

for all x,y ∈ X, where 0≤ α < 1.

Theorem 3.5. Let (X ,bd) be a complete b-dislocated metric space with parameter s ≥ 1 and

let T : X → X be a (ψ,s,α)-generalized contractive mapping. Then T has a unique fixed point

in X.

Proof. Let x0 be an arbitrary point in X . Define an iterative sequence {xn} as follows:

x1 = T (x0), x2 = T (x1), . . . ,xn+1 = T (xn), . . . , n≥ 0.

If bd(xn,xn+1) = 0 for some n ∈ N, then xn+1 = xn, that is xn = xn+1 = T (xn). Hence, xn is a

fixed point of T and the proof is completed. Consequently, we assume that bd(xn,xn+1)> 0 for

all n ∈ N, that is, xn+1 6= xn. By condition (3.1), we have

ψ (bd (xn,xn+1))≤ ψ (sbd (xn,xn+1))

= ψ (sbd (T xn−1,T xn))

≤ αψ

max

 bd (xn−1,xn) ,bd (xn−1,T xn−1) ,bd (xn,T xn) ,

bd(xn−1,T xn)+bd(xn,T xn−1)
4s




= αψ

max

 bd (xn−1,xn) ,bd (xn−1,xn) ,bd (xn,xn+1) ,

bd(xn−1,xn+1)+bd(xn,xn)
4s




≤ αψ

max

 bd (xn−1,xn) ,bd (xn−1,xn) ,bd (xn,xn+1) ,

s[bd(xn−1,xn)+bd(xn,xn+1)]+2sbd(xn−1,xn)
4s


 .

(3.2)
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If bd(xn−1,xn)≤ bd(xn,xn+1) for some n ∈ N, then we find from inequality (3.2) that

ψ(bd(xn,xn+1))≤ αψ(bd(xn,xn+1)). (3.3)

It follows that ψ(bd(xn,xn+1)) = 0. Using the property of function ψ , we have bd(xn,xn+1) = 0,

which is a contradiction. Hence,

bd(xn,xn+1)< bd(xn−1,xn)

for each n∈N, that is, sequence {bd(xn,xn+1)} is nonincreasing and bounded below. Thus there

exists r≥ 0 such that lim
n→∞

bd(xn,xn+1)= r. We claim that r = 0. If not, that is, lim
n→∞

bd(xn,xn+1)=

r > 0. Applying contractive condition (3.2) yields that

ψ (bd (xn,xn+1))≤ αψ (max{bd (xn,xn+1) ,bd (xn−1,xn)}) . (3.4)

Taking limit as n→ ∞ in (3.4), we get ψ(r)≤ αψ(r) which is a contradiction. Hence

lim
n→∞

bd(xn,xn+1) = 0. (3.5)

Next, we show that {xn} is a bd-Cauchy sequence in X . Suppose the contrary, that is, {xn}

is not a bd-Cauchy sequence. Then by Lemma 2.14, there exists ε > 0 and two subsequences

{xmk} and {xnk} of {xn} with nk > mk > k such that bd(xmk ,xnk)≥ ε , bd(xmk ,xnk−1)< ε and

ε

s2 ≤ lim sup
k→∞

bd(xmk−1,xnk−1)≤ εs,

ε

s
≤ lim sup

k→∞

bd(xnk−1,xmk)≤ εs2,

ε

s
≤ lim sup

k→∞

bd(xmk−1,xnk)≤ εs2.

(3.6)

From contractive condition (3.1), we have

ψ(sbd(xmk ,xnk)) = ψ(sbd(T xmk−1,T xnk−1))

≤ αψ

 max{,bd(xmk−1,xnk−1),bd(xmk−1,T xmk−1),bd(xnk−1,T xnk−1),
bd(xmk−1,T xnk−1)+bd(xnk−1,T xmk−1)

4s }


= αψ

 max{bd(xmk−1,xnk−1),bd(xmk−1,xmk),bd(xnk−1,xnk),
bd(xmk−1,xnk )+bd(xnk−1,xmk )

4s }

 .

(3.7)
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Taking the upper limit as k→ ∞ in (3.7) and using (3.6), we get

ψ(sε)≤ αψ(max{εs,0,0,
εs
2
})≤ αψ(εs),

which finds a contradiction due to the property of ψ . Thus the sequence is a bd-Cauchy sequence

in (X ,bd). So there exist some u ∈ X , such that {xn} is convergent to u. If T is a continuous

mapping, we get

T (u) = T ( lim
n→∞

xn) = lim
n→∞

T (xn) = lim
n→∞

(xn+1) = u.

Thus u is a fixed point of T . If T is not continuous then, we consider

ψ (sbd (xn+1,Tu)) = ψ (sbd (T xn,Tu))

≤ αψ

max

 bd (xn,u) ,bd (xn,T xn) ,bd (u,Tu) ,
bd(xn,Tu)+bd(u,T xn)

4s




= αψ

max

 bd (xn,u) ,bd (xn,xn+1) ,bd (u,Tu) ,
bd(xn,Tu)+bd(u,xn+1)

4s


 .

(3.8)

Taking the upper limit in (3.8) and using Lemma 2.10 and (3.5), we find that

ψ (bd (u,Tu)) = ψ

(
s
1
s

bd (u,Tu)
)

≤ αψ

(
max

{
0,0,bd (u,Tu) ,

sbd (u,Tu)+0
4s

})
≤ αψ (bd (u,Tu)) .

(3.9)

From inequality (3.9) and property of function ψ , we have bd(u,Tu) = 0 and Tu = u. Hence u

is a fixed point of T .

Now, we are in a position to show the uniqueness. Let u and v be two fixed points of T , where

Tu = u and T v = v. Let us prove that if u is a fixed point of T . Then we have bd(u,u) = 0. From
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contractive condition (3.1), we see that

ψ (bd (u,u)) ≤ ψ (sbd (u,u))

= ψ (sbd (Tu,Tu))

≤ αψ

max

 bd (u,u) ,bd (u,Tu) ,bd (u,Tu) ,
bd(u,Tu)+bd(u,Tu)

4s




= αψ

max

 bd (u,u) ,bd (u,u) ,bd (u,u) ,
bd(u,u)+bd(u,u)

4s




≤ αψ (bd (u,u)) .

From the inequality above and the property of function ψ , we have bd(u,u) = 0 . Again, using

condition (3.1), we have

ψ (bd (u,v)) ≤ ψ (sbd (u,v)) = ψ (sbd (Tu,T v))

≤ αψ

max

 bd (u,v) ,bd (u,Tu) ,bd (v,T v) ,
bd(u,T v)+bd(v,Tu)

4s




= αψ

max

 bd (u,v) ,bd (u,u) ,bd (v,v) ,
bd(u,v)+bd(v,u)

4s




≤ αψ

(
max

{
bd (u,v) ,0,0,

bd (u,v)
2s

})
≤ αψ (bd (u,v)) .

So, by the above inequality and property of ψ , we get bd(u,v) = 0. Therefore u = v, and the

fixed point is unique. This completes the proof.

The following example illustrates Theorem 3.5.

Example 3.6. Let X = [0,1] and bd(x,y) = (x+ y)2 for all x,y ∈ X . It is clear that, bd is a

b-dislocated metric on X with parameter s = 2. Also, bd is not a dislocated metric or a b-metric

or a metric on X . Define the self-mapping T : X → X by T x = x
5 . For all x,y ∈ [0,1], and the
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function ψ(t) = 2t, we have

ψ (sbd (T x,Ty))

= ψ

(
2
(x

5
+

y
5

)2
)
= ψ

(
2
(x+ y)2

25

)
=

4
25

(x+ y)2

=
2

25
2(x+ y)2 =

2
25

2bd (x,y) =
2

25
ψ (bd (x,y))≤ αψ (bd (x,y))

≤ αψ

(
max

{
bd (x,y) ,bd (x,T x) ,bd (y,Ty) ,

bd (x,Ty)+bd (y,T x)
4s

})
.

All of the conditions of theorem are satisfied, and x = 0 is a unique fixed point of T .

If s = 1 in Theorem 3.5, we deduce the following theorem in the setting of dislocated metric

spaces.

Corollary 3.7. Let (X ,dl) be a complete b-dislocated metric space, and T : X → X is a self

mapping that satisfies:

ψ(dl (T x,Ty))≤ αψ

(
max

{
dl (x,y) ,dl (x,T x) ,dl (y,Ty) ,

dl (x,Ty)+dl (y,T x)
4

})
for all x,y ∈ X, where 0≤ α < 1, ψ ∈Ψ. Then T has a unique fixed point in X.

The following example shows that Theorem 3.5 is a proper generalization.

Example 3.8. Let X = [0,1] and dl : X2→ R+ by dl(x,y) = (x+ y) for all x,y ∈ X . It is clear

that dl is a dislocated metric on X and (X ,dl) is complete. Also dl is not a metric on X . Define

a self-mapping T : X → X by

T x =

 x
8 , 0≤ x < 1,
1
16 , x = 1.

We have the following cases:

Case 1. If x = y = 0, then

ψ(dl(T x,Ty)) = ψ(dl(0,0)) = ψ(0)≤ αψ(0) = αψ(dl(0,0)).

Case 2. If 1 > x = y > 0, then

ψ(dl(T x,Ty)) = ψ

(
dl

(x
8
,

x
8

))
= ψ

(
2x
8

)
= ψ

(
1
8

2x
)
= ψ

(
1
8

dl (x,y)
)
≤ αψ(dl(x,y)).
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Case 3. If 0 < x < y < 1, then

ψ(dl(T x,T 1)) = ψ

(
dl

(
x
8
,

1
16

))
= ψ

((
x
8
+

1
16

))
< ψ

((
x
8
+

1
8

))
= ψ

(
1
8

dl(x,1)
)
≤ αψ(dl(x,1)).

Case 4. If 1 > x > y > 0, then

ψ(dl(T x,Ty)) = ψ

(
dl

(x
8
,

y
8

))
= ψ

((x
8
+

y
8

))
= ψ

(
1
8
(x+ y)

)
< ψ

(
1
8

dl (x,y)
)

≤ αψ(dl(x,y)).

We see that α exists since in all cases have ψ
(1

8dl(x,y)
)
≤ ψ(dl(x,y)). That means

ψ
(1

8dl (x,y)
)

ψ (dl (x,y))
< 1.

Thus all of the conditions of Theorem 3.5 are satisfied and T has a unique fixed point in X .

Therefore, if we see the special case (corollary) of above theorem as

ψ(dl(T x,Ty))≤ αψ(dl(x,y)).

It is noted that, for x = 1 and y = 99
100 in the usual metric space (X ,d) where d(x,y) = |x−y| we

have

ψ

(
d
(

T (1) ,T
(

99
100

)))
= ψ

(
d
(

1
16

,
99

800

))
= ψ

(
49

800

)
= ψ

(
49

400

)

ψ (d (x,y)) = ψ

(
d
(

1,
99

100

))
= ψ

(
1

100

)
.

We can see that inequality ψ
( 49

800

)
≤ αψ

( 1
100

)
holds for α ≥ 1 since function ψ is increasing

and ψ
( 1

100

)
< ψ

( 49
800

)
. So the contractive condition is not true in the usual metric on X . Also,

we can say the same in the setting of b-metric space (X ,d), where d(x,y) = |x− y|2.

Theorem 3.9. Let (X ,bd) be a complete b-dislocated metric space with parameter s ≥ 1 and

T : X → X a self-mapping satisfying the following condition

ψ(sbd(T x,Ty))≤ αψ

(
max

{
bd (x,y) ,

bd (x,T x)+bd (y,Ty)
4s

})
for all xy ∈ X, where 0≤ α < 1, ψ ∈Ψ. Then T has a unique fixed point in X.
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Proof. Note that

max
{

bd (x,y) ,
bd (x,T x)+bd (y,Ty)

4s

}
≤max

{
bd (x,y) ,bd (x,T x) ,bd (y,Ty)

bd (x,Ty)+bd (y,T x)
4s

}
holds for all x,y ∈ X . Using the monotonic property of function ψ , we find from Theorem 3.5

the desired conclusion immediately.

In the following we are giving some periodic point results. Obviously, if T is a map which

has a fixed point u, then u is also a fixed point of T n for every n ∈N, that is, Fix(T )⊂ Fix(T n).

However the converse need not be true. If a self-mapping T : X→X satisfies: Fix(T )=Fix(T n)

for each n ∈ N, then T is said to have property P.

Theorem 3.10. Let (X ,bd) be a complete b-dislocated metric space with parameter s ≥ 1 and

a self-mapping T : X → X is a (ψ,s,α)-generalized contractive mapping. Then T satisfies the

property P.

Proof. From Theorem 3.5, we see that T has a unique fixed point in X . Letting u ∈ Fix(T n),

we find from condition (3.1) that

ψ (bd (u,Tu))

< ψ (sbd (u,Tu))

= ψ
(
sbd
(
T mu,T m+1u

))
= ψ

(
sbd
(
T T m−1u,T T mu

))
≤ αψ

max

 bd
(
T m−1u,T mu

)
,bd
(
T m−1u,T mu

)
,bd
(
T mu,T m+1u

)
,

bd(T m−1u,T m+1u)+bd(T mu,T mu)
4s




= αψ

max

 bd
(
T m−1u,u

)
,bd
(
T m−1u,u

)
,bd (u,Tu) ,

bd(T m−1u,Tu)+bd(u,u)
4s




≤ αψ

max

 bd
(
T m−1u,u

)
,bd
(
T m−1u,u

)
,bd (u,Tu) ,

sbd(T m−1u,u)+sbd(u,Tu)+2sbd(T m−1u,u)
4s


 .

(3.10)

If bd(T m−1u,u)≤ bd(u,Tu), then we find from inequality (3.10) that

ψ(bd(u,Tu))≤ αψ(bd(u,Tu)),
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which implies ψ(bd(u,Tu)) = 0. So bd(u,Tu) = 0. Hence u is a fixed point of T . If bd(u,Tu)<

bd(T m−1u,u), then

ψ(bd(u,Tu))≤ αψ(bd(T m−1u,u)). (3.11)

Applying condition (3.1), we have

ψ
(
bd
(
u,T m−1u

))
≤ ψ

(
sbd
(
T mu,T m−1u

))
= ψ

(
sbd
(
T T m−1u,T T m−2u

))
≤ αψ

max

 bd
(
T m−1u,T m−2u

)
,bd
(
T m−1u,T mu

)
,

bd
(
T m−2u,T m−1u

)
,

bd(T m−1u,T m−1u)+bd(T m−2u,T mu)
4s




= αψ

max

 bd
(
T m−1u,T m−2u

)
,bd
(
T m−1u,u

)
,bd
(
T m−2u,T m−1u

)
,

bd(T m−1u,T m−1u)+bd(T m−2u,u)
4s




≤ αψ

max

 bd
(
T m−1u,T m−2u

)
,bd
(
T m−1u,u

)
,bd
(
T m−2u,T m−1u

)
,

2sbd(T m−1u,u)+sbd(T m−2u,T m−1u)+sbd(T m−1u,u)
4s


 .

(3.12)

If bd(T m−2u,T m−1u)< bd(T m−1u,u), then we find from (3.12) that

ψ(bd(T m−1u,u))< αψ(bd(T m−1u,u)).

Using (3.10), we get bd(u,Tu) = 0. Hence u is a fixed point of T . If

bd(T m−1u,u)< bd(T m−2u,T m−1u),

we find from (3.11) that

ψ(bd(T m−1u,u))< αψ(bd(T m−2u,T m−1u)). (3.13)

By virtue of (3.11) and (3.13), we get

ψ(bd(u,Tu))< αψ
(
bd
(
T m−1u,u

))
< α

2
ψ
(
bd
(
T m−2u,T m−1u

))
< · · ·< α

n
ψ (bd(u,Tu)) .

As a result, we have bd(u,Tu) = 0. Hence Tu = u and u is a fixed point of T .

If s= 1 in Theorem 3.10, we deduce the following corollary in the setting of dislocated metric

spaces.



FIXED POINTS OF GENERALIZED (ψ,s,α)-CONTRACTIVE MAPPINGS 15

Corollary 3.11. Let (X ,dl) be a complete b-dislocated metric space and a self-mapping T :

X → X that satisfies the following condition:

ψ (dl (T x,Ty))≤ αψ

max

 dl (x,y) ,dl (x,T x) ,dl (y,Ty) ,
dl(x,Ty)+dl(y,T x)

4




for all x,y ∈ X, where 0≤ α < 1, ψ ∈Ψ. Then T satisfies property P.

Remark 3.12. Since every b-metric space is a b-dislocated metric space with the same param-

eter, our results can be seen as a generalization of several corresponding results in metric and

b-metric spaces.
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