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1. Introduction

In 1922, Banach established the celebrated Banach’s Contraction Principle. Since then, fixed
point theory has received much attention due to its applications in pure mathematics and ap-

plied sciences. Recently, a number of generalizations of metric spaces were introduced and
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extensively studied. In 1989, Bakhtin [1] (and also Czerwik [2]) introduced the concept of b-
metric spaces and presented contraction mappings in b-metric spaces that is a generalization of
Banach contraction principle in metric spaces. For fixed point theory in b-metric spaces, see
[3]-[11] and the references therein. In 2000, Hitzlerand and Seda [12] introduced the notion
of dislocated metric spaces, in which the self distance of a point need not be equal to zero.
Such spaces play an important role in topology and logical programming. Recently, Hussain
et al. [3] introduced the notion of b-dislocated metric spaces. Some topological properties of
dislocated and b-dislocated metrics were investigated in [3]. Very recently, many results on
fixed points, coincidence points and common fixed points of mappings which satisfy certain
contractive conditions in dislocated metric spaces where obtained, see [13]-[19] and references
therein.

In this paper, we establish some fixed point theorems for contractive mappings in the setting
of dislocated and b-dislocated metric spaces, using altering distance functions and (y,s, o)-
contractions. Our main results extend and generalize some known results in the literature to

general metric spaces.

2. Preliminaries

Definition 2.1. [12] Let X be a nonempty set. A mapping d; : X x X — [0,0) is said to be a

dislocated metric (or simply d;-metric) if for all x,y, z € X, the following conditions are satisfied:

(1) If dj(x,y) =0, then x = y;
(2) di(x,y) = d;(y,x);
(3) di(x,y) <di(x,2) +di(z,y).

The pair (X,d;) is called a dislocated metric space (or d;-metric space for short).

Note that if x =y, then d;(x,y) may not be 0.

Example 2.2. If X = R, then d(x,y) = |x| + |y| defines a dislocated metric on X.
Definition 2.3. [12] A sequence {x,} in d;-metric space (X,d;) is said to be

(1) a Cauchy sequence if, for given € > 0, there exists ny € N such that for all m,n > ng, we

have d;(x,x,) < € or lim dj(xp,x,) =0,
n,m—»o0
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(2) convergent with respect to d; if there exists x € X such that d;(x,,x) — 0 as n — 0. In

this case, x is called the limit of {x,} and we write x,, — x.

A dj-metric space is called complete if every Cauchy sequence in X converges to a point in

X.

Definition 2.4. [3] Let X be a nonempty set and s > 1 be a given real number. A mapping
bg:X xX — [0,00) is said to be a b-dislocated metric (or simply b,-metric for short) if for all

x,y,z € X, the following conditions are satisfied:

(1) If by(x,y) =0, then x = y;
(2) bd(X,y) = bd<y7x>;
(3) bd(xay) S S[bd(x,Z) +bd(Z,y)]

(X,by) is called a b-dislocated metric space (with parameter s > 1). And the class of b-
dislocated metric space is larger than that of dislocated metric spaces, since a b-dislocated
metric is a dislocated metric when s = 1.

In [3], it was showed that each b;-metric on X generates a topology 7, whose base is the

family of open by-balls By, (x,€) = {y € X : by(x,y) < €}.

Definition 2.5. [7] Let (X,b,) be a by-metric space, and {x,} be a sequence of points in X . A
point x € X is said to be the limit of the sequence {x,} if li_r>n b4(x,,x) = 0 and we say that the
n—roo

sequence {x,} is by-convergent to x and denote it by x,, — x as n — oo.

The limit of a b;-convergent sequence in a bg-metric space is unique; seee ([8], Proposition

1.27).

Definition 2.6. [3] A sequence {x,} in a bs-metric space (X,by,) is called a by-Cauchy se-
quence iff, given € > 0, there exists ng € N such that for all n,m > ng, we have by (x,,xp,) < €
or n}%r_r}mbd (xn,xm) = 0. Every by-convergent sequence in a by-metric space is a by-Cauchy
sequence.

Remark 2.7. The sequence {x,} in a by-metric space (X,b,) is called a b;-Cauchy sequence

iff lim b4(x,,xn4p) = 0 forall p € N*.
n,m—ro0

Definition 2.8. [3] A b;-metric space (X,b,) is called complete if every b;-Cauchy sequence

in X is bg-convergent.
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Definition 2.9. [21] A function y : [0,00) — [0,0) is called an altering distance function if the
following properties are satisfied:

(1) y is monotone increasing and continuous,

(2) y(r) =0if and only if t = 0.

We denote the set of altering distance functions by W .

Lemma 2.10. [3] Let (X,by) be a b-dislocated metric space with parameter s > 1. Suppose

that {x,} and {y,} are by-convergent to x,y € X, respectively. Then we have

1
_zbd (x,y) < hn_l}nfbd (Xn,yn) < limsupby (X, yn) < Szbd (x,y)-
S n—oo n—oo

In particular, if by(x,y) = 0, then we have lim by(x,,y,) = 0 = by(x,y). Moreover, for each
N—soo
z€ X, we have

1
—by (X,Z) < liminfb, (xnvz) < limsupby (xnvz) < sby ()C?Z) :
N

n—oo Nn—o0
In particular, if by(x,z) = 0, then we have 1im by(x,,z) = 0= by(x,z).
n—oo

Example 2.11. Let X = RTU{0} and a constant o with & > 0. Define the functiond; : X x X —
[0,00) by d;(x,y) = a(x+Yy). Then (X,d;) is a dislocated metric space.
Example 2.12. If X = RT U {0}, then by (x,y) = (x+y)? defines a b-dislocated metric on X

with parameter s = 2.

We prove the following lemma which is used to prove our results.

Lemma 2.13. Let (X,b,) be complete b-dislocated metric space with parameter s > 1 and let

{x} be a sequence such that

lim bd(xn,xn+1) =0. (2.1)

n—soo
If {x,} is not Cauchy, then there exists € > 0 and two subsequences {xy, } and {x,, } of {x,}
with ng > my. > k (positive integers) such that by (X, ,Xn,) > €, ba(Xpy ,Xn,—1) < €, and

& .
2 < lim sup by (xp,—1,%p—1) < Es,
k—yoo

™

— < limsup by(Xp—1,Xm,) < es?,
k—ro0

< limsup bg(Xp—1,%n,) < es>.

k—oo

yL | Mh 6
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Proof. If {x,} is not a b;-Cauchy sequence, then there exists € > 0 for which we can find two

subsequences {x,, } and {x,, } of {x,} such that n; is smallest index for which
ng > my >k, bd(xmk,xnk) > E. (2.2)

This means that
ba(Xmy,Xn—1) < E. (2.3)
From (2.2) and property (c) of Definition 2.4, we have

€< bd<xmkuxnk) < de(xmkaxmkfl) +de(xmk717xnk)

(2.4)
S de(xmkaxmkfl) + szbd(xmkfl 7xnk71) + Szbd(xnkfl 7xnk>'
Taking the upper limit as k — oo in (2.4) and using (2.1)-(2.3), we get
€ .
— < lim sup by (X, —1,Xn,-1)- (2.5)
S k—so0
By triangular inequality, we have
bq (xmk—l 1 Xn—1 ) < sby (xmk—l 7xmk) +sby (xmk 1 Xnp—1 )
Taking the upper limit as k — oo, we get
lim sup bg (X, —1,%n—1) < €. (2.6)
k—o0
It follows from (2.5) and (2.6) that
€ .
S_2 S hmksglibd(‘xmk*hxnkfl) S 8S7 (27>
and
€ S bd(xmkaxnk) S de<xmkaxmk—1 ) + de(xmk—l 7-x}’lk)'
Taking the upper limit as k — oo, we get
€ .
— < lim sup by (Xpm,—1,%n, ), (2.8)
S k—>o0
and
3 S bd(xmk7xnk) S de(xmkaxnkfl) + de(xnkfl 7-xnk>'
They imply
€
— < lim sup by (Xp—1,%m, )- (2.9)
S k—oo
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Since by (Xn,—1,Xm;) < $ba(Xp—1,Xme—1) + b (Xpm,—1,Xm, ), we find (2.1) and (2.7) that
lim sup by (X, —1,Xm,) < slim sup by (Xp, —1,%m, 1) < €5°. (2.10)
k—>o0 k—>o0

Consequently, we have

< 1im sup by (X, —1,%m,) < € (2.11)
k—oo

vy | tn

and
bd(-xmk—laxnk) < de(xmk—l,xnk—l) +de(xnk—17xnk)'

Using (2.1), (2.7) and (2.8), we have

lim sup by (X, —1,Xn,) < slim sup bg (X, —1,%n—1) < es’.
k—yoo k—yo0
Consequently, we arrive at

< lim sup by (Xp,—1,Xn,) < £s.
k—yoo

“L | M

This completes the proof.

3. Main results

Based on the definitions of Cirié contraction in [23], we introduce the definitions of (y, s, @)-
contractive mappings in the setting of b-dislocated metric spaces. Some fixed point results for

these contractions are obtained in such spaces.

Definition 3.1. Ler (X, b,) be a b-dislocated metric space with parameter s > 1. A self-mapping

T : X — X is called a s — o contraction if it satisfies the following condition:
de(T)C, Ty) < (de(X,y)

forall x,y € X, where a. € [0,1).

Definition 3.2. Let (X, b,) be a b-dislocated metric space with parameter s > 1. A self-mapping

T :X — X is called a (y,s, a)-contraction if there exist y € ¥ such that

W (sba(Tx, Ty)) < ay(ba(x,y))

forall x,y € X, where o € [0, 1).
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Definition 3.3. Let (X,b,) be a b-dislocated metric space with parameter s > 1. If T : X — X

is a self mapping that satisfies:

by(x,Ty)+by(y, Tx
(T T) < i { (1), b ), b, 7y), P22 AT

forall x,y € X, where a. € [0,1). Then T is called a s — ot-generalized contraction.

Definition 3.4. Let (X,b,) be a b-dislocated metric space with parameter s > 1. We say that

a self-mapping T : X — X is a (y,s, &)-generalized contractive mapping if there exist y € ¥
such that

v (sby (Tx,Ty)) < ay (max {bd (x,¥),bg (x,Tx) by (y,Ty) ba (1) I;bd 0. T%) }) (3.1)

forall x,y € X, where 0 < ox < 1.

Theorem 3.5. Let (X,b;) be a complete b-dislocated metric space with parameter s > 1 and

letT:X — X be a (y,s,a)-generalized contractive mapping. Then T has a unique fixed point
inX.

Proof. Let xo be an arbitrary point in X. Define an iterative sequence {x,} as follows:
x1=T(x0),x2=T(x1), ..., xXn11 =T (xn), ..., n>0.

If by(xp,xp+1) = O for some n € N, then x,,| = x,, that is x,, = x,+1 = T(x,). Hence, x, is a
fixed point of T and the proof is completed. Consequently, we assume that b;(x,, x,+1) > 0 for

all n € N, that is, x,,+ | # x,. By condition (3.1), we have

W (ba (XnsXn11)) < W (sba (Xn, Xn+1))
=y (sby (Txp—1,Txy))

ba (xXp—1,%n) ,ba (Xp—1,Txp—1) ,ba (xn, Txp),

<o max
s oy b (Xn—1,T%2)+bg (%0, TXp—1)
4s
(3.2)
—a max bd (xn—17-xn)7bd (xn—lvxn>7bd (-xn7xn+1>7
o ll/ by (xn—l Knt1 )+bd (xmxn)
4s
< qw | max ba (Xn—1,%n) sba (Xn—1,%) sba (Xn, Xn11) 5
=y 1B (a1 20) b G )1+ 25b (1)

4s
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If by(xn—1,%1) < bg(xn,xn+1) for some n € N, then we find from inequality (3.2) that

Y (ba(xn, Xn+1)) < QW (ba(Xn; Xn+1))- (3.3)

It follows that y(by(x,,x,+1)) = 0. Using the property of function y, we have by (x,,x,+1) =0,

which is a contradiction. Hence,

ba(xn,Xn+1) < ba(xn—1,Xn)

for each n € N, that is, sequence {b4(xy,x,+1)} is nonincreasing and bounded below. Thus there
exists > 0 such that lim b;(x,,x,+1) = r. We claim that r = 0. If not, that is, lim by (x,,x,+1) =
n—yoo n—yo0

r > 0. Applying contractive condition (3.2) yields that

W (bg (x¥n,Xn1)) < oy (max{bg (¥, Xni1),ba ($n—1,%n)}). (3.4)
Taking limit as n — oo in (3.4), we get y(r) < ooy/(r) which is a contradiction. Hence

lim bd(xn,an) =0. (35)

n—oo

Next, we show that {x,} is a bs-Cauchy sequence in X. Suppose the contrary, that is, {x,}
is not a bz-Cauchy sequence. Then by Lemma 2.14, there exists € > 0 and two subsequences
{xm, } and {x,, } of {x,} with ny > my > k such that by(x,, , %, ) > €, bg(Xp, ,Xn,—1) < € and

€ .
2 < lim sup by (X, —1,%p,—1) < €,

k—ro0

€
— <lim sup bd(xnk_l,xmk) < 8527 (3.6)

< 1im sup by (Xpm—1,%n,) < €57
k—yoo

From contractive condition (3.1), we have
W(de(xmkvxnk)) = W(de(Txmk—l , Txnk—l))

maX{,bd(xmk_] 7'xi’lk—1)7bd(xmk—1 ) Txmk—l)abd(xnk—l ) Txnk—1)>

bd(-xmkfl 7Txnk71)+bd(xnk71 7Txmk71) }
4s

< oy

. max{bd (xmk—l 7xnk—1)7 bg (xmk—l axmk)a bq (xnk—l >xnk)>
o all/ bd(xmkfl7xnk)+bd(xnkfl7xmk)

4s }
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Taking the upper limit as kK — o in (3.7) and using (3.6), we get

y(se) < ay(max(e5,0,0,'}) < ary(es)

which finds a contradiction due to the property of y. Thus the sequence is a b;-Cauchy sequence
in (X,by). So there exist some u € X, such that {x,} is convergent to u. If T is a continuous

mapping, we get

T(u) = T (lim x,) = lim T(x,) = lim (x,1) = u.

Thus u is a fixed point of 7. If T is not continuous then, we consider

W (sba (Xut1,Tu)) = ¥ (sba (Txn, Tu))

bd (xl’Hu) 7bd (xna TXI’!) 7bd (M, Tu) )

<

S oy | max bd(meu)Z;bd(u,Txn) (3.8)
. bd (Xn,u),bd (xnaxn-i-l)vbd (u,Tu),

= Yy | max b (xn, Tu)+bg(u,x,11)

4s

Taking the upper limit in (3.8) and using Lemma 2.10 and (3.5), we find that

wba (0. 10) = v (5320070
<oy (max{mo,bd @J@,W}) (3.9)
< @y (ba (u,Tu)).

From inequality (3.9) and property of function y, we have b;(u, Tu) = 0 and Tu = u. Hence u
is a fixed point of 7.
Now, we are in a position to show the uniqueness. Let u and v be two fixed points of 7', where

Tu=uand Tv=v. Let us prove that if u is a fixed point of 7. Then we have b, (u,u) = 0. From
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contractive condition (3.1), we see that

W(bd(uvu» < l[/(de<I/t,I/l))
= l[/(de<TI/l,Tu))

ba (I/t, bt) N (I/t, TM) N (I/t, T”) )

bg(u,Tu)+by(u,Tu)
4s

bd (I/t, Lt) abd (M,I/t) 7bd (I/l,l/t) 5

ba(u,u)+bg(u,u)
4s

< oy | max

= oy | max

IN

oy (by(u,u)).

From the inequality above and the property of function y, we have b;(u,u) = 0 . Again, using

condition (3.1), we have

Y (ba(u,v)) < y(sby(u,v))=y(sby(Tu,Tv))
by (u,v),bg(u,Tu),by (v,Tv),

oy max{ b (u,Tv)+by (v,Tu)
4s

IN

ba (u,v),bg (u,u),bg (v,v),

bd(u>v)+bd(v7u)
4s

= oy | max

IN

ay (max {bd (u,v),0,0, bq (2? V) })

O“/j(bd (Lt, )) :

IN

So, by the above inequality and property of y, we get b;(u,v) = 0. Therefore u = v, and the

fixed point is unique. This completes the proof.
The following example illustrates Theorem 3.5.

Example 3.6. Let X = [0,1] and by(x,y) = (x+y)? for all x,y € X. It is clear that, b, is a
b-dislocated metric on X with parameter s = 2. Also, b, is not a dislocated metric or a b-metric

or a metric on X. Define the self-mapping 7 : X — X by Tx = £. For all x,y € [0,1], and the
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function y(t) = 2¢, we have

W (sbq (Tx,Ty))
2
G () e
= 520 = 5520 () = ¥ b)) S @y (B )

< ay (max {bd (%,) sba (x,Tx) ,bq (v, Ty), balx, Ty);;bd SAL) }) :

All of the conditions of theorem are satisfied, and x = 0 is a unique fixed point of 7.

If s =1 in Theorem 3.5, we deduce the following theorem in the setting of dislocated metric

spaces.

Corollary 3.7. Let (X,d;) be a complete b-dislocated metric space, and T : X — X is a self
mapping that satisfies:

v(d (Tx,Ty)) < ay (max {dl (x,y),d; (x,Tx) ,d; (y,Ty), d (x,Ty) Zdl (y,Tx) })

forall x,y € X, where 0 < < 1, w € W. Then T has a unique fixed point in X.

The following example shows that Theorem 3.5 is a proper generalization.

Example 3.8. Let X = [0,1] and d; : X*> — R* by d;(x,y) = (x+y) for all x,y € X. It is clear
that d; is a dislocated metric on X and (X,d)) is complete. Also d; is not a metric on X. Define

a self-mapping 7 : X — X by

o
IN
=

<1,

~

=

I
o0l =

We have the following cases:

Case 1. If x =y =0, then

v (di(Tx,Ty)) = y(di(0,0)) = w(0) < ay(0) = ay(d(0,0)).

Case 2. If 1 > x=1y >0, then

v(d(Tx,Ty)) =y (dz (%g)) =y (%x) =y (é2x> =y (%dz (x,y)) < ay(d(x,y)).
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Case 3. If 0 <x <y <1, then

w(dy(Tx,T1)) = w<dl (%%)

Case 4. If 1 > x>y >0, then
vars 1) = v(a(32) =v((G+3) v (360) <v(gatn)
< ayld(y)

We see that @ exists since in all cases have y (%dl (x,y)) < w(d;(x,y)). That means

v (%dl (X,y))
W(dl (xvy))

Thus all of the conditions of Theorem 3.5 are satisfied and 7 has a unique fixed point in X.

<1.

Therefore, if we see the special case (corollary) of above theorem as

v(d(Tx,Ty)) < ay(di(x,y)).

It is noted that, forx =1 and y = 100 in the usual metric space (X,d) where d(x,y) = |x —y| we

() ) () (2
viaton=v(a(155)) =v (55 )

We can see that inequality y (800) <oy ( 100) holds for ¢ > 1 since function y is increasing

have

and ¥ (735) < W (555)- So the contractive condition is not true in the usual metric on X. Also,

we can say the same in the setting of b-metric space (X,d), where d(x,y) = |x —y|?.

Theorem 3.9. Let (X,b,) be a complete b-dislocated metric space with parameter s > 1 and
T : X — X a self-mapping satisfying the following condition

by (x, TX)Lbd (v, Ty) })

W(sba(Tx,Ty)) < ay (max {bd (x.y).

forall xy € X, where 0 < o < 1, w € Y. Then T has a unique fixed point in X.
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Proof. Note that

ba (x,Tx) + by (y,Ty) }

max{bd (xvy)a 4

bd ()C, Ty) +bd (y7 Tx) }

Smax{bd(xay)7bd<x7Tx)7bd(y7Ty) 4s

holds for all x,y € X. Using the monotonic property of function y, we find from Theorem 3.5

the desired conclusion immediately.

In the following we are giving some periodic point results. Obviously, if 7" is a map which
has a fixed point u, then u is also a fixed point of 7" for every n € N, that is, Fix(T) C Fix(T").
However the converse need not be true. If a self-mapping 7 : X — X satisfies: Fix(T) = Fix(T")

for each n € N, then T is said to have property P.

Theorem 3.10. Let (X,b,) be a complete b-dislocated metric space with parameter s > 1 and

a self-mapping T : X — X is a (Y, s, a)-generalized contractive mapping. Then T satisfies the
property P.
Proof. From Theorem 3.5, we see that T has a unique fixed point in X. Letting u € Fix(T"),

we find from condition (3.1) that
W(bd (I/t, Tu))
< W(de (I/t, TM))
=y (sbd (Tmu, fidan u))

=y (sbg (TT" 'u, TT™u))

by (T'”_lu T'”u) by (Tm_lu Tmu) by (Tmu Tm+1u)
’ ) ’ ’ ) ’ 3.10
S (Xl[/ max bd(Tm_]M,Tm+lu)+bd(TmM7Tmu) ( )
4s

by (Tm_lu, u) by (Tm_lu,u) yba(u,Tu),

= oy | max bd(T’”*lu,Tu)—O—bd(u,u)
4s

by (Tm’lu, u) ,by (Tm’lu,u) ba(u,Tu),

< ay | max sbd(T’”*lu,u)+sbd(u,Tu)+25bd(T'"71MM)

4s

If by (T 'u,u) < by(u, Tu), then we find from inequality (3.10) that

W(ba(u,Tu)) < oy (by(u, Tu)),
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which implies y(by(u,Tu)) =0. So by(u, Tu) = 0. Hence u is a fixed point of T'. If b, (u, Tu) <
by(T™ 'u,u), then

W(ba(u,Tu)) < ay(ba(T" " u,u)). (3.11)
Applying condition (3.1), we have

v (bd (u, 71 u))
<y (s (170,77 1)) = (g (1770 7T720)

ba (T 1u, T 2u) b (T u, T™u)
< oy | max bd T’” Ly, rm-1 )erd(Tm_zu T”’u)
by (Tm 2y, T lu), v -
(3.12)
by (T u, T"2u) by (T™ u,u) ,bg (T"2u, T" 'u),
= OY\ max Qg (-t )+bd(T’” 2uu)
by (T’"*lu, Tmfzu) by (Tmflu,u) by (Tmfzu, Tmflu) ,
SO“V max 2sbd(T”‘*lu,u>+sbd(T’"*zu,T’”*lu)—}—sbd(T’"*lu,u)
4s
If by (T 2u, T"™ 'u) < by(T™ 'u,u), then we find from (3.12) that
W(ba(T" 1)) < ay(ba(T" u,u).
Using (3.10), we get by (u, Tu) = 0. Hence u is a fixed point of 7. If
ba(T™ u,u) < bg(T" 2u, T" ),
we find from (3.11) that
l[/(bd(Tm_lu,u)) < OCl//(bd(Tm_zu,Tm_]u)). (3.13)

By virtue of (3.11) and (3.13), we get

V(ba(u,Tu)) < oy (by (Tm_lu,u)) < Oczlll(bd (Tm_zu,Tm_lu)) <---<a'y(by(u,Tu)).

As aresult, we have b, (u, Tu) = 0. Hence Tu = u and u is a fixed point of 7.

If s =1 in Theorem 3.10, we deduce the following corollary in the setting of dislocated metric

spaces.
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Corollary 3.11. Let (X,d;) be a complete b-dislocated metric space and a self-mapping T :

X — X that satisfies the following condition:

dl ()C,y) adl (X,T)C) 7dl (ya Ty)u

VT S ay | mx) g

forall x,y € X, where 0 < < 1, w € W. Then T satisfies property P.

Remark 3.12. Since every b-metric space is a b-dislocated metric space with the same param-
eter, our results can be seen as a generalization of several corresponding results in metric and

b-metric spaces.
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