
Commun. Optim. Theory 2017 (2017), Article ID 21 https://doi.org/10.23952/cot.2017.21

FIXED POINTS FOR (α,ψ)-KHAN-RATIONAL GERAGHTY CONTRACTIVE
MAPPINGS
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Abstract. In this paper, we study some results on the existence of fixed points for a class of (α,ψ)-Khan-rational

Geraghty contractive mappings. Our main results extend and unify the corresponding results in Fisher [3] and

Shahi et al. [5].
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1. Introduction and preliminaries

In the mid-sixties ten, fixed points results dealing with general contractive conditions with

rational expressions were appeared. On of the well-known works in this direction were estab-

lished by Khan [4]. After that, Fisher [3] gave a revised version of Khan result as follows.

Theorem 1.1. Let (X ,d) be a complete metric space and let T : X → X satisfy

d(T x,Ty)≤

k d(x,T x)d(x,Ty)+d(y,Ty)d(y,T x)
d(x,Ty)+d(T x,y) , i f d(x,Ty)+d(T x,y) 6= 0,

0, i f d(x,Ty)+d(T x,y) = 0,
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where k ∈ [0,1) and x,y ∈ X. Then T has a unique fixed point x∗ ∈ X. Moreover, for all x ∈ X,

the sequence {T nx} converges to x∗.

Definition 1.2. Let X be a nonempty set, T : X → X and α : X ×X → [0,∞) be two mappings.

We say that T is α-admissible if for all x,y ∈ X , α(x,y)≥ 1 implies that α(T x,Ty)≥ 1.

Definition 1.3. Let X be a nonempty set and α : X ×X → [0,∞) be a mapping. We say that α

is transitive if for all x,y,z ∈ X , α(x,y)≥ 1 and α(y,z)≥ 1 implies that α(x,z)≥ 1.

Let Ψ be a family of functions ψ : [0,∞)→ [0,∞) satisfying the following conditions:

(Ψ1) ψ is nondecreasing.

(Ψ2) ∑
∞
n=1 ψn(t)< ∞ for all t > 0, where ψn is the n-th iterate of ψ .

It can be easily verified that if ψ ∈Ψ, then ψ(t)< t for any t > 0.

Define Φ = {ϕ | ϕ : [0,∞)→ [0,∞)} such that ϕ is Lebesgue integrable and satisfies∫
ε

0
ϕ(t)dt > 0, ∀ε > 0.

Very recently, Shahi et al. [5] gave the integral version of (α,ψ)-contractive type mappings and

proved some related fixed point theorems.

Definition 1.4. Let (X ,d) be a metric space and T : X → X be a given mapping. We say that T

is an (α,ψ)-contractive mapping of integral type if there exist two functions α : X×X→ [0,∞)

and ψ ∈Ψ such that for each x,y ∈ X ,

α(x,y)
∫ d(T x,Ty)

0
ϕ(t)d(t)≤ ψ

(∫ d(x,y)

0
ϕ(t)d(t)

)
,

where ϕ ∈Φ.

Theorem 1.5. Let (X ,d) be a complete metric space and α : X ×X → [0,∞) be a transitive

mapping. Suppose that T : X→X is an (α,ψ)-contractive mapping of integral type and satisfies

the following conditions:

(i) T is α-admissible;

(ii) there exists x0 ∈ X such that α(x0,T x0)≥ 1;

(ii) T is continuous.

Then T has a fixed point, that is, there exists z ∈ X such that T z = z.

2. Main results
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Definition 2.1. Let (X ,d) be a metric space with constant s ≥ 1 and T : X → X be a given

mapping. We say that T is an (α,ψ)- rational Geraghty contractive mapping of integral type,

if there are a function α : X ×X → [0,∞) and a continuous function ψ ∈ Ψ such that for all

distinct x,y ∈ X . If max{d(x,Ty),d(T x,y)} 6= 0, then

α(x,y)
∫ d(T x,Ty)

0
ϕ(t)d(t)≤ ψ

(∫ MT (x,y)

0
ϕ(t)d(t)

)
, (2.1)

where, ϕ ∈Φ and

MT (x,y) = max
{

d(x,y),
d(x,T x)d(y,Ty)

d(x,y)
,
d(x,T x)d(x,Ty)+d(y,Ty)d(y,T x)

max{d(x,Ty),d(T x,y)}
,

}
,

and if max{d(x,Ty),d(T x,y)}= 0, then T x = Ty.

Theorem 2.2. Let (X ,d) be a complete b-metric space with constant s ≥ 1 and α : X ×X →

[0,∞) be a transitive mapping. Suppose that T : X → X be an (α,ψ)-rational Geraghty con-

tractive mapping of integral type I and satisfies the following conditions:

(i) T is α-admissible;

(ii) there exists x0 ∈ X such that α(x0,T x0)≥ 1;

(ii) T is continuous.

Then T has a fixed point x∗ ∈ X.

Proof. Put xn+1 = T xn = T n+1x0 for all n ∈ N0. If there exists n ∈ N such that xn = xn−1, then

xn−1 is a fixed point of T. This completes the proof. Therefore, we suppose that

d(xn,xn−1)> 0, ∀n ∈ N. (2.2)

Due to the fact that T is α-admissible, we find that for all n ∈ N0

α(xn,xn+1)≥ 1. (2.3)

We shall divide the proof into two cases.

Case 1. Assume that

max{d(xm,T xn),d(T xm,xn)} 6= 0, ∀m ∈ N,∀n ∈ N0. (2.4)

By applying inequality (2.1) with x = xn−1 and y = xn and using (2.3), we deduce that∫ d(xn,xn+1)

0
ϕ(t)d(t)≤ ψ

(∫ MT (xn−1,xn)

0
ϕ(t)d(t)

)
. (2.5)
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Since

MT (xn−1,xn) = max


d(xn−1,xn),

d(xn−1,T xn−1)d(xn,T xn)

d(xn−1,xn)
,

d(xn−1,T xn−1)d(xn−1,T xn)+d(xn,T xn)d(xn,T xn−1)

max{d(xn−1,T xn),d(T xn−1,xn)}
,


≤max{d(xn−1,xn),d(xn,xn+1)} .

(2.6)

If d(xn,xn+1) > d(xn−1,xn), then MT (xn−1,xn) ≤ d(xn,xn+1). From (2.5), (2.6) and (Ψ1), we

get ∫ d(xn,xn+1)

0
ϕ(t)d(t)≤ ψ

(∫ d(xn,xn+1)

0
ϕ(t)d(t)

)
<
∫ d(xn,xn+1)

0
ϕ(t)d(t),

which is a contradiction (from the property of ψ , we have ψ(t) < t for any t > 0). Thus, we

conclude that d(xn,xn+1)≤ d(xn−1,xn). By utilizing (2.6) and (Ψ1), we derive from (2.5) that∫ d(xn,xn+1)

0
ϕ(t)d(t)≤ ψ

n
(∫ d(x0,x1)

0
ϕ(t)d(t)

)
. (2.7)

From (2.2) and (Ψ2), we find that

lim
n→∞

ψ
n
(∫ d(x0,x1)

0
ϕ(t)d(t)

)
= 0. (2.8)

which implies that

lim
n→∞

d(xn,xn+1) = 0. (2.9)

Now, we claim that

lim
n,m→∞

d(xn,xm) = 0.

Arguing by contradiction, we assume that there exist ε > 0, the sequences {p(n)}∞
n=1 and

{q(n)}∞
n=1 of natural numbers such that

p(n)> q(n)> n, d(xp(n),xq(n))≥ ε, d(xp(n)−1,xq(n))< ε, ∀n ∈ N. (2.10)

Let u,v ∈ N and u < v. In view of triangular inequality and using (2.9), we deduce that

lim
n→∞

d(xp(n)+u,xp(n)+v) = 0. (2.11)

From (2.10), we get

ε ≤ d(xp(n),xp(n)−1)+d(xp(n)−1,T xq(n)−1), ∀n ∈ N. (2.12)

It follows from (2.8) and (2.12) that

liminf
n→∞

d(xp(n)−1,T xq(n)−1)≥ ε.
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So, there exists N ∈ N such that for all n≥ N,

max{d(xp(n)−1,T xq(n)−1),d(T xp(n−1),xq(n)−1)} ≥ d(xp(n)−1,T xq(n)−1)≥
ε

2
. (2.13)

Since ψ is a continuous and nondecreasing, so by applying inequality (2.1) with x = xp(n) and

y = xq(n) and using (2.3) and (2.10), we deduce that∫
ε

0
ϕ(t)d(t)≤ ψ

(
limsup

n→∞

∫ MT (xp(n)−1,xq(n)−1)

0
ϕ(t)d(t)

)
. (2.14)

On the other hand, for all n≥ N1, we have

MT (xp(n)−1,xq(n)−1)

= max


d(xp(n)−1,xq(n)−1),

d(xp(n)−1,T xp(n)−1)d(xp(n)−1,T xq(n)−1)

d(xp(n)−1,T xq(n)−1)

+
d(xq(n)−1,T xq(n)−1)d(xq(n)−1,T xp(n)−1)

max{d(xp(n)−1,T xq(n)−1),d(T xp(n)−1,xq(n)−1)}


≤max


ε +d(xq(n),xq(n)−1)

ε
,
2d(xp(n)−1,xp(n))d(xq(n)−1,xq(n))

ε
,

d(xp(n)−1,xp(n))d(xp(n)−1,xq(n))+d(xq(n)−1,xq(n))d(xq(n)−1,xp(n))

ε

 ,

which implies from (2.11) that

limsup
n→∞

MT (xp(n)−1,xq(n)−1)≤ ε.

Since, the function s→
∫ s

0 ϕ(t)d(t) and ψ are increasing and continuous, so we get

ψ

(
limsup

n→∞

∫ MT (xp(n)−1,xq(n)−1)

0
ϕ(t)d(t)

)
≤ ψ

(∫
ε

0
ϕ(t)d(t)

)
(2.15)

Since ψ(t)< t, for all t > 0, so from (2.14) and (2.15), we get a contradiction. This implies that

limn,m→∞ d(xn,xm) = 0. Hence {xn}∞
n=1 is a Cauchy sequence in (X ,d). Due to the complete-

ness of (X ,d), there exists x∗ ∈ X such that xn→ x∗ as n→ ∞. The continuity of T yields that

T xn→ T x∗ as n→ ∞ , that is, xn+1→ T x∗ as n→ ∞. By the uniqueness of the limit, we obtain

x∗ = T x∗. Therefore, x∗ is a fixed point of T .

Case 2. Assume that there exist m ∈ N and n ∈ N0 such that

max{d(xm,T xn),d(T xm,xn)}= 0. (2.16)

Since T is (α,ψ)-rational Geraghty contractive mapping of integral type, so we have T xm =

T xn. It follows from (2.16) that, xn = T xm = T xn = xm. This completes the proof.
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Theorem 2.3. Let (X ,d) be a complete metric space and let T : X → X be a self-mapping such

that for all x,y ∈ X

d(T x,Ty)≤

λMT (x,y), i f max{d(x,Ty),d(T x,y)} 6= 0,

0, i f max{d(x,Ty),d(T x,y)}= 0,

where, λ ∈ (0,1) and NT (x,y) are as in Definition 2.1. Then T has a unique fixed point x∗ ∈ X.

Proof. It is suffice to take ϕ(t) = 1, for all t ≥ 0 and α(x,y) = 1, for all x,y ∈ X in Theorem

2.2.

Remark 2.4. Obviously, Theorem 2.2 is a generalization of Theorem 2.1 of [5] and Theorem

2.3 is a generalization of the main result of [3].
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