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Abstract. In this paper, we study some results on the existence of fixed points for a class of (o, y)-Khan-rational
Geraghty contractive mappings. Our main results extend and unify the corresponding results in Fisher [3] and
Shahi et al. [5].
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1. Introduction and preliminaries

In the mid-sixties ten, fixed points results dealing with general contractive conditions with
rational expressions were appeared. On of the well-known works in this direction were estab-

lished by Khan [4]. After that, Fisher [3] gave a revised version of Khan result as follows.

Theorem 1.1. Let (X,d) be a complete metric space and let T : X — X satisfy

d(Tx, Ty) < K ) if d(x.Ty) +d(Tx,y) #0,

0, if d(x,Ty)+d(Tx,y)=0,
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where k € [0,1) and x,y € X. Then T has a unique fixed point x* € X. Moreover, for all x € X,

the sequence {T"x} converges to x*.

Definition 1.2. Let X be a nonempty set, 7 : X — X and o : X x X — [0,0) be two mappings.
We say that T is o-admissible if for all x,y € X, o(x,y) > 1 implies that o(Tx,Ty) > 1.

Definition 1.3. Let X be a nonempty set and & : X x X — [0,0) be a mapping. We say that o
is transitive if for all x,y,z € X, a(x,y) > 1 and a(y,z) > | implies that a(x,z) > 1.

Let ¥ be a family of functions y : [0,00) — [0,0) satisfying the following conditions:

(¥1) y is nondecreasing.

(W2) Yo W (t) < oo for all r > 0, where y" is the n-th iterate of y.

It can be easily verified that if v € P, then y(¢) < ¢ for any ¢ > 0.
Define ® = {¢ | ¢:[0,00) — [0,o0)} such that ¢ is Lebesgue integrable and satisfies

t
/ o(1)dt >0, Ve >0.
0

Very recently, Shahi et al. [5] gave the integral version of (o, y)-contractive type mappings and

proved some related fixed point theorems.

Definition 1.4. Let (X,d) be a metric space and 7 : X — X be a given mapping. We say that T
is an (@, y)-contractive mapping of integral type if there exist two functions & : X X X — [0, 00)

and y € ¥ such that for each x,y € X,

o) [ o) < v ([ owan ).

where ¢ € .

Theorem 1.5. Let (X,d) be a complete metric space and o, : X x X — [0,00) be a transitive
mapping. Suppose that T : X — X is an (o, ¥)-contractive mapping of integral type and satisfies
the following conditions:

(i) T is o--admissible;

(ii) there exists xo € X such that o(xg, Txp) > 1;

(ii) T is continuous.

Then T has a fixed point, that is, there exists z € X such that Tz = z.

2. Main results
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Definition 2.1. Let (X,d) be a metric space with constant s > 1 and 7 : X — X be a given
mapping. We say that T is an (@, ¥)- rational Geraghty contractive mapping of integral type,
if there are a function o : X x X — [0,e) and a continuous function y € ¥ such that for all

distinct x,y € X. If max{d(x,Ty),d(Tx,y)} # 0, then

(Tx,Ty) T(x.y)
atey) [ owa < ([ g0t ). 2.1

where, ¢ € ® and

d(x,Tx)d(y,Ty) d(x,Tx)d(x,Ty)+d(y,Ty)d(y,Tx) }

M = d
) = e T
and if max{d(x,Ty),d(Tx,y)} =0, then Tx = Ty.

Theorem 2.2. Let (X,d) be a complete b-metric space with constant s > 1 and ot : X x X —
[0,00) be a transitive mapping. Suppose that T : X — X be an (a, y)-rational Geraghty con-

tractive mapping of integral type I and satisfies the following conditions:

(i) T is a-admissible;
(ii) there exists xo € X such that ot(xo,Txo) > 1;

(ii) T is continuous.

Then T has a fixed point x* € X.

Proof. Put x,, | = Tx, = T"*1x, for all n € Ny. If there exists n € N such that x,, = x,,_;, then

xp—1 1s a fixed point of T. This completes the proof. Therefore, we suppose that
d(xn,xp—1) >0, VneN. (2.2)
Due to the fact that 7" is ¢t-admissible, we find that for all n € Ny
0, 1) > 1 (23)

We shall divide the proof into two cases.

Case 1. Assume that
max{d(xpy, Tx,),d(Txm,xn)} #0, Vm € N,Vn € Ny. (2.4)

By applying inequality (2.1) with x = x;,_; and y = x,, and using (2.3), we deduce that

/Od(xn,xn+1) o(H)d(1) < v (/()Mr(x,,l,xn) (p(t)d(t)) : (2.5)
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Since
d(xp—1,Tx,_1)d(x,, Txy,
1,50, 22100, )
d(xn—laxn)
d(xp—1,Txp—1)d(xp—1,Txy) +d(xp, Txp)d (X, Txp—1)
max{d(x,_1,Txn),d(Txp—1,%n)} ’

My (xp—1,%,) = max
(2.6)

< max{d(xy—1,%n),d(Xn,Xn+1)} -

If d(x,X5+1) > d(xp—1,%n), then My (x,—1,x,) < d(xp,x,+1). From (2.5), (2.6) and (¥;), we

/Od(xn,xn+1)¢(t)d(l) < W(/Od(x”’x’”l)(p(;)d(t)) < /Od(xmxnmfp(t)d(t),

which is a contradiction (from the property of y, we have y(¢) < ¢ for any ¢ > 0). Thus, we

get

conclude that d(x,,x,+1) < d(x,—1,x,). By utilizing (2.6) and (¥ ), we derive from (2.5) that

d(XnXn+1) " d(xo,x1)
[T ewaw < ([T pnat) ). 27)
From (2.2) and (¥;), we find that
d(xo.,x1)
lim " ( / (p(t)d(t)) —0. (2.8)
n—oo 0
which implies that
Ji_r)r(}od(xn,xnﬂ) =0. (2.9)

Now, we claim that

lim d(x,,x,)=0.

n,m—oo
Arguing by contradiction, we assume that there exist € > 0, the sequences {p(n)}>_; and
{q(n)}y>_, of natural numbers such that
p(n) > q(n) >n, d(x,m),%m) = € dXpm)—1:Xgm) <& VneN. (2.10)

Let u,v € N and u < v. In view of triangular inequality and using (2.9), we deduce that

,}glgod(xp(n)+uaxp(n)+v) =0. (2 1 1)
From (2.10), we get
e< d(xp(n),xp(n),l) +d(xp(n)717qu(n)fl)7 Vn e N. (212)

It follows from (2.8) and (2.12) that

lir{gigfd(xp(n)—l y qu(n)—l) > E.
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So, there exists N € N such that for all n > N,

€
max{d(xp(n)—bqu(n)—l)7d(Txp(n—l)7xq(n)—l)} > d(xp(n)—la qu(n) ) > 5 (213)
Since y is a continuous and nondecreasing, so by applying inequality (2.1) with x = x,,(,,) and
Y = Xy(n) and using (2.3) and (2.10), we deduce that
My (xp(n)—l Xg(n)—1 )
/ o(1)d(1) < v (hmsup q)(t)d(t)) . (2.14)
n—oo JO
On the other hand, for all n > N;, we have
M (Xp()—15%q(m)~1)
( d (%, —1sTXpm)— 1) X —1, TX () —
Aty 13y 1), 0 T )1 )1 Tt 1)
— max d(Xp(n)— 1,Tx() 1)
d(Xg(n)— 1,TX() DA (Xg(n)—1:TXp(n)-1)
max{d (X1, TXg(m)=1)d(TXp(m)—15Xg(m)—1) }
( €%yt Ygm 1) 2d< pln H’xp<n>)d<xq<n>fbxq<n>>
< € ’
= max ﬁd +d( q(n )—laxq(n))d(xq(n)—bxp(n)) ’
\ €
which implies from (2.11) that
limsupMT(xp(n)_l,xq(n)_l) <e.
n—oo
Since, the function s — [; ¢(¢)d(¢) and y are increasing and continuous, so we get
. MT(xp(n)—l’xq(n)—l) €
v ( limsup o)) < v ( [ o) (2.15)
n—e  JO 0

Since y(¢) <t, forallz > 0, so from (2.14) and (2.15), we get a contradiction. This implies that
1imy, j—se0 d (X, x,) = 0. Hence {x,}>_, is a Cauchy sequence in (X,d). Due to the complete-
ness of (X,d), there exists x* € X such that x, — x* as n — oo. The continuity of 7 yields that
Tx, — Tx* asn — oo, that is, x,1| — Tx* as n — c. By the uniqueness of the limit, we obtain
x* = Tx*. Therefore, x* is a fixed point of T'.

Case 2. Assume that there exist m € N and n € N such that
max{d(xp, Txy),d(Txm,x,)} = 0. (2.16)

Since T is (o, y)-rational Geraghty contractive mapping of integral type, so we have Tx,, =

Tx,. 1t follows from (2.16) that, x, = Tx,, = Tx;, = x,,. This completes the proof.
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Theorem 2.3. Let (X,d) be a complete metric space and let T : X — X be a self-mapping such
that for all x,y € X

AMr(x,y), if max{d(x,Ty),d(Tx,y)} #0,

0, if max{d(x,Ty),d(Tx,y)} =0,

d(Tx,Ty) <

where, A € (0,1) and Nt (x,y) are as in Definition 2.1. Then T has a unique fixed point x* € X.

Proof. It is suffice to take @(z) = 1, for all # > 0 and a(x,y) = 1, for all x,y € X in Theorem
2.2

Remark 2.4. Obviously, Theorem 2.2 is a generalization of Theorem 2.1 of [5] and Theorem

2.3 is a generalization of the main result of [3].
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