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GENERAL NORM INEQUALITIES FOR BOUNDED LINEAR OPERATORS IN
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Abstract. Let B(H) be the space of C∗-algebra of all bounded linear operators on a complex Hilbert space H.

The norm of the sum of bounded linear operators on H has been attracted the attentions of many mathematicians

for along time. In this work, we study the upper bound of the sum of operators belong in B(H) under the usual

operator norm given by ‖A‖= sup‖x‖=1 < Ax,Ax >;x ∈ H. Moreover, we establish and generalize inequalities for

the operator norm of sums of bounded linear operators in Hilbert spaces.
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1. Introduction

Let H be a complex Hilbert space with inner product 〈., .〉 and let B(H) be the space of all

bounded linear operators on H. For A ∈ B(H), let A∗ denote the adjoint operator of A, and ‖A‖

denote the usual operator norm given by

‖A‖= sup
‖x‖=1

‖Ax‖ ,
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where ‖Ax‖= 〈Ax,Ax〉
1
2 .

Several inequalities that provide alternative upper bounds for sum of bounded linear operators

have been established by many authors (we refer the readers to [1], [2], [4], [5], [6], as well as

[8], and the references therein).

Let us present some known basic lemmas that we need to prove our results. The proofs of

our sequels mainly depend on [1] as well as the following lemmas.

Lemma 1.1. [9] Let A ∈ B(H) be a positive operator, and let x ∈ H be a unit vector. Then

〈Ax,x〉r ≤ 〈Arx,x〉 for r ≥ 1,

and

〈Arx,x〉 ≤ 〈Ax,x〉r for r ≥ 1.

The next following lemma is a generalized from of the mixed Schwarz inequality, which has

been proved by Kittaneh in [9].

Lemma 1.2. [9] Let A ∈ B(H), and let f ,g be non-negative continuous functions on [0,∞)

satisfying f (t)g(t) = t for all t ∈ [0,∞). Then, for all x,y ∈ H,

| 〈Ax,y〉 | ≤ ‖ f (|A|)x‖‖g(|A∗|)y‖.

The next lemma is a simple consequence of the classical Jensen’s inequality concerning the

convexity or the concavity of certain power functions. It is a special case of Schlilch’s inequality

for the weighted means of non-negative real numbers.

Lemma 1.3. [7]. For a,b≥ 0, 0 < α < 1, and r 6= 0. Let Mr(a,b,α) = (αar +(1−α)br)
1
r and

M0(a,b,α) = aαb1−α . Then

Mr(a,b,α)≤Ms(a,b,α) for r ≤ s.

The purpose of this work is to establish some new norm inequalities of bounded linear oper-

ators in Hilbert spaces. Also, we generalize and refine some known results.

2. Main results
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In this section, we prove some new inequalities for the operator norm of sums of bounded

linear operators in Hilbert spaces. Our results are described in the following theorems.

Theorem 2.1. Let Ai,Bi,Xi ∈ B(H)(i = 1,2, ...n) and m ∈ N. Assume that α ∈ (t, t + 1) with

t ≥ 0. Let f , g be given functions as in Lemma 1.2. Then for any r ≥ 1,∥∥∥∥∥ n

∑
i=1

XiAm
i Bi

∥∥∥∥∥
r

≤ nr−1

m

m

∑
j=1

(∥∥∥∥∥ n

∑
i=1

α

2(t +1)
M

r(t+1)
α

i j

∥∥∥∥∥+
∥∥∥∥∥ n

∑
i=1

(1− α

2(t +1)
)N

r
2− α

t+1
i j

∥∥∥∥∥
)
, (2.1)

where

Mi j = B∗i f 2
(∣∣∣Am− j

i

∣∣∣)Bi and Ni j = A j
i Xig2

(∣∣∣A∗m− j

i

∣∣∣)A∗
j

i X∗i .

Proof. Let x,y ∈ H be any unit vectors. Then it is trivial to obtain that∣∣∣∣∣
〈

n

∑
i=1

XiAm
i Bix,y

〉∣∣∣∣∣
r

≤ 1
m

m

∑
j=1

(
n

∑
i=1
|〈XiAm

i Bix,y〉|
)r

=
1
m

m

∑
j=1

(
n

∑
i=1

∣∣∣〈Am− j
i Bix,A∗

j

i X∗i y
〉∣∣∣)r

.

Thus, by Lemma 1.1, Lemma 1.2, Lemma 1.3, and [Lemma 2.4, [1]], we deduce that∣∣∣∣∣
〈

n

∑
i=1

XiAm
i Bix,y

〉∣∣∣∣∣
r

≤ nr−1

m

m

∑
j=1

(
n

∑
i=1

∥∥∥ f (
∣∣∣Am− j

i

∣∣∣)Bix
∥∥∥r ∥∥∥g(

∣∣∣A∗m− j

i

∣∣∣)A∗ j

i X∗i y
∥∥∥r
)

=
nr−1

m

m

∑
j=1

(
n

∑
i=1

〈
f
(∣∣∣Am− j

i

∣∣∣)Bix, f
(∣∣∣Am− j

i

∣∣∣)Bix
〉 r

2

×
〈

g
(∣∣∣A∗m− j

i

∣∣∣)A∗
j

i X∗i y,g
(∣∣∣A∗m− j

i

∣∣∣)A∗
j

i X∗i y
〉 r

2
)

≤ nr−1

m

m

∑
j=1

(
n

∑
i=1

〈
Mi jx,x

〉 r
2
〈
Ni jy,y

〉 r
2

)

≤ nr−1

m

m

∑
j=1

(
n

∑
i=1

〈
(Mi j)

rx,x
〉 1

2
〈
(Ni j)

ry,y
〉 1

2

)

≤ nr−1

m

m

∑
j=1

n

∑
i=1

(〈
(Mi j)

r t+1
α x,x

〉 α

2(t+1) ×
〈
(Ni j)

r
2− α

t+1 y,y
〉1− α

2(t+1)
)

≤ nr−1

m

m

∑
j=1

n

∑
i=1

(
α

2(t +1)

〈
(Mi j)

r t+1
α x,x

〉
+(1− α

2(t +1)
)

〈
(Ni j)

r
2− α

t+1 y,y
〉)

.



4 M. ALI, M. AL-DOLAT, D. OBEIDAT

We finish the proof of this theorem by taking the supremum over all unit vectors x,y ∈ H.

We point out that inequality 2.1 includes several norm inequalities as special cases. Samples

of inequalities are demonstrated in what follows; by taking t = 0 and letting α goes to 1, then

our result approaches to [Theorem 3.1, [1]]. Furthermore, for f (x) = xα , g(x) = x1−α with

t = 0; take Xi = Bi = I; and replace (m− j) by j plus A∗ by A, we obtain [Corollary 3.3, [1]].

Following the same arguments used in the proof of Theorem 2.1, we achieve the following

theorem.

Theorem 2.2. Let Ai,Bi,Xi ∈ B(H)(i = 1,2, ...n),m∈N, and let f and g be given as in Lemma

1.2. Assume that
n
∑

i=1
wi = 1 with wi > 0. Then the inequality

∥∥∥∥∥ n

∑
i=1

wiAiXm
i Bi

∥∥∥∥∥
r

≤ 1
2m

m

∑
j=1

(∥∥∥∥∥ n

∑
i=1

wiMr
i j

∥∥∥∥∥+
∥∥∥∥∥ n

∑
i=1

wiNr
i j

∥∥∥∥∥
)

(2.2)

holds for all r ≥ 1, where Mi j = B∗i f 2
(∣∣∣X j

i

∣∣∣)Bi and Ni j = AiX
m− j

i g2
(∣∣∣X∗ j

i

∣∣∣)X∗
m− j

i A∗i .

Proof. For any unit vectors x,y ∈ H, by using Lemma 1.2, we have∣∣∣∣∣ n

∑
i=1
〈wiAiXm

i Bix,y〉

∣∣∣∣∣
r

≤ 1
m

m

∑
j=1

(
n

∑
i=1

wi |〈AiXm
i Bix,y〉|

)r

=
1
m

m

∑
j=1

(
n

∑
i=1

wi

∣∣∣〈X j
i Bix,X∗

m− j

i A∗i y
〉∣∣∣)r

≤ 1
m

m

∑
j=1

(
n

∑
i=1

wi
〈
Mi jx,x

〉 1
2
〈
Ni jy,y

〉 1
2

)r

.

Hence, by Lemma 1.1 as well as Lemma 1.3, and thanks to [3], we get that∣∣∣∣∣ n

∑
i=1
〈wiAiXm

i Bix,y〉

∣∣∣∣∣
r

≤ 1
m

m

∑
j=1

n

∑
i=1

wi
〈
Mi jx,x

〉 r
2
〈
Ni jy,y

〉 r
2

≤ 1
m

m

∑
j=1

n

∑
i=1

wi
〈
Mr

i jx,x
〉 1

2
〈
Nr

i jy,y
〉 1

2

≤ 1
2m

m

∑
j=1

n

∑
i=1

wi
(〈

Mr
i jx,x

〉
+
〈
Nr

i jy,y
〉)

.

By taking the supremum over all unit vectors x,y ∈ H, we complete the proof.
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For all i = 1,2, · · · ,n, take Ai = Bi = I plus wi =
1
n , and also take f (t) = tα , g(t) = t1−α ,

then we reach [Corollary 3.3, [1]]. However, when we take f (t) = t, g(t) = 1 and r = 1, we get

exactly [Theorem 3.4, [1]]

Using [Theorem 2, [10]] and applying the same manner used in proving the above theorems,

we derive the following result.

Theorem 2.3. Suppose that Ai,Bi,Xi ∈ B(H)(i = 1,2, . . . ,n). Then for any p > 1 and λ ≥

max
{
(n−1)p−1,(p−1)p−1} , then the inequality

∥∥∥∥∥ n

∑
i=1

AiXm
i Bi

∥∥∥∥∥
p

≤ 1
m

m

∑
j=1

λ

n

∑
i=1


∥∥∥Mpr

i j

∥∥∥+∥∥∥N pr
i j

∥∥∥
2


1
r

+

(
np−nλ

2p

)( n

∏
i=1

(∥∥Mi j
∥∥+∥∥Ni j

∥∥))p/n


holds for any r ≥ 1, where Mi j = f 2
(∣∣∣X j

i Bi

∣∣∣), Ni j = AiX
m− j

i g2
(∣∣∣(X

j

i B j

)∗∣∣∣)X
∗ m− j

i A∗i .

Proof. Following the same above procedure, it is easy to get that for any non zero vectors

x,y ∈ H, ∣∣∣∣∣
〈

n

∑
i=1

AiXm
i Bix,y

〉∣∣∣∣∣
p

≤ 1
m

m

∑
j=1

(
n

∑
i=1

∣∣∣〈X j
i Bix,X∗

m− j

i A∗i y
〉∣∣∣)p

≤ 1
m

m

∑
j=1

(
n

∑
i=1

〈
Mi jx,x

〉 1
2
〈
Ni jy,y

〉 1
2

)p

.

Take λ ≥max
{
(n−1)p−1,(p−1)p−1} , then by [Theorem 2, [10]], we obtain that∣∣∣∣∣

〈
n

∑
i=1

AiXm
i Bix,y

〉∣∣∣∣∣
p

≤ 1
m

m

∑
j=1

(
λ

n

∑
i=1

(〈
Mi jx,x

〉 p
2
〈
Ni jy,y

〉 p
2

+(np−nλ )

(
n

∏
i=1

〈
Mi jx,x

〉 1
2
〈
Ni jy,y

〉 1
2

) p
n


≤ 1
m

m

∑
j=1

(
λ

n

∑
i=1

(〈
Mp

i jx,x
〉 1

2
〈

N p
i jy,y

〉 1
2

+ (np−nλ )

(
n

∏
i=1

〈
Mi jx,x

〉 1
2
〈
Ni jy,y

〉 1
2

) p
n
 .
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Hence, ∣∣∣∣∣
〈

n

∑
i=1

AiXm
i Bix,y

〉∣∣∣∣∣
p

≤ 1
m

m

∑
j=1

λ

n

∑
i=1



〈

Mpr
i j x,x

〉
+
〈

N pr
i j y,y

〉
2


1
r

+
(np−nλ )

2p

(
n

∏
i=1

〈
Mi jx,x

〉
+
〈
Ni jy,y

〉) p
n


≤ 1
m

m

∑
j=1

λ

n

∑
i=1



〈

Mpr
i j x,x

〉
+
〈

N pr
i j y,y

〉
2


1
r

.

Now the result follows by taking supremum over all unit vectors x,y in H.
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