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A COMMON FIXED POINT THEOREM IN STRICTLY CONVEX FM-SPACES
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Abstract. The purpose of this paper is to define a notion of strictly convex and normal structures in fuzzy metric spaces. Also,

a theorem that provides existence of a common fixed point theorem for two self-mappings defined on strictly convex fuzzy

metric spaces is proved. In the proof of the main results, topological methods for characterization spaces with nondeterministic

distance is used. Moreover, we present the concept of proximal nonexpansive mappings on star-shaped sets in complete fuzzy

metric spaces. We also derive some results on the best proximity for these mappings in complete fuzzy metric spaces. Finally,

we provide some examples to illustrate our main results.
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1. Introduction-Preliminaries

The theory of fuzzy sets was introduced by Zadeh [23]. Since 1965, the research in many

branches of fuzzy mathematics has received much attention. In particular, in the framework

of fuzzy topologies, one of the main problems in the theory of fuzzy topological spaces is to

obtain an appropriate and a consistent notion of a fuzzy metric space. Many authors have in-

vestigated this problem and several different notions of a fuzzy metric space have been defined

and studied. In [17], Kramosil and Michalek introduced and studied an interesting notion of

fuzzy metric spaces which is closely related to a class of probabilistic metric spaces, the so-

called (generalized) Menger spaces. By using the notion of a fuzzy metric space in the sense of

Kramosil and Michalek [17], Grabiec [9] proved fuzzy versions of the celebrated Banach fixed
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point theorem and the Edelstein fixed point theorem, respectively. To this end, Grabiec intro-

duced a notion of complete fuzzy metric spaces and compact fuzzy metric spaces, respectively.

Later on, George and Veeramani [7] started the study of a stronger form of metric fuzziness.

Further, they modified the definition of the Cauchy sequence given by Gabriec in [9], because

of the fact that the set of real numbers is not complete with the definition given in [9].

On the other hand, fixed point theory is one of the most famous mathematical theories with

applications in several branches of sciences, especially, in chaos theory, game theory, theory

of differential equations and so on. The first theorem of fixed point theory for non-expansive

mappings was proved independently by Browder [2] and Göhde [8], and by Kirk [14] in a more

general form.

The concept of normal structures was introduced in 1948 by Brodskii and Milman [1]. In

1970, Takahashi [22] defined convex and normal structures for sets in metric spaces. In 1987, a

convex structure for sets in probabilistic metric spaces was defined in [10].

The first result on the fixed point theory in probabilistic metric spaces was obtained by Sehgal

and Bharucha-Reid [19]. Hadžić proved fixed point theorems for mappings in probabilistic

metric spaces with a convex structure. For more details on convexity and fixed point results for

mappings defined on metric, probabilistic metric spaces and fuzzy metric spaces; see [1, 2, 4,

5, 8, 9, 10, 12, 13, 22] and the references therein.

Recently, Ješić [12] observed a wide class of non-expansive mappings defined on intuitionists

fuzzy metric spaces with convex, strictly convex and normal structures and proved the existence

of a fixed point for the class of non-expansive mappings in strictly convex intuitionistic fuzzy

metric spaces. More recently, Ješić, Nikolic and Babačev [13] defined a notions of a strict-

ly convex and normal structure in Menger PM-spaces. Also, they proved the existence of a

common fixed point theorem for two self-mappings defined on strictly Menger PM-spaces.

Let K be any nonempty subset of a metric space X and T : K → X be a non-self mapping.

A fixed point problem is to find a point z ∈ K such that d(z,T z) = 0. A point z ∈ K, where

inf{d(y,T z) : y ∈ K} is attained, i.e., d(z,T z) = inf{d(y,T z) : y ∈ K} holds, is called an ap-

proximate fixed point of T or an approximate solution of an equation T x = x. In case if it

is impossible to solve fixed point problem, it could be interesting to study the conditions that

assure existence and uniqueness of approximate fixed point of a mapping T . A well known

best approximation theorem, which is due to Fan [6], states if K is a nonempty compact convex
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subset of a Hausdorff locally convex topological vector space E and T : K→ E is a continuous

mapping, then there exists an element z ∈ K such that d(z,T z) = infy∈K d(y,T z) = d(T z,K).

The purpose of this paper is to define a notions of strictly convex and normal structures in

fuzzy metric spaces. Also, a theorem that provides the existence of a common fixed point the-

orem for two self-mappings defined on strictly convex fuzzy metric spaces will be proved. In

the proof of the main result topological methods for characterization spaces with nondetermin-

istic distance will be used. As a consequence of the main result, we will give fuzzy variant of

Browder’s result [2]. Moreover, we present the concept of proximal nonexpansive mappings on

star-shaped sets in complete fuzzy metric spaces. We also also derive some results about the

best proximity for these mappings in complete fuzzy metric space. Finally, we provide some

examples illustrate our main results.

Definition 1.1. [20] A binary operation ∆ : [0,1]× [0,1]→ [0,1] is said to be a continuous

t-norm if ([0,1],∆) is a topological monoid with unit 1 such that ∆(a,b) ≤ ∆(c,d) whenever

a≤ c,b≤ d for all a,b,c,d ∈ [0,1].

Some typical examples of t-norm are the following:

∆(a,b) = ab, (product)

∆(a,b) = min{a,b}, (minimum)

∆(a,b) = max{a+b−1,0}, (Lukasiewicz)

∆(a,b) =
ab

a+b−ab
. (Hamacher)

Definition 1.2. [17] A triple (X ,M,∆) is called a fuzzy metric space (briefly, a FM-space) if X

is an arbitrary (non-empty ) set, ∆ is a continuous t-norm and M is a fuzzy set on X×X× [0,∞)

such that the following axioms hold:

(FM-1) M(x,y,0) = 0 for all x,y ∈ X ,

(FM-2) M(x,y, t) = 1 for every t > 0 if and only if x = y,

(FM-3) M(x,y, t) = M(y,x, t) for all x,y ∈ X and t > 0,

(FM-4) M(x,y, .) : [0,∞)→ [0,1] is left continuous for all x,y ∈ X ,

(FM-5) M(x,z, t + s)≥ ∆(M(x,y, t),M(y,z,s)) for all x,y,z ∈ X and for all t,s ∈ [0,∞).
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We will refer to the fuzzy metric spaces in the sense of Kramosil and Michalek as KM-fuzzy

metric spaces. If, in the above definition, condition (FM-5) is replaced by the condition

(FM-5A) M(x,z,max{t,s})≥ ∆(M(x,y, t),M(y,z,s)) for all x,y,z ∈ X and for all t,s ∈ [0,∞),

then (X ,M,∆) is called a strong metric space. It is easy to check that (FM-5A) implies (FM-5),

that is, every strong fuzzy metric space is it self a fuzzy metric space.

Definition 1.3. [7] A triple (X ,M,∆) is called a fuzzy metric space (briefly, a FM-space) if X is

an arbitrary (non-empty ) set, ∆ is a continuous t-norm and M is a fuzzy set on X ×X × [0,∞)

such that the following axioms hold:

(FM-1) M(x,y, t)> 0 for all x,y,z ∈ X ,

(FM-2) M(x,y, t) = 1 for every t > 0 if and only if x = y,

(FM-3) M(x,y, t) = M(y,x, t) for all x,y ∈ X and t > 0,

(FM-4) M(x,y, .) : [0,∞)→ [0,1] is left continuous for all x,y ∈ X ,

(FM-5) M(x,z, t + s)≥ ∆(M(x,y, t),M(y,z,s)) for all x,y,z ∈ X and for all t,s ∈ [0,∞).

We will refer to the fuzzy metric spaces in the sense of George and Veeramani as GV-fuzzy

metric spaces.

Example 1.4. ([7]) (1) Let (X ,d) be a metric space. Define a t-norm by ∆(a,b) = ab, and set

Md(x,y, t) =
t

t +d(x,y)
, for all x,y ∈ x and t > 0.

Then (X ,Md,∆) is a strong fuzzy metric space; Md is called the standard fuzzy metric induced

by d. It is interesting to note that the topology induced by the Md and the corresponding metric

d coincide.

(2) Let (X ,d) be a metric space. Define a t-norm by ∆(a,b) = ab, and set

M(x,y, t) = exp
[
−d(x,y)

t

]
, for all x,y ∈ x and t > 0.

Then (X ,M,∆) is a strong fuzzy metric space.

Lemma 1.5. [9] Let (X ,M,∆) be a FM-spaces. Then M(x,y, t) is non-decreasing with respect

to t, for all x,y ∈ X.
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Proof. Suppose that M(x,y, t)> M(x,y,s) for some 0 < t < s. Then

∆(M(y,y,s− t),M(x,y, t))≥M(x,y,s)

< M(x,y, t).

By (FM-2), we have M(y,y,s− t) = 1. Thus

M(x,y, t)< M(x,y,s)< M(x,y, t),

which is a contradiction.

Lemma 1.6. [18] Let (X ,M,∆) be a FM-spaces. If there exists k ∈ (0,1) such that

M(x,y,kt)≥M(x,y, t)

for all x,y ∈ X and t > 0, then x = y.

Definition 1.7. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆.

(1) A sequence {xn} in X is said to be convergent to x in X if for every ε > 0 and λ > 0

there exists a positive integer N such that M(xn,x,ε)> 1−λ whenever n≥ N.

(2) A sequence {xn} in X is said to be convergent to x in X if for every ε > 0 and λ > 0

there exists a positive integer N such that M(xn,xm,ε)> 1−λ whenever n,m≥ N.

(3) (X ,M,∆) is complete if every Cauchy sequence in X is convergent to some point in X .

The (ε,λ )-topology τ in a fuzzy metric space is introduced by the family of neighborhoods

Nx of a point x ∈ X given by

Nx = {Nx(ε,λ ) : ε > 0,λ ∈ (0,1)},

where

Nx(ε,λ ) = {y ∈ X : M(x,y,ε)> 1−λ}.

The (ε,λ )-topology τ is a Hausdorff and first countable [7]. In this topology the function T is

continuous at x ∈ X if and only if for every sequence xn→ x it holds that T xn→ T x.

Definition 1.8. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆. Let A be a

subset of X . The closure of the set A is the smallest closed set containing A, denoted by A.
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Definition 1.9. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆. Let r ∈

(0,1), t > 0 and x ∈ X . The set Nx[ε,λ ] = {y ∈ X : M(x,y,ε)≥ 1−λ} is called closed (ε,λ )-

neighborhood of a point x in X .

Definition 1.10. A subset K of a fuzzy metric space is called compact if following statement

holds:

K ⊆
⋃

α∈Λ

Uα =⇒ K ⊆
n⋃

i=1

Uαi for some α1, · · · ,αn ∈ Λ

for every collection {Uα : α ∈ Λ} of open sets Uα ⊆ X .

Lemma 1.11. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆ and K ⊆ X.

Then, K is compact if and only if for every collection of closed sets {Fα} such that Fα ⊆ K it

holds that ⋂
α∈Λ

Fα =⇒
n⋂

i=1

Fαi = /0 for some α1, · · · ,αn ∈ Λ .

Lemma 1.12. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆ and K ⊆ X.

Then x ∈ K if and only if there exists a sequence {xn} in K such that xn→ x.

Definition 1.13. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆ and A⊆ X .

The fuzzy diameter of A is given by

δA(t) = inf
x,y∈A

sup
s<t

M(x,y,s).

The diameter of the set A is defined as

δA = sup
t>0

inf
x,y∈A

sup
s<t

M(x,y,s).

If there exists a number λ ∈ (0,1) such that δA = 1−λ , then the set A is called fuzzy semi-

bounded. If δA = 1, then A is called fuzzy bounded.

Lemma 1.14. Let (X ,M,∆) be a fuzzy metric space with a continuous t-norm ∆ and A⊆X. A set

A is fuzzy bounded if and only if for each λ ∈ (0,1) there exists t > 0 such that M(x,y, t)> 1−λ

for all x,y ∈ A.

Proof. The proof follows immediately from the definition of supA and infA of non-empty sets.
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It is not difficult to see that every metrically bounded set is also fuzzy bounded if it is consid-

ered in the induced FM-space.

Theorem 1.15. Every compact subset A of a fuzzy metric space (X ,M,∆) with continuous t-

norm ∆ is fuzzy semi-bounded.

Proof. Let A be a compact subset of X . Let fix ε > 0 and λ > 0. Now, we will consider an

(ε,λ )-cover {Nx(ε,λ ) : x ∈ A}. Since A is compact, there exist x1,x2, · · · ,xn ∈ A such that

A⊆
n⋃

i=1

Nxi(ε,λ ). Let x,y ∈ A. Then there exists i ∈ {1, · · ·n} such that x ∈ Nxi(ε,λ ) and exists

j ∈ {1, · · ·n} such that y ∈ Nx j(ε,λ ). Thus we have M(x,xi,ε)> 1−λ and M(y,x j,ε)> 1−λ .

Now, let m = min{M(xi,x j,ε) : 1≤ i, j ≤ n}. It is obvious that m > 0 and we have

M(x,y,ε)≥ ∆(M(x,xi,ε),M(xi,x j,ε),M(x j,y,ε))≥ ∆(1−λ ,m,1−λ )> 1−δ ,

for some 0 < δ < 1. If we take ε1 = 3ε , we have M(x,y,ε) > 1−δ for all x,y ∈ A. Hence we

obtain that A is fuzzy semi-bounded set.

Lemma 1.16. In a fuzzy metric space (X ,M,∆) with a continuous t-norm ∆, every compact set

is closed and bounded.

2. Convex structure, normal structure and strictly convex structure on FM-
spaces

Takahashi [22] introduced the notion of metric spaces with a convex structure. This class of

metric spaces includes normed linear spaces and metric spaces of the hyperbolic type.

Definition 2.1. Let (X ,d) be a metric space. We say that a metric space possesses a Takahashi

convex structure if there exists a function W : X2× [0,1]→ X which satisfies

d(z,W (x,y,µ))≤ µd(z,x)+(1−µ)d(z,y),

for all x,y,z ∈ X and arbitrary µ ∈ [0,1]. A metric space (X ,d) with Takahashi’s structure is

called convex metric space.

In this section, we introduce a generaliztion of Takahashi’s definition to the case of a fuzzy

metric space.
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Definition 2.2. Let (X ,M,∆) be a fuzzy metric space with continuous t-norm ∆. A mapping

S : X ×X × [0,1]→ X is said to be a convex structure on X if for every (x,y) ∈ X ×X holds

S(x,y,0) = y, S(x,y,1) = 1 and for all x,y,z ∈ X , µ ∈ [0,1] and t > 0

M(S(x,y,µ),z,2t)≥ ∆

(
M
(

x,z,
t
µ

)
,M
(

x,z,
t

1−µ

))
. (2.1)

It is easy to see that every metric space (X ,d) with a convex structure S can be consider as a

fuzzy metric space (X ,M,∆min) (the associated fuzzy metric space) with the same function S.

A fuzzy metric space (X ,M,∆) with a convex structure S is called a convex fuzzy metric space.

Here we give some terminology will be used in the sequel.

Definition 2.3. A point x ∈ A is called diametral if infy∈A sups<t M(x,y,s) = δA(t) holds for all

t > 0.

Definition 2.4. Let (X ,M,∆) be a fuzzy metric space with continuous t-norm ∆ and a convex

structure S(x,y,µ). A subset A ⊆ X is said to be a convex if for every x,y ∈ A and µ ∈ [0,1] it

follows that S(x,y,µ) ∈ A.

Lemma 2.5. Let (X ,M,∆) be a fuzzy metric space with continuous t-norm ∆ and let {Kα}α∈Λ

be a family of convex subsets of X. Then the intersection K =
⋂

α∈Λ Kα is a convex set.

Proof. If x,y∈K, then x,y∈Kα for every α ∈Λ. It follows that S(x,y,µ)∈Kα for every α ∈Λ,

i.e., S(x,y,µ) ∈ K, which means that K is convex.

Definition 2.6. A convex fuzzy metric space (X ,M,∆) is said to have the property (C) if every

decreasing sequence of nonempty fuzzy bounded closed subsets of X has nonempty intersec-

tion.

Definition 2.7. A convex fuzzy metric space (X ,M,∆) is said to be uniformly convex if for

any ε > 0 there exists α = α(ε) such that, for all r > 0 and x,y,z ∈ X with M(z,x, t) ≥ r,

M(z,y, t)≥ r and M(x,y, t)≤ rε ,

M(z,S(x,y,
1
2
), t)≥ r(1−α)> r.

Example 2.8. Let (X ,d) be a uniformly convex metric space. We define

M(x,y, t) =


1, if d(x,y)< t ;

t
d(x,y) , if 0 < t ≤ d(x,y);

0, if t ≤ 0.
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An easy verification shows that (X ,M,∆) is a uniformly convex fuzzy metric space and M(x,y, .)

is continuous.

Theorem 2.9. Let (X ,M,∆) be a complete and uniformly convex fuzzy metric space. Then

(X ,M,∆) has the property (C).

Proof. Let An be a decreasing sequence of non-empty bounded closed subsets of X . If δ (An)>

0 for every positive integer n, then there exist x,y ∈ An such that M(x,y, t) ≤ δ (An)
2 . Since

M(z,x, t) ≥ δ (An),M(z,y, t) ≥ δ (An) for all z ∈ An and the space is uniformly convex, there

exists α > 0 such that

M(z,S(x,y,1/2), t)≥ δ (An)(1−α)> δ (An)

for all z ∈ An, t > 0 and hence we obtain w1
n ∈ An such that

M(z,w1
n, t)≥ δ (An)(1−α)

for all z ∈ An and t > 0. Let

A1
n = {w1

n,w
1
n+1, · · ·}.

Then it is obvious that A1
n 6= /0 and A1

n ⊃ A1
n+1 for every n. Suppose δ (A1

n)> 0 for every n. Then

there exist x,y ∈ A1
n such that M(x,y, t)≤ δ (A1

n)/2. Put

B1
n =

∞⋂
k=0

B[w1
n+k,δ (A

1
n)].

Then B1
n ⊃ co(A1

n) and M(z,x, t) ≥ δ (A1
n),M(z,y, t) ≥ δ (A1

n) for every z ∈ co(A1
n) and t > 0.

Since X is uniformly convex, there exists w2
n ∈ co(A1

n)⊂ An such that

M(z,w2
n, t)≥ δ (An)(1−α)2

for all z ∈ co(A1
n) and t > 0. By the same method, we obtain co(A2

n),co(A3
n), · · · and w3

n,w
4
n, · · · .

It follows that

An ⊃ co(A1
n)⊃ co(A2

n)⊃ ·· · and δ (co(Am
n ))→ 0

as m→ ∞. Since X is complete, there exists wn ∈ X such that

∞⋂
m=1

co(Am
n ) = {wn}
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for every n. From
∞⋂

m=1

co(Am
n )⊃

∞⋂
m=1

co(Am
n+1),

we obtain w1 = w2 = w3 = · · · . Therefore, there exists w with w ∈ An for all n and hence⋂
∞
n=1 An 6= /0.

Definition 2.10. A convex fuzzy metric space (X ,M,∆) with a convex structure S : X ×X ×

[0,1]→ X and continuous t-norm ∆ will be called strictly convex if, for arbitrary x,y ∈ X and

µ ∈ (0,1) the element z = S(x,y,µ) is the unique element which satisfies

M
(

x,y,
t
µ

)
= M(x,y, t), M

(
x,y,

t
1−µ

)
= M(x,y, t), (2.2)

for all t > 0.

Lemma 2.11. Let (X ,M,∆) be a fuzzy metric space with a convex structure S(x,y,µ) and con-

tinuous t-norm ∆. Suppose that for every µ ∈ (0,1), t > 0 and x,y,z ∈ X hold

M(S(x,y,µ),z, t)> min{M(z,x, t),M(z,y, t)}. (2.3)

If there exists z ∈ X such that

M(S(x,y,µ),z, t) = min{M(z,x, t),M(z,y, t)} (2.4)

is satisfied, for all t > 0, then S(x,y,µ) ∈ {x,y}.

Proof. Let us assume that (2.4) holds for some z ∈ X and for all t > 0. Since (2.3) holds, it

follows that µ = 0 or µ = 1 and, consequently we have that S(x,y,0) = y or S(x,y,1) = x, which

proves this lemma.

Lemma 2.12. Let (X ,M,∆) be a fuzzy metric space with a convex structure S(x,y,µ) and

continuous t-norm ∆. Then for arbitrary x,y ∈ X, x 6= y there exists µ ∈ (0,1) such that

S(x,y,µ) /∈ {x,y}.

Proof. Suppose that for every µ ∈ (0,1), it holds that S(x,y,µ) ∈ {x,y}. From (2.2) it follows

that M(x,y, t) = 1 for all t > 0 which means that x = y and so the proof is completed.
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Definition 2.13. A fuzzy metric space (X ,M,∆) with continuous t-norm ∆ possesses a normal

structure if, for every closed , fuzzy semi-bounded and convex set Y ⊂ X , which consists of at

least two different points, there exists a point x ∈ Y which is non-diametral, i.e., there exists

t0 > 0 such that

δY (t0)< inf
y∈Y

sup
s<t0

M(x,y,s)

holds.

It is obvious that compact and convex sets in convex metric space possess a normal structure

(see [22]).

Definition 2.14. Let (X ,M,∆) be a convex fuzzy metric space with continuous t-norm ∆ and

Y ⊆ X . The closed convex shell of a set Y denoted by cov(Y ), is the intersection of all closed,

convex sets that contain Y .

It is easy to see that the set cov(Y ) exists, since the collection of closed, convex sets that

contain Y is non-empty, because the fact that X belongs to this collection. From Lemma 2.5, it

follows that this intersection is convex set. Also, this intersection is closed as an intersection of

closed sets.

Definition 2.15. Let (X ,M,∆) be a fuzzy metric space with continuous t-norm ∆ and let f be a

self-mapping on X . We say that f is a non-expansive mapping if

M( f x, f y, t)≥M(x,y, t) (2.5)

holds for all x,y ∈ X and t > 0.

3. Common fixed point theorems

Lemma 3.1. Let (X ,M,∆) be a strictly convex fuzzy metric space with continuous t-norm ∆ and

a convex structure S(x,y,µ) satisfying (2.3) and let K ⊆ X be non-empty, convex and compact

subset of X. Then K possesses a normal structure.

Proof. Suppose that K does not possess a normal structure. Then there exists a closed, fuzzy

semi-bounded and convex subset Y ⊂ K, which contains at least two different points such that
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Y does not contain a non-diametral point, i.e.,

inf
y∈Y

sup
s<t

M(x,y,s) = δY (t)

for every x ∈ Y . Since X is strictly convex and condition (2.3) satisfied, then the assertions of

Lemma 2.11 and Lemma 2.12 hold. Let x1 and x2 be arbitrary points in Y . It follows from

Lemma 2.12 that there exists µ0 ∈ (0,1) such that S(x1,x2,µ0) /∈ {x1,x2}. Since Y is convex

set, it follows that S(x1,x2,µ0) ∈ Y . Y is a closed subset of the compact set K, so Y is compact,

too. Since δY (t) = infy∈Y sups<t M(y,S(x1,x2,µ),s) is left-continuous function on the compact

set Y for arbitrary t > 0, there exists x3,x4 ∈ Y such that sups<t M(x3,S(x1,x2,µ0),s) = δY (t)

holds. From Lemma 2.11 and the fact that M(x,y, .) is non-decreasing left-continuous function,

it follows that

δY (t) = sup
s<t

M(x3,S(x1,x2,µ0),s) = M(x3,S(x1,x2,µ0), t)

> min{M(x3,x1, t),M(x3,x2, t)} (3.1)

= min{sup
s<t

M(x3,x1,s),sup
s<t

M(x3,x2,s)} ≥ δY (t).

From the last inequality, it follows that δY (t)> δY (t) which is a contradiction. This completes

the proof.

Lemma 3.2. Let (X ,M,∆) be a convex fuzzy metric space with a convex structure S(x,y,µ)

satisfying the condition (2.3). Then the closed (ε,λ )neigborhoods Nx[ε,λ ] are convex sets.

Proof. Let a,b∈Nx[ε,λ ] be arbitrary points. This implies that M(a,x,ε)≥ 1−λ and M(b,x,ε)≥

1−λ for all ε > 0. We shall prove that M(S(a,b,µ),x,ε)≥ 1−λ for all ε > 0, i.e., S(a,b,µ)∈

Nx[ε,λ ]. Indeed, for µ ∈ (0,1), from (2.3), we have that

M(S(a,b,µ),x,ε)> min{M(a,x,ε),M(b,x,ε)} ≥min{1−λ ,1−λ}= 1−λ .

For µ = 0 or µ = 1. It follows that S(a,b,0) = b or S(a,b,1) = a belongs to Nx[ε,λ ].

Now we give the main theorem in this paper.

Theorem 3.3. Let (X ,M,∆) be a convex fuzzy metric space with a convex structure S(x,y,µ)

satisfying the condition (2.3) and let K ⊆ X be a non-empty, convex and compact subset of X.

Let f and g be a self-mappings on K, g(K)∩ f (K)⊆ K, satisfying the conditions

M( f (x),g(y), t)≥M(x,y, t) (3.2)
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for all x,y ∈ K, x 6= y and for every t > 0. Then f and g have at least one common fixed point

on K.

Proof. First, note that the collection C of all non-empty, closed, convex sets Kα ⊆ K such that

g(Kα)∩ f (Kα)⊆ Kα is non-empty, because K ⊆ C. Indeed, K is closed set because the fact that

it is compact set in a Hausdorff pace and it is satisfied that g(K)∩ f (K) ⊆ K. If we order this

collection with inclusion, then (C,⊆) is a partially ordered set. Let Kα : α ∈ Λ be an arbitrary

chain of this family. Then the set
⋂

α∈Λ

Kα is nonempty, closed, convex subset of K, which is a

lower bound of this chain. Indeed, let us assume that
⋂

α∈Λ

Kα = /0. Then, from Lemma 1.11, it

follows that there exists a finite sub-collection Kα1 ⊇ Kα2 ⊇ ·· · ⊇ Kαn of the chain {Kα : α ∈ Λ

which has an empty intersection, which is impossible, since this intersection is Kαn 6= /0. By

Zorn’s Lemma, it follows that there exists a minimal element K0 of the collection C such that

g(K0)∩ f (K0)⊆ K0. We will prove that K0 consists of only one point and since g∩ f : K0→ K0

this will mean that g and f have a common fixed point.

Let us assume that K0 contains at least two different points.It follows from Lemma 4.16 that

K possesses a normal structure. It follows From Theorem 1.15 that K0 is fuzzy semi-bounded

set. Since K0 is closed and convex, it follows that there exists some non-diametral point x0 ∈K0,

i.e., there exists t0 > 0 such that the following inequality holds:

inf
y∈K0

sup
s<t

M(x0,y,s)> δK0(t0). (3.3)

Denote 1− ρ := inf
y∈K0

sup
s<t

M(x0,y,s). Let us denote with K1 the closed convex shell of the set

g(K0)∩ f (K0). Since g(K0)∩ f (K0)⊆ K0, it holds that

K1 = cov(g(K0)∩ f (K0)) = cov(g(K0)∩ f (K0))⊆ cov(K0) = K0 = K0.

Therefore, K1 ⊆ K0 and it follows that

g(K1)∩ f (K1)⊆ g(K0)∩ f (K0)⊆ cov(g(K0)∩ f (K0)) = K1,

i.e., g(K1)∩ f (K1)⊆ K1. This means that K1 ∈ C, and since K0 is the minimal element, we have

that K1 = K0. If inequality (3.3) holds, i.e., if 1−ρ > δK0(t0), let us define sets

A :=

( ⋂
y∈K0

Ny[ρ, t0]

)⋂
K0 and A1 :=

 ⋂
y∈g(K0)∩ f (K0)

Ny[ρ, t0]

⋂K0.
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The set A is nonempty since x0 ∈A. Indeed , from inequality (3.3), it follows that M(x0,y, t0)≥

1−ρ . From the previous we conclude that x0 ∈ Ny[ρ, t0] for all y ∈ K0. Consequently, x0 be-

longs to A. We will show that A = A1. Since g(K0)∩ f (K0)⊆ K0, we have A⊂ A1.

Now, let z ∈ A1, we will prove that z ∈ A. Since z ∈ A1, for arbitrary y ∈ g(K0)∩ f (K0), it

holds that M(y,z, t0)≥ 1−ρ , i.e., y∈Ny[ρ, t0]. Since y is an arbitrary point from g(K0)∩ f (K0),

it follows that g(K0)∩ f (K0)⊆Ny[ρ, t0]. Because of the fact that Nz[ρ, t0] is a closed and convex

set which contains g(K0)∩ f (K0), we conclude that

K1 ⊆ cov(g(K0)∩ f (K0))⊆ Nz[ρ, t0]

holds. Since K0 = K1, it follows that K0 ⊆ Nz[ρ, t0]. From last we have that for every y ∈ K0, it

holds that z ∈ Ny[ρ, t0], which means that A1 ⊆ A, i.e., A = A1.

We will show that A ∈ C. Note that A is closed as an intersection of closed sets. From

Lemma 2.5 and Lemma 3.2 that A is a convex set. Let us prove that g(A)∩ f (A)⊆ A. Let z ∈ A

and y ∈ g(K0)∩ f (K0). Then there exists x ∈ K0 such that y = f (x) and y = f (x). Applying

inequality (3.2) for t = t0, we have

M( f (z),y, t0) = M( f (z),g(x), t0)≥M(z,x, t0)≥ 1−ρ.

This means that f (z) ∈ A. Since z is an arbitrary point from A, we obtain f (A)⊆ A.

On the other hand, we have

M(g(z),y, t0) = M(g(z), f (x), t0)≥M(z,x, t0)≥ 1−ρ.

This means that g(z) ∈ A. Since z is an arbitrary point from A, we obtain g(A)⊆ A. Finally, we

obtain g(A)∩ f (A)⊆ A.

Since A⊆ K0 and K0 is the minimal element of the collection C, it follows that A = K0. Now,

we have that δA(t0)≥ 1−ρ ≥ δK0(t0). This is a contradiction with A = K0, i.e., the assumption

that K0 contains at least two different points is wrong, which means that K0 contains only one

point which is a common fixed point of the mappings g and f . This achieves the proof.

Corollary 3.4. Let (X ,M,∆) be a strictly convex fuzzy metric space with a convex structure

S(x,y,µ) satisfying the condition (2.3) and let K ⊆ X be a non-empty, convex and compact

subset of X. Let f be a non-expansive self-mappings on K. Then f has at least one fixed point

on K.
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Proof. Putting, in the Theorem 3.3, f = g, we have that mapping f is a self-mapping on K and

in this case, from conditions (3.2) and (3.3) we obtain that mapping f is non-expansive on K.

Hence the conclusion holds.

4. Proximity points on star-shaped sets

Let A and B be two nonempty subsets of X and T : A→B. Suppose that d(A,B)= inf{d(a,b) :

a ∈ A,b ∈ B} is the measure of a distance between two sets A and B. A point z is called a best

proximity point of T if d(z,T z) = d(A,B), which is a solution of the following optimization

problem

f (x) = d(x,T x)←min

subject to the constraint

x ∈ A.

Definition 4.1. Suppose that A and B are nonempty subsets of a fuzzy metric space (X ,M,∆).

Then the fuzzy distance of A and B of A,B is the mapping M(A,B, t) defined on [0,∞) by

M(A,B, t) = sup
x∈A,y∈B

M(x,y, t)

for all t ≥ 0.

Definition 4.2. Let (X ,M,∆) be a fuzzy metric space. For subsets A and B of X , define

A0 = {x ∈ A : ∃y ∈ B such that ∀t ≥ 0,M(x,y, t) = M(A,B, t)},

B0 = {y ∈ B : ∃x ∈ A such that ∀t ≥ 0,M(x,y, t) = M(A,B, t)}.

Clearly, if A0 (or B0) is a nonempty subset, then A and B are nonempty subsets.

Definition 4.3. Let (X ,M,∆) be a fuzzy metric space, and (A,B) be a pair of nonempty subsets

of X . A mapping T : A→ B is said to be the proximal contraction (proximal nonexpansive) if

there exists a real number 0 < c≤ 1 such that

M(u,T x, t) = M(A,B, t) = M(v,Ty, t) =⇒M(u,v, t)≥M(x,y, t/c)

for all u,v,x,y ∈ A and t > 0.
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Example 4.4. Let X = [0,2] and T : X → X be the mapping defined by T x = 1
8x. If M(x,y, t) =

t
t+|x−y| , then it is easy to check that M(X ,X , t) = 1 = M(v,Ty, t), then for c = 1

8 , we have

M(u,v, t) = M(x,y, t/c), where x,y,u,v ∈ X . Therefore, T is a proximal contraction.

Definition 4.5. Let (X ,M,∆) be a fuzzy metric space, A⊆ X , and T : A→ A be a mapping. The

mapping T is said to be an isometry if M(T x,Ty, t) = M(x,y, t) for all x,y ∈ X and t ≥ 0.

Definition 4.6. Let (X ,M,∆) be a fuzzy metric space, and A,B ⊆ X . A mapping T : A→ B

is said to be continuous at x ∈ A if every sequence {xn} in A that converges to x, the sequence

{T xn} in B converges to T x.

Remark 4.7. If T is an isometry mapping on a subset A of a fuzzy metric space (X ,M,∆), then

T is continuous mapping Because

M(T xn,T x, t) = M(xn,x, t)→ 1

for all t > 0. Also, it is easy to see that T is an injective mapping.

Remark 4.8. Let A,B,C be a nonempty subsets of a fuzzy metric space (X ,M,∆) such that ∆ is

continuous t-norm and x ∈ A. If two mappings T : A→ B and S : A→ C are continuous at x,

then T +S is continuous at x because

M((T +S)xn,(T +S)x, t)≥ ∆(M(T xn,T x, t/2),M(Sxn,Sx, t/2))→ 1

for all t > 0.

Definition 4.9. [21] Let X be a vector space, and A be a nonempty subset of X . Then the subset

A is called a p-star-shaped set if there exists a point p ∈ A such that µ p+(1− µ)x ∈ A for all

x ∈ A, µ ∈ [0,1], and p is called the center of A.

Remark 4.10. Note that, each convex set C is a p-star-shaped set for each p∈C. Let (X ,M,∆m)

be a fuzzy metric space, A be a p-star-shaped set, B be a q-star-shaped set, and M(p,q, t) =

M(A,B, t). If x ∈ A0, then there exists a point y ∈ B such that M(p,q, t) = M(A,B, t) for all
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t > 0. So we have

M(p,q, t) = M(µ p+(1−µ)x,µq+(1−µ)y, t)

≥ ∆m(M(µ p,µq,µt),M((1−µ)x,(1−µ)y,(1−µ)t)

= ∆m(M(p,q, t),M(x,y, t))

= ∆m(M(A,B, t),M(A,B, t)) = M(A,B, t)

for all t > 0. Therefore, M(µ p+(1−µ)x,µq+(1−µ)y, t) = M(A,B, t), which means that A0

is a p-star-shaped set and, similarly, that B0 is a q-star-shaped set.

Definition 4.11. Let (X ,M,∆) be a fuzzy metric space. A pair (A,B) of nonempty subsets of X

is said to have

(a) P-property if A0 is nonempty and

M(u,x, t) = M(A,B, t) = M(v,y, t) =⇒M(u,v, t) = M(x,y, t),

(b) weak P-property if A0 is nonempty and

M(u,x, t) = M(A,B, t) = M(v,y, t) =⇒M(u,v, t)≥M(x,y, t)

for all u,v ∈ A0, x,y ∈ B0, and t > 0.

Example 4.12. Let X = R2 and define

M((x,y),(u,v), t) =
t

t +
√

(x−u)2 +(y− v)2
.

Clearly, (X ,M,∆m) is a complete fuzzy metric space. Let

A = {(0,1/n) : n ∈ N}∪{(0,0)},

B = {(1,1/n) : n ∈ N}∪{(1,0)}.

Then it is easy to check that A0 = A,B0 = B, and M(A,B, t) = t
t+1 . If

M((0,x),(1,y), t) = M(A,B, t) =
t

t +1
= M((0,u),(1,v), t),

then x = y and u = v, so that

M((0,x),(0,u), t) =
t

t + |x−u|
=

t
t + |y− v|

= M((1,y),(1,v), t).

Therefore, the pair (A,B) has the P-property.
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Example 4.13. Let X = R2 and define

M((x,y),(u,v), t) =
t

t +
√

(x−u)2 +(y− v)2
.

Let A = {(0,0)} and B = {(x,y) ∈ X : y = 1+
√

1− x2}. Clearly, A0 = {(0,0)} and B0 =

{(−1,1),(1,1)}. If

M((0,0),(x,y), t) = M(A,B, t) =
t

t +
√

2
= M((0,0),(u,v), t),

then

1 = M((0,0),(0,0), t)≥M((x,y),(u,v), t),

where (x,y),(u,v) ∈ B0. Therefore, the pair (A,B) has the weak P-property.

Remark 4.14. It is easy to check that the P-property is stronger than the weak P-property. If

a pair (A,B) has the weak P-property and T : A→ B is a nonexpansive mapping, then for all

u,v,x,y ∈ A, we have

M(u,T x, t) = M(A,B, t) = M(v,Ty, t) =⇒M(u,v, t)≥M(T x,Ty, t)≥M(x,y, t).

That is, T is a proximal nonexpansive mapping. Similarly, if a pair (A,B) has the weak P-

property and T : A→ B is a contraction mapping, then T is a proximal contraction pairs (A,B)

and (B,A) have the weak P-property.

Definition 4.15. [21] Let X and Y be vector spaces. A mapping T : X → Y is affine if

T (
n

∑
k=1

µkxk) =
n

∑
k=1

µkT (xk)

for all n ∈ N, x1, · · · ,xn, and µ1, · · · ,µn ∈ R such that ∑
n
k=1 µk = 1.

Lemma 4.16. Let (X ,M,∆) be a complete fuzzy metric space such that ∆ is a t-norm of

H-type, and A,B ⊆ X be such that A0 is a nonempty closed set. If T : A → B is a proxi-

mal contraction mapping such that T (A0) ⊆ B0, then there exists a unique x ∈ A0 such that

M(x,T x, t) = M(A,B, t) for all t > 0.

Proof. Since is nonempty and T (A0) ⊆ B0, there exists x0,x1 ∈ A0 such that M(x1,T x0, t) =

M(A,B, t). Since T x1 ∈ B0, there exists x2 ∈ A0 such that M(x2,T x1, t) =M(A,B, t). Continuing



A COMMON FIXED POINT THEOREM IN STRICTLY CONVEX FM-SPACES 19

this process, we obtain a sequence {xn}⊆A0 such that M(xn+1,T xn, t) =M(A,B, t) for all n∈N

and t > 0. Since for all n ∈ N and t > 0,

M(xn,T xn−1, t) = M(A,B, t) = M(xn+1,T xn, t)

and T is a proximal contraction, we have

M(xn+1,xn, t)≥M(xn,xn−1, t/c) (0 < c < 1, t > 0).

Therefore, by [11], {xn} is a Cauchy sequence and so converges to some x ∈ A0. again by the

assumption T (A0)⊆ B0. T x ∈ B0. Then there exists an element u ∈ A0 such that M(u,T x, t) =

M(A,B, t) for all t > 0. Since for all n ∈ N,

M(u,T x, t) = M(A,B, t) = M(xn+1,T xn, t) (t > 0),

by the hypothesis we have

M(u,xn+1, t)≥M(x,xn, t/c)≥M(x,xn, t) (t > 0).

Letting n→ ∞ shows that xn→ u and thus x = u, so M(x,T x, t) = M(A,B, t). If there exists an

other element y such that M(y,Ty, t) = M(A,B, t), then by the hypothesis we have M(x,y, t) ≥

M(x,y, t/c), which means that x = y.

Proposition 4.17. Let Let (X ,M,∆) be a fuzzy metric space, and A,B⊆ X be such that A0 is a

nonempty set. Suppose that T : A→ B is a proximal contraction mapping such that T (A0)⊆ B0

and g : A→ A is an isometry mapping such that A0 ⊆ g(A0). Denote G = g(A) and

G0 = {z ∈ G;∃B such that ∀t ≥ 0,M(x,y, t) = M(G,B, t)}.

Then T g−1 is a proximal contraction, and G0 = A0.

Proof. Since G⊆A, M(G,B, t)≤M(A,B, t) for all t > 0. Assume that x∈A0⊆ g(A0). Then x=

g(z) for some z ∈ A0, and so there exists y ∈ B such that M(A,B, t) = M(g(z),y, t)≤M(G,B, t)

for all t > 0. Thus, M(A,B, t) = M(G,B, t) for all t > 0. Now we show that T g−1 is a proximal

contraction. To this end, suppose that u,v,x,y ∈ G are such that

M(u,T g−1x, t) = M(G,B, t) = M(A,B, t) = M(v,T g−1y, t) (t > 0).

By the hypothesis, we have

M(u,v, t)≥M(g−1x,g−1y, t/c) = M(gg−1x,gg−1y, t/c) = M(x,y, t/c) (t > 0)
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for some c ∈ (0,1). Therefore, T g−1 is a proximal contraction. If x ∈ G0, then x ∈ G⊆ A, and

there exists y ∈ B such that M(x,y, t) = M(G,B, t) = M(A,B, t) for all t > 0, so that x ∈ A0. If

x ∈ A0 ⊆ A, there exists y ∈ B such that M(x,y, t) = M(A,B, t) = M(G,B, t) for all t > 0. On the

other hand, by the hypothesis x ∈ G, and hence G0 = A0.

Corollary 4.18. Let Let (X ,M,∆) be a fuzzy metric space, and A,B ⊆ X be such that A0 is a

nonempty set. Suppose that T : A→ B is a proximal contraction mapping such that T (A0)⊆ B0

and g : A→ A is an isometry mapping such that A0 ⊆ g(A0). Then there exists a unique x ∈ A0

such that M(gx,T x, t) = M(A,B, t).

Proof. By Proposition 4.17, T g−1 : G = g(A) → B is a proximal contraction, T g−1(G0) =

T g−1(A0)⊆T (A0)⊆B0. Now by Lemma 4.16 there exists a unique z∈A0 such that M(z,T g−1z, t)=

M(A,B, t). Since A0 ⊆ g(A0), there exists x ∈ A0 such that z = g(x), so that M(g(x),T x, t) =

M(A,B, t). Note that g is an injective mapping, therefore, by Lemma 4.16, x is unique, and

hence the result follows.

Example 4.19. Let X = R2, A = {(0,y) : y ∈ R} and B = {(1,y) : y ∈ R}. Suppose that

T : A → B is defined by T (0,y) = (1,y/4), g : A → A is defined by g(0,y) = (0,−y), and

M((x,z),(y,w), t) = t
t+|x−y|+|z−w| . It is easy to see that (X ,M,∆m) is a complete fuzzy metric

space, M(A,B, t) = t
t+1 , A0 = A,B0 = B, T (A0)⊆ B0, and

M(g(0,x),g(0,y), t) = M((0,−x),(0,−y), t) =
t

t + |x− y|
= M((0,x),(0,y), t).

If (0,u),(0,x),(0,v),(0,y) ∈ A are such that

t
t +1+ |u− x/4|

= M((0,u),T (0,x), t) = M(A,B, t) = M((0,v),T (0,y), t) =
t

t +1+ |v− y/4|
,

then u = x/4 and v = y/4. It follows that

M((0,u),(0,v), t) = M((0,x/4),(0,y/4), t) =
t

t + 1
4 |x− y|

= M((0,x),(0,y),4t).

Therefore, all hypothesis of Corollary 4.18 are satisfied. Therefore, we have

M((0,0),T (0,0), t) = M((0,0),(1,0), t) =
t

t +1
= M(A,B, t).

Definition 4.20. Suppose that A is a nonempty subset of a fuzzy metric space (X ,M,∆). Then

the fuzzy diameter of A is the mapping DA defined on [0,∞) by DA(∞) = 1 and DA(x) =

limt→x− φA(t), where φA(t) = inf{M(a,b, t) : a,b ∈ A}.
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A nonempty set A in fuzzy metric space is bounded if limx→∞ DA(x) = 1. It is easy to see that

M(a,b, t)≥ DA(t) for all a,b ∈ A and t ≥ 0.

Theorem 4.21. Let (X ,M,∆m) be a complete fuzzy metric space, A,B ⊆ X be such that A is

a convex set, A0 be a nonempty compact set, and B be a bounded convex set. Suppose that

T : A→ B is a continuous affine and proximal nonexpansive mapping such that T (A0)⊆ B0 and

g : A→ A is an isometry mapping such that A0 ⊆ g(A0). Then there exists an element x ∈ A0

such that M(gx,T x, t) = M(A,B, t) for all t > 0.

Proof. Fix Tk : A→ B by

Tkx = (1− k)T z+ kT x.

We show that Tk is a proximal contraction. Let u,v,x,y ∈ A be such that

M(u,Tkx, t) = M(A,B, t) = M(v,Tky, t) (t > 0).

Since T is an affine mapping, we have

M(u,T ((1− k)x+ kx), t) = M(A,B, t) = M(v,T ((1− k)z+ ky), t) (t > 0).

Using the hypothesis, we have

M(u,v, t)≥M((1− k)x+ kx,(1− k)z+ ky, t) = M(x,y, t) = M(x,y, t/k) (t > 0).

Hence, Tk is a proximal contraction. Let x ∈ A0, so that T x ∈ B0 and T z ∈ B0. Therefore, there

exists u,v ∈ A0 such that

M(u,T x, t) = M(A,B, t) = M(v,T z, t) (t > 0).

Put y = ku+(1− k)v ∈ A. Then

M(y,Tkx, t) = M(ku+(1− k)v,(1− k)T z+ kT x, t)

≥ ∆m(M(ku,kT x,kt),M((1− k)v,(1− k)T z,(1− k)t))

≥ ∆m(M(u,T x, t),M(v,T z, t)) = ∆m(M(A,B, t),M(A,B, t)) = M(A,B, t) (t > 0),
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and thus Tk(A0)⊆B0. By Corollary 4.18, there exists a unique xk ∈A0 such that M(gxk,Tkxk, t)=

M(A,B, t) for all t > 0. Fix s ∈ (0,1). Then

M(gxk,T xk, t)≥ ∆m(M(gxk,Tkxk,st),M(Tkxk,T xk,(1− s)t)

= ∆m(M(A,B,st),M((1− s)T z,(1− s)T xk,(1− s)t)

= ∆m(M(A,B,st),M(T z,T xk,
(1− s)t

1− k
)

≥ ∆m

(
M(A,B,st),DB

(
(1− s)t

1− k

))
(t > 0).

Now letting k→ 1, we obtain

lim
k→1

M(gxk,T xk, t)≥ ∆m(M(A,B,st),1) = M(A,B,st)

for all k ∈ (0,1) and t > 0. Then letting s→ 1, we have

lim
k→1

M(gxk,T xk, t) = M(A,B, t) (t > 0).

So we can create a sequence {xn} in A0 such that

M(gxn,T xn, t)→M(A,B, t) (t > 0).

Since A0 is compact, the sequence {xn} has a subsequence {xnm} such that xnm → x ∈ A0. By

Remark 4.7, g is continuous, and so g−T is continuous mapping by Remark 4.8. Indeed, since

∆m is a continuous t-norm, M(x,y, .) is continuous, and we have

M(gx,T x, t) = lim
m→∞

M(gxnm,T xnm, t) = M(A,B, t),

as required.

Example 4.22. Let X =R, A = [0,2] and B = [3,5]. For every x ∈ X , define M(x,y, t) = t
t+|x−y| .

It is easy to see that (X ,M,∆) is a complete fuzzy metric space, M(A,B, t) = t
t+1 , A0 = {2} and

B0 = {3}. For every x ∈ A, define T : A→ B by T x = 5− x and let g be the identity mapping.

Clearly, T is a continuous affine and approximal nonexpansive mapping, and T (A0)= {T (2)}=

{3}. Therefore, all hypotheses of Theorem 4.21 are satisfied, and also we have

M(2,T 2, t) = M(2,3, t) =
t

t +1
= M(A,B, t).
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Theorem 4.23. Let (X ,M,∆) be a complete fuzzy metric space such that ∆ is a t-norm of H-

type, and (A,B) be a pair of subsets of X with the weak P-property such that A0 is a nonempty

closed set. If T : A→ B is a contraction mapping such that T (A0) ⊆ B0, then there exists a

unique x in A such that M(x,T x, t) = M(A,B, t) for all t > 0.

Proof. It is a direct consequence of Remark 4.14 and Lemma 4.16. �

The following example shows that the weak P-property of the pair (A,B) cannot be removed

from Theorem 4.23.

Example 4.24. Let X = R, A = {−10,10}, B = {−2,2} and M(x,y, t) = t
t+|x−y| . Clearly,

(X ,M,∆m) is a complete fuzzy metric space. Then A0 = A,B0 = B, and M(A,B, t) = t
t+8 .

Let T : A→ B be a mapping given by T (−10) = 2 and T (10) = −2. It is easy to see that for

c = 1/5, T is a contraction mapping with T (A0)⊆ B0. The mapping T does not have any best

proximity point because M(x,T x, t) = t
t+12 < t

t+8 = M(A,B, t) for all x ∈ A. It should be noted

that the pair (A,B) does not have the weak P-property.

Corollary 4.25. Let (X ,M,∆) be a complete fuzzy metric space such that ∆ is a t-norm of H-

type. Then every contraction self-mapping from each nonempty closed subset of X has a unique

fixed point.

Definition 4.26. Let (X ,M,∆) be a fuzzy metric space. A pair (A,B) of nonempty subsets of

X is called a semi-sharp proximal pair if there exists at most one (x0,y0) ∈ A0×B0 such that

M(x,y0, t) = M(A,B, t) = M(x0,y, t) for all (x,y) ∈ A×B.

It is easy to check that if a pair (A,B) has the P-property, then the pair (A,B) is a semi-

sharp proximal pair. Clearly, a semi-sharp proximal pair (A,B) does not necessarily have the

P-property.

Example 4.27. Let X = R, A = {−10,10}, B = {−2,2} and M(x,y, t) = t
t+|x−y| . It is easy to

verify that M(A,B, t) = t
t+8 , A = A0,B0 = B, and the pair (A,B) is a semi-sharp proximal pair

but does not have the P-property.

Theorem 4.28. Let (X ,M,∆) be a complete fuzzy metric space, and (A,B) be a semi-sharp

proximal pair of X such that A is a p-star-shaped set, A0be a nonempty compact set, B be

a q–star-shaped set, and let M(p,q, t) = M(A,B, t) for all t > 0. If T : A→ B is a proximal
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nonexpansive mapping such that T (A0) ⊆ B0, then there exists an element x ∈ A0 such that

M(x,T x, t) = M(A,B, t) for all t > 0.

Proof. For each integer k≥ 1, define Tk(x) = (1− 1
k )T x+ 1

k q (X ∈ A0). Then by the hypothesis

we have Tk(A0) ⊆ B0. Next, we show that for each k, Tk is a proximal contraction with c =

1− 1
k < 1. To do this, suppose that x,y,u,v,s,r ∈ A0 and t > 0 are such that

M(u,Tkx, t) = M(v,Tky, t) = M(A0,B0, t) = M(A,B, t) = M(s,T x, t) = M(r,Ty, t).

Now we define

u′ =
(

1− 1
k

)
s+

1
k

p ∈ A0, v′ =
(

1− 1
k

)
r+

1
k

p ∈ A0.

It follows that

M(A,B, t)≥M(u′,Tkx, t) = M(

(
1− 1

k

)
s+

1
k

p,
(

1− 1
k

)
T x+

1
k

q, t)

≥ ∆m

(
M(

(
1− 1

k

)
s,
(

1− 1
k

)
T x,
(

1− 1
k

)
t),M(

1
k

p,
1
k

q,
1
k

t)
)

= ∆m(M(s,T x, t),M(p,q, t))

= ∆m(M(A,B, t),M(A,B, t)) = M(A,B, t).

Hence, M(u′,Tkx, t) = M(A,B, t). Since M(u,Tkx, t) = M(A,B, t) and (A,B) is a semi-sharp

proximal pair, we have u′ = u. By the same method we also have v′ = v. Since T is a proximal

nonexpansive mapping, we have

M(u,v, t) = M(u′,v′, t) = M((1−1/k)s,(1−1/k)r, t) = M(s,r,
t

1−1/k
)≥M(x,y,

t
1−1/k

).

Therefore, Tk is a proximal contraction with c = 1−1/k < 1. By Lemma 4.16, for each k ≥ 1,

there exists a unique uk ∈ A0 such that M(uk,Tkuk, t) = M(A0,B0, t) = M(A,B, t). Since A0 is

compact and {uk} ⊆ A0, without loss of generality, we can assume that {uk} is a convergent

sequence and uk→ x ∈ A0.

For each k ≥ 1, since T (uk) ∈ T (A0) ⊆ B0,there exists vk ∈ A0 such that M(vk,Tuk, t) =
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M(A,B, t). So we have

M(A,B, t)≥M
(
(1− 1

k
)vk +

1
k

p,Tkuk, t
)

= M
(
(1− 1

k
)vk +

1
k

p,(1− 1
k
)Tuk +

1
k

q, t
)

≥ ∆m

(
M((1− 1

k
)vk,(1−

1
k
)Tuk,(1−

1
k
)t),M(

1
k

p,
1
k

q,
1
k

t
)

= ∆m(M(vk,Tuk, t),M(p,q, t)) = ∆m(M(A,B, t),M(A,B, t)) = M(A,B, t).

Thus, M(A,B, t) = M
(
(1− 1

k )vk +
1
k p,Tkuk, t

)
. Since (A,B) is a semi-sharp proximal pair and

M(A,B, t) = M(uk,Tkuk, t), we have uk = (1− 1
k )vk +

1
k p, and so

M(uk,vk, t) = M(
1
k

vk,
1
k

p, t) = M(vk, p,kt).

Since A0 is compact and {zk} ⊆ A0, without loss of generality, we can assume that {zk} is a

convergent sequence and zk→ z ∈ A0. For every j ≤ k, we have

M(uk,zk, t) = M(p,zk, t)≥M(zk, p, jt)≥ ∆m(M(zk,z, jt/2),M(z, p, jt/2)).

Letting k→ ∞, we have

lim
k→∞

M(uk,zk, t)≥M(z, p, jt/2) (∀ j ≥ 1).

Letting j→ ∞, we have

lim
k→∞

M(uk,zk, t)≥ lim
j→∞

M(z, p, jt/2) = 1.

Therefore, M(uk,zk, t)→ 1, so that z = limk→∞ uk = limk→∞ zk = x. Since T x ∈ B0, there must

exists u ∈ A0 such that M(A,B, t) = M(u,T x, t). Since we know that M(A,B, t) = M(zk,Tuk, t)

and T is a proximal nonexpansive mapping, it follows that M(zk,u, t) ≥M(uk,x, t)→ 1. This

implies that u = limk→∞ zk = x. Then we have M(A,B, t) = M(x,T x, t).

Example 4.29. Let X =R, A = [0,1], and B = [2,3]. For every x∈ X , define M(x,y, t) = t
t+|x−y| .

it is easy to see that that (X ,M,∆m) is a complete fuzzy metric space. A is 1-star-shaped set, B

is 2-star-shaped set,

M(A,B, t) = sup
x∈A,y∈B

M(x,y, t) =
t

t1
, A0 = {1}, B0 = {2},
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and

M(1,2, t) =
t

t +1
= M(A,B, t),

Also, (A,B) is a semi-sharp proximal pair. Now for each x∈ A. Define T : A→ B by T x = 3−x.

If u,v,x,y ∈ A, then

t
t + |u−3+ x|

= M(u,T x, t) = M(A,B, t) = M(v,Ty, t) =
t

t + |v−3+ y|
.

It follows that u = x = 1 and v = y = 1. Thus

M(u,v, t) = M(x,y, t).

So, T is a proximal non-expansive, and T (A0) = B0. Therefore, all the hypotheses of Theorem

4.28 are satisfied, and we also have

M(1,T 1, t) = M(1,2, t) =
t

t +1
= M(A,B, t).

Theorem 4.30. Let (X ,M,∆m) be a complete fuzzy metric space, (A,B) be a semisharp proximal

pair of X with the weak P-property such that A is a p-star-shaped set, A0 be a nonempty compact

set, B be a q-star-shaped set, and let M(p,q, t) = M(A,B, t) for all t > 0. If T : A→ B is a

nonexpansive mapping such that T (A0)⊆ B0, then T has a best proximity point in A0.

Proof. It is a direct consequence of Remark 4.14 and Theorem 4.28.

Example 4.31. Let X = R2, A = {(x,0) : x ∈ [0,1]}, B1 = {(x,y) : x + y = 1,x ∈ [−1,0]},

B2 = {(x,1) : x ∈ [0,1]}, B = B1∪B2, and M(x,y, t) = t
t+|x|+|y| . It is easy to see that (X ,M,∆m)

is a complete fuzzy metric space, M(A,B, t) = t
t+1 , B is not convex but is a (0,1)-star-shaped

set , and A is (0,0)-star-shaped set. Clearly, A0 = A and B0 = B. So

M((0,0),(0,1), t) =
t

t + |0|+ |1|
=

t
t +1

= M(A,B, t),

and (A,B) is a semisharp proximal pair. Suppose that T : A→ B is defined by

T (x,0) =

 (0,1), if x = 0;

(sinx,1), if x 6= 0.

and (u,0),(v,0),(x,0),(y,0) ∈ A are such that

M((u,0),T (x,0), t) = M(A,B, t) =
t

t +1
= M((v,0),T (y,0), t).
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If x = y = 0, then u = v = 0. Hence,

M((u,0),T (x,0), t) = M((0,0),(0,0), t) = 1 = M((x,0),(y,0), t).

If x,y 6= 0, then u = sinx,v = siny. Therefore,

M((u,0),(v,0), t)=M((sinx,0),(siny,0), t)=
t

t + |sinx− siny|
≥ t

t + |x− y|
=M((x,0),(y,0), t).

If x = 0 and y 6= 0, then u = 0 and v = siny, and hence

M((u,0),(v,0), t) = M((0,0),(siny,0), t) =
t

t + |siny|
≥ t

t + |y|
≥M((x,0),(0,0), t).

If x 6= 0 and y = 0, then u = sinx and v = 0. Hence,

M((u,0),(v,0), t) = M((sinx,0),(0,0), t) =
t

t + |sinx|
≥ t

t + |x|
≥M((x,0),(0,0), t).

Therefore, T is proximal nonexpansive, and T (A0)⊆B2 =B0. So all the hypotheses of Theorem

4.30 are satisfied, and we also have

M((0,0),T (0,0), t) = M((0,0),(1,0), t) =
t

t +1
= M(A,B, t).

Proposition 4.32. Let (X ,M,∆) be a fuzzy metric space, and A,B ⊆ X be such that A0 is a

nonempty set. Suppose that T : A→ B is a proximal nonexpansive mapping such that T (A0)⊆

B0 and g : A→ A is an isometry mapping such that A0 ⊆ g(A0). Denote G = g(A) and

G0 = {z ∈ G : ∃y ∈ Bsuch that ∀t ≥ 0,M(z,y, t) = M(G,B, t)}.

Then T g−1 is a proximal nonexpansive, and G0 = A0.

The following theorem is an immediate consequence of Theorem 4.30 and Proposition 4.32.

Theorem 4.33. Let (X ,M,∆m) be a complete fuzzy metric space, (A,B) be a semisharp proximal

pair of X such that A is a p-star-shaped set, A0 be a nonempty compact set, B be a q-star-shaped

set, and let M(p,q, t)=M(A,B, t) for all t > 0. If T : A→B is a proximal nonexpansive mapping

such that T (A0) ⊆ B0 and g : A→ A is an isometry mapping such that A0 ⊆ g(A0), then there

exists an element x ∈ A0 such that M(g(x),T x, t) = M(A,B, t) for all t > 0.

Corollary 4.34. Let (X ,M,∆m) be a complete fuzzy metric space, (A,B) be a pair of convex

subsets of X with the P-property such that A0 is a nonempty compact set. If T : A→ B is a

nonexpansive mapping such that T (A0) ⊆ B0 and g : A→ A is an isometry mapping such that
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A0 ⊆ g(A0), then there exists an element x ∈ A0 such that M(g(x),T x, t) = M(A,B, t) for all

t > 0.

In Corollary 4.34, if g(x) = x, then we have the following corollary.

Corollary 4.35. Let (X ,M,∆m) be a complete fuzzy metric space, (A,B) be a pair of convex

subsets of X with the P-property such that A0 is a nonempty compact set. If T : A→ B is a

nonexpansive mapping such that T (A0)⊆ B0, then T has a best proximity point.

In Corollary 4.35, if A = B, then we have the following collaray.

Corollary 4.36. If A is a nonempty, compact, and convex subset of a complete fuzzy metric

space (X ,M,∆m) and T : A→ A is a nonexpansive mapping, then T has a fixed point.

Example 4.37. Let X =R, A= [0,1], B= [15/8,2], and M(x,y, t) = t
t+|x−y| . Clearly, (X ,M,∆m)

is a complete metric space, M(A,B, t) = t
t+7/8 , the pair (A,B) has the P-property, A0 = {1}, and

B = 15
8 . If T x =−1

8x+2, then T (A0) = {T (1)}= {15
8 }= B0. Let x,y ∈ A. Then we have

M(T x,Ty, t) = M(
1
8

x,
1
8

y, t) = M(x,y,8t)≥M(x,y, t).

Therefore, all the hypotheses of Corollary 4.35 are satisfied. Hence T has a best proximity

point, and we also have

M(1,T 1, t) = M(1,
15
8
, t) =

t
t +7/8

= M(A,B, t).
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[11] O.Hadžić, E. Pap, Fixed point theory in probabilistic metric space, Kluwer Acadmic, Dordrecht,

2001.
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