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BANACH SPACES WITH h-ORDERING DIFFERENCES
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Abstract. In this paper, we use the partial order theory, h-ordering differences and altering distance functions

to study monotone operators. The existence and uniqueness of fixed points without assuming the operator to be

compact and continuous are obtained.
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1. Introduction and preliminaries

In the past several decades, monotone operators in ordered Banach spaces have been stud-

ied extensively, and many new fixed point theorems have been established; see [1-19] and the

references therein. Most of these new results have been proved based on the cone theory and

monotone iterative technique.

The purpose of this paper is to present some new fixed point theorems for monotone oper-

ators in ordered Banach spaces. We use the partial order theory, h−ordering differences and

∗Corresponding author.

E-mail address: cbzhai@sxu.edu.cn.

Received October 31, 2016; Accepted March 1, 2017.

c©2017 Communications in Optimization Theory

1



2 C. ZHAI, F. WANG

altering distance functions to study monotone operators. We also get the existence and unique-

ness of fixed points without assuming the operator to be compact and continuous. Our results

compliment the theory of monotone operators in ordered Banach spaces.

For the discussion of the following section, we state here some definitions and notations. For

convenience of readers, we refer to [1,2,19] for details.

Suppose that (E,‖ · ‖) is a real Banach space which is partially ordered by a cone P ⊂

E, i.e.,x≤ y if and only if y− x ∈ P. By θ we denote the zero element of E. P is called normal

if there exists a constant N > 0 such that, for all x,y ∈ E, θ ≤ x≤ y implies ‖x‖ ≤ N‖y‖; in this

case N is called the normality constant of P. If x1,x2 ∈ E, the set [x1,x2] = {x ∈ E|x1 ≤ x≤ x2}

is called the order interval between x1 and x2. We say that an operator A : E → E is increasing

(decreasing) if x≤ y implies Ax≤ Ay (Ax≥ Ay).

Definition 1.1. [20] Let E be a real Banach space and P is a cone in E. Suppose h ∈ P and θ ≤

u≤ v≤Mh, where M > 0. Set a = inf{α|v≤ αh},b = sup{β |βh≤ u}. Then dh(u,v) := a−b

is called h−ordering difference of u,v.

Definition 1.2. [21] A function ϕ : [0,+∞)→ [0,+∞) is called an altering distance function if

the following properties are satisfied:

(1) ϕ(t) = 0 if and only if t = 0.

(2) ϕ is continuous and strictly increasing.

Lemma 1.1. Let E be a real Banach space and P is a cone in E. Suppose h ∈ P and θ ≤ u ≤

v≤Mh, where M > 0. Then

(i) dh(u,v)≥ 0, dv(u,v)≤ 1;

(ii) if dh(u,v) = 0, then u = v;

(iii) dh(u,v)≤ dh(u,w)+dh(w,v),∀ w ∈ [u,v]. Moreover, ” = ” is satisfied iff dh(w,w) = 0;

(iv) if θ ≤ u1 ≤ u≤ v, then dh(u1,v)≥ dh(u,v);

(v) dh(ku,kv) = kdh(u,v), dv(kv,v) = 1− k, ∀ k ∈ [0,1].

Proof. Let a = inf{α|v≤ αh} and b = sup{β |βh≤ u}.
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(i) Since θ ≤ u≤ v,h ∈ P, we have θ ≤ bh≤ u≤ v≤ ah, and then 0≤ b≤ a. By Definition

1.1, we get dh(u,v) = a−b≥ 0. Set a1 = inf{α|v≤αv}, b1 = sup{β |βv≤ u}. From θ ≤ u≤ v,

we have 0≤ b1 ≤ a1 = 1. Hence, dv(u,v) = a1−b1 ≤ 1.

(ii) If dh(u,v) = 0, then a = b. It follows from θ ≤ bh≤ u≤ v≤ ah that u = v.

(iii) From θ ≤ u ≤ w ≤ v ≤ Mh, we know that dh(u,w),dh(w,v) exist. Let c = inf{α|w ≤

αh}, d = sup{β |βh≤w}. Since w≤ ch,v≤ ah and w≤ v, we can easily prove c≤ a. Similarly,

b≤ d. Hence, 0≤ b≤ d ≤ c≤ a and

dh(u,v) = a−b≤ a−b+(c−d) = c−b+a−d = dh(u,w)+dh(w,v).

If dh(u,v) = dh(u,w) + dh(w,v), then a− b = c− b+ a− d and thus c− d = 0. Therefore,

dh(w,w) = 0. Conversely, if dh(w,w) = 0, then c−d = 0 and

dh(u,v) = a−b = c−b+a−d = dh(u,w)+dh(w,v).

(iv) Letting b2 = sup{β |βh ≤ u1}, we get b2 ≤ b. So a− b2 ≥ a− b, that is, dh(u1,v) ≥

dh(u,v).

(v) From Definition 1.1, we can easily obtain dh(ku,kv) = ka− kb = kdh(u,v), dv(kv,v) =

1− k.

Remark 1.1. Lemma 1.1 was given in [20]. Here we present its proof only for completeness.

Lemma 1.2. Let E be a real Banach space and P is a cone in E. Suppose h ∈ P and

θ ≤ u≤ v≤Mh, where M > 0. Then

(i) if u≤ v1 ≤ v, then dh(u,v1)≤ dh(u,v);

(ii) suppose that θ ≤ xn ≤ x0 ≤ v with xn → x0 (n→ ∞), then dh(xn,x0)→ 0 (n→ ∞). Con-

versely, if dh(xn,x0)→ 0, then xn→ x0 (n→ ∞).

Proof. (i) Let a= inf{α|v≤αh}, b= sup{β |βh≤ u} and a
′
= inf{α|v1≤αh}. Then dh(u,v1)=

a
′−b, dh(u,v) = a−b. From v1 ≤ v, we have a

′ ≤ a and then dh(u,v1)≤ dh(u,v).
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(ii) Let a = inf{α|x0 ≤ αh}, bn = sup{βn|βnh≤ xn}. Then

dh(xn,x0) = a−bn = inf{α|x0 ≤ αh}− sup{βn|βnh≤ xn}

= inf{α|x0 ≤ αh}+ inf{−βn|− xn ≤−βnh}

= inf{α−βn|θ ≤ x0− xn ≤ (α−βn)h}.

It follows from xn → x0 (n→ ∞) that lim
n→∞

(α−βn)h ≥ θ . So lim
n→∞

dh(xn,x0) = lim
n→∞

inf{α −

βn|(α−βn)h≥ θ}= 0. That is, dh(xn,x0)→ 0 (n→∞). Conversely, if dh(xn,x0)→ 0 (n→∞),

we have a− bn → 0 (n→ ∞). From x0 ≤ ah,xn ≥ bnh, we obtain θ ≤ x0− xn ≤ ah− bnh =

(a−bn)h. Therefore, x0− xn→ θ (n→ ∞).

2. Main results

In this section, using the partial order theory, h−ordering differences and altering distance

functions, we present the existence and uniqueness of fixed points for monotone operators in

ordered Banach spaces.

Theorem 2.1. Let E be a real Banach space and P be a normal cone in E,θ ≤ u0 ≤ v0.

A : [u0,v0]→ E is an increasing operator which satisfies:

(i) u0 ≤ Au0, Av0 ≤ v0;

(ii) for x,y ∈ [u0,v0] with x ≤ y, there exist an altering distance function ϕ and a constant

k ∈ (0,1) such that ϕ(dv0(Ax,Ay))≤ kϕ(dv0(x,y)).

Then A has a unique fixed point x∗ in [u0,v0]. Moreover, constructing successively the sequence

xn = Axn−1, n = 1,2, . . . for any initial value x0 ∈ [u0,v0], we have ‖ xn− x∗ ‖→ 0 as n→ ∞.

Proof. Let

un = Aun−1,vn = Avn−1,n = 1,2, . . . . (2.1)

From condition (i) and the monotonicity of A, we have

u0 ≤ u1 ≤ u2 ≤ ·· · ≤ un ≤ ·· · ≤ vn ≤ ·· · ≤ v2 ≤ v1 ≤ v0. (2.2)
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We define τn = dv0(un,vn),n = 0,1,2, . . . . By (i) of Lemma 1.1, we know τn ∈ [0,1]. Next we

show that {τn} is monotone. From (2.2), (iv) of Lemma 1.1 and (i) of Lemma 1.2, we obtain

τn = dv0(un,vn)≤ dv0(un−1,vn)≤ dv0(un−1,vn−1) = τn−1.

That is, {τn} is a decreasing sequence. So {τn} has a limit and we put lim
n→∞

τn = τ. By condition

(ii), we have

ϕ(τn) = ϕ(dv0(un,vn)) = ϕ(dv0(Aun−1,Avn−1))

≤ kϕ(dv0(un−1,vn−1)) = kϕ(dv0(Aun−2,Avn−2))

≤ k2
ϕ(dv0(un−2,vn−2)) = k2

ϕ(dv0(Aun−3,Avn−3))

≤ ·· · ≤ kn
ϕ(dv0(u0,v0)) = kn

ϕ(τ0).

Let n→∞, since ϕ is continuous, we get ϕ(τ)≤ 0. From the definition of ϕ , we have ϕ(τ) = 0

and then τ = 0. That is, dv0(un,vn)→ 0 as n→ ∞. Now we prove that un,vn are two Cauchy

sequences. Let an = inf{α|vn ≤ αv0}, bn = sup{β |βv0 ≤ un}. Then we have

an−bn→ 0 (n→ ∞), bnv0 ≤ un ≤ vn ≤ anv0. (2.3)

By (2.2), (2.3), we get

θ ≤ un+p−un ≤ vn−un, θ ≤ vn− vn+p ≤ vn−un, θ ≤ vn−un ≤ (an−bn)v0.

Since P is normal, we have

‖ vn−un ‖≤ N(an−bn) ‖ v0 ‖→ 0 (as n→ ∞).

Further,

‖ un+p−un ‖≤ N ‖ vn−un ‖→ 0 (as n→ ∞),

‖ vn− vn+p ‖≤ N ‖ vn−un ‖→ 0 (as n→ ∞).

Here N is the normality constant.

So we can claim that {un} and {vn} are Cauchy sequences. Because E is complete, there

exist u∗,v∗ ∈ E such that un→ u∗, vn→ v∗ as n→ ∞. By (2.2), we know that

u0 ≤ un ≤ u∗ ≤ v∗ ≤ vn ≤ v0,
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and then θ ≤ v∗−u∗ ≤ vn−un. Further,

‖ v∗−u∗ ‖≤ N ‖ vn−un ‖→ 0 (as n→ ∞),

and thus v∗ = u∗. Set x∗ := u∗ = v∗.

Next we prove x∗ is a fixed point of A. By condition (ii), we have

ϕ(dv0(un+1,Ax∗)) = ϕ(dv0(Aun,Ax∗))≤ kϕ(dv0(un,x∗)).

From (ii) of Lemma 1.2 and Definition 1.2, we obtain ϕ(dv0(un,x∗))→ 0 as n→ ∞. Hence,

ϕ(dv0(un+1,Ax∗))→ 0 as n→∞. Also from Definition 1.2, we get dv0(un+1,Ax∗)→ 0 as n→∞.

By (ii) of Lemma 1.2, un+1→ Ax∗ as n→ ∞. Therefore, Ax∗ = x∗.

In the following, we prove that x∗ is the unique fixed point of A in [u0,v0]. Suppose that there

is y∗ ∈ [u0,v0] such that Ay∗ = y∗. Then we have u0 ≤ y∗ ≤ v0. By induction method and the

monotonicity of A, we have

un = Aun−1 ≤ y∗ = Ay∗ ≤ Avn−1 = vn, n = 1,2, . . . .

Then from the normality of P, we have y∗ = x∗.

Moreover, constructing successively the sequence xn = Axn−1, n = 1,2, . . . for any initial

value x0 ∈ [u0,v0], from the proof of uniqueness for fixed points, we have ‖ xn− x∗ ‖→ 0 as

n→ ∞.

Remark 2.1. (1) From the proof of Theorem 2.1, we can see that we do not use the monotonicity

of ϕ . However, we can show that ϕ can not be decreasing. In fact, if we assume that ϕ is

decreasing, then ϕ(τn)≥ ϕ(τn−1) and ϕ(τn)≤ kϕ(τn−1), we get k ≥ 1, this is a contradiction.

(2) If we take a special altering distance function ϕ(t) = t, then we have the following corollary.

Corollary 2.1. (See Theorem 1 in [20]) Let E be a real Banach space and P be a normal cone

in E,θ ≤ u0 ≤ v0. A : [u0,v0]→ E is an increasing operator which satisfies:

(i) u0 ≤ Au0, Av0 ≤ v0;

(ii) for x,y ∈ [u0,v0] with x ≤ y, there exists a constant k ∈ (0,1) such that dv0(Ax,Ay) ≤

kdv0(x,y).

Then, A has a unique fixed point x∗ in [u0,v0]. Moreover, constructing successively the sequence

xn = Axn−1, n = 1,2, . . . for any initial value x0 ∈ [u0,v0], we have ‖ xn− x∗ ‖→ 0 as n→ ∞.
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Remark 2.2. In [20], the proof of Corollary 2.1 was not complete, because the author has not

showed that x∗ is a fixed point of A. Here we first establish Lemma 1.2 and then we can prove

the conclusion by using Lemma 1.2.

Theorem 2.2. Let E be a real Banach space and P be a normal cone in E,θ ≤ u0 ≤ v0.

A : [u0,v0]→ E is a decreasing operator which satisfies:

(i) u0 ≤ Av0, Au0 ≤ v0;

(ii) for x,y ∈ [u0,v0] with x ≤ y, there exist an altering distance function ϕ and a constant

k ∈ (0,1) such that ϕ(dv0(Ay,Ax))≤ kϕ(dv0(x,y)).

Then, A has a unique fixed point x∗ in [u0,v0]. Moreover, constructing successively the sequence

xn = Axn−1, n = 1,2, . . . for any initial value x0 ∈ [u0,v0], we have ‖ xn− x∗ ‖→ 0 as n→ ∞.

Proof. Let B = A2. Then B : [u0,v0]→ E is an increasing operator and

Bu0 = A(Au0)≥ Av0 ≥ u0, Bv0 = A(Av0)≤ Au0 ≤ v0.

Further, for x,y ∈ [u0,v0] with x≤ y, we have

ϕ(dv0(Bx,By)) = ϕ(dv0(A(Ax),A(Ay)))≤ kϕ(dv0(Ay,Ax))≤ k2
ϕ(dv0(x,y)).

Hence, B satisfies all the conditions of Theorem 2.1. So operator B has a unique fixed point x∗

in [u0,v0]. Moreover, constructing successively the sequence zn = Bzn−1, n = 1,2, . . . for any

initial value z0 ∈ [u0,v0], we have zn→ x∗ as n→ ∞.

Next we show that x∗ is the unique fixed point of A in [u0,v0]. First, we know u0 ≤ Av0 ≤

Ax∗ ≤ Au0 ≤ v0. So

B(Ax∗) = A2(Ax∗) = A(A2x∗) = Ax∗.

That is, Ax∗ is a fixed point of B in [u0,v0]. By the uniqueness of fixed points for B, we get

Ax∗ = x∗. So x∗ is a fixed point of A in [u0,v0]. On the other hand, suppose y∗ is another fixed

point of A in [u0,v0]. Then

A2(y∗) = A(Ay∗) = Ay∗ = y∗,

and thus y∗ is a fixed point of B in [u0,v0]. By the uniqueness of fixed points for B, we get

y∗ = x∗. This proves the uniqueness of fixed points for operator A.
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Finally, take z0 = x0 or z0 = Ax0, we obtain x2n = A2nx0 = Bzn−1→ x∗ or x2n+1 = A2n+1x0 =

A2nz0 = Bzn−1→ x∗ as n→ ∞.

Corollary 2.2. Let E be a real Banach space and P be a normal cone in E,θ ≤ u0 ≤ v0.

A : [u0,v0]→ E is a decreasing operator which satisfies:

(i) u0 ≤ Av0, Au0 ≤ v0;

(ii) for x,y ∈ [u0,v0] with x ≤ y, there exists a constant k ∈ (0,1) such that dv0(Ay,Ax) ≤

kdv0(x,y).

Then, A has a unique fixed point x∗ in [u0,v0]. Moreover, constructing successively the sequence

xn = Axn−1, n = 1,2, . . . for any initial value x0 ∈ [u0,v0], we have ‖ xn− x∗ ‖→ 0 as n→ ∞.

Theorem 2.3. Let E be a real Banach space and P be a normal cone in E,θ ≤ u0 ≤ v0.

A : [u0,v0]→ E is an increasing operator which satisfies:

(i) u0 ≤ Au0, Av0 ≤ v0;

(ii) for x ∈ [u0,v0], there exists a constant k ∈ (0,1) such that dv0(Ax,v0)≤ kdv0(x,v0).

Then, A has a unique fixed point v0 in [u0,v0]. Moreover, constructing successively the sequence

xn = Axn−1, n = 1,2, . . . for any initial value x0 ∈ [u0,v0], we have ‖ xn− v0 ‖→ 0 as n→ ∞.

Proof. Let un = Aun−1,vn = Avn−1,n = 1,2, . . . . From the condition (i) and the monotonicity of

A, we have

u0 ≤ u1 ≤ u2 ≤ ·· · ≤ un ≤ ·· · ≤ vn ≤ ·· · ≤ v2 ≤ v1 ≤ v0.

Further, from condition (ii), we have

dv0(un,v0) = dv0(Aun1,v0)≤ kdv0(un1,v0)≤ ·· · ≤ kndv0(u0,v0)≤ kn.

Letting n→ ∞, we obtain dv0(un,v0)→ 0. By (ii) of Lemma 1.2, we have un→ v0 as n→ ∞.

From Lemma 1.2, we have

dv0(un,Av0)≤ dv0(un,v0)→ 0, n→ ∞.

Also by (ii) of Lemma 1.2, we have un→ Av0 as n→ ∞. Therefore, Av0 = v0. That is, v0 is a

fixed point of A. Similar to the proof of Theorem 2.1, v0 is the unique fixed point of A in [u0,v0].

Moreover, constructing successively the sequence xn = Axn−1, n = 1,2, . . . for any initial value

x0 ∈ [u0,v0], we have ‖ xn− v0 ‖→ 0 as n→ ∞.
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Theorem 2.4. Let E be a real Banach space and P be a normal cone in E,θ ≤ u0 ≤ v0.

A : [u0,v0]→ E is a decreasing operator which satisfies:

(i) u0 ≤ Av0, Au0 ≤ v0;

(ii) for x ∈ [u0,v0], there exists a constant k ∈ (0,1) such that dv0(Ax,v0)≤ kdv0(x,v0).

Then, A has a unique fixed point v0 in [u0,v0]. Moreover, constructing successively the sequence

xn = Axn−1, n = 1,2, . . . for any initial value x0 ∈ [u0,v0], we have ‖ xn− v0 ‖→ 0 as n→ ∞.

Proof. Let B = A2. Then B : [u0,v0]→ E is an increasing operator and

Bu0 = A(Au0)≥ Av0 ≥ u0, Bv0 = A(Av0)≤ Au0 ≤ v0.

Further, for x ∈ [u0,v0], we have

dv0(Bx,v0) = dv0(A(Ax),v0)≤ kdv0(Ay,v0)≤ k2
ϕ(dv0(x,v0).

Hence, B satisfies all the conditions of Theorem 2.3. So operator B has a unique fixed point v0

in [u0,v0]. Moreover, constructing successively the sequence zn = Bzn−1, n = 1,2, . . . for any

initial value z0 ∈ [u0,v0], we have zn→ v0 as n→ ∞. The rest proof is similar to Theorem 2.2.
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