Commun. Optim. Theory 2017 (2017), Article ID 17 https://doi.org/10.23952/cot.2017.17

fg@ Communications in Optimization Theory

MATHRES Available online at http://cot.mathres.org

ON THE (p,q)-ORDER OF SOLUTIONS OF SOME COMPLEX LINEAR
DIFFERENTIAL EQUATIONS

AMINA FERRAOUN, BENHARRAT BELAIDI*

Department of Mathematics, Laboratory of Pure and Applied Mathematics,
University of Mostaganem (UMAB), B. P. 227 Mostaganem, Algeria

Abstract. In this paper, we study the growth of solutions of some complex linear differential equations and we
obtain some results on the (p,q)-order of these solutions. The results presented in this paper mainly improve the
corresponding results announced in the literatures.

Keywords. Entire function; Meromorphic function; Differential equation; Lacunary series; (p, q)-order.

2010 Mathematics Subject Classification. 34M 10, 30D35.
1. Introduction and main results

We assume that the reader is familiar with the fundamental results and the standard no-
tations of Nevanlinna’s theory (see e.g. [8,14,20]). For r € [0,4c), we define exp,r :=
e and exp, 1= exp(expp r), p € N. For all r sufficiently large, we define log, r = logr
and log,, ;7 := log(logp r), p € N. We also denote exp,r = r = logyr, log_; r = exp, r and
exp_, r =log, r. Furthermore, we define the linear measure of aset E C [0, +o) by m(E) = [, dt
and the logarithmic measure of a set F' C [1,+0) by m;(F) = [ %. For the unity of notations,
we present here the definition of (p,q) —order where p and ¢ are integers with p > ¢ > 1; see,

e.g., [15,16].
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2 A. FERRAOUN, B. BELAIDI
Definition 1.1. The (p,q) —order of a meromorphic function f(z) is defined by

. log, T (r.f)
O(p.q)(f) = limsup —r 7

)
r—+oo logq r

where T (r, f) is the characteristic function of Nevanlinna of the function f. If f is an entire

function, then

log, T(r, lo M(r,
oo (f)= limsup—gp () = limsup 281 ) ()
(p-q) F——-o0 logq r F—+oo logq r

where M(r, f) is the maximum modulus of f in the circle |z| =r.

Definition 1.2. The lower (p,q) —order of a meromorphic function f(z) is defined by

log, T (r, f)

Hip.g)(f) = lgligofv.

If f(z) is an entire function, then

10gp+1 M(l’,f)

K(p.q)(f) = ligigfv.

Definition 1.3. The (p, ) —type of a meromorphic function f (z) with 0 < 6{;, ;)(f) < oo is
defined by

log -1 T(r7 f)
= 1 p *
Tpq)(f) ﬂiﬁﬂp (log, ;7) F(p.g)(f)

If f(z) is an entire function, then

log, M(r, f)
_5 P .
Up.g) (f) lrrg_si_l:op (logq_1 r) (p.q)(f)

Definition 1.4. The (p,q)-exponent of convergence of zeros of a meromorphic function f (z)

is defined by

log, N(r; §)
A — limsup —2— /7
(p.q)(f) im sup log, 7

and the (p,q) —exponent of convergence of distinct zeros of a meromorphic function f(z) is
defined by
_ log, N(r, +)

A = limsu A
(p-q) (f) r—)—l—oop logq r

)
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where N (r, %) (]T/ (r, %)) is the integrated counting function of zeros (distinct zeros) of f(z)
in {z: |z| < r}. The lower (p,q) —exponent of convergence of zeros of a meromorphic function

f(z) is defined by

log, N(r, L
A (f):nminf—g” rp)

Z(p-9) rote log,r
and the lower (p,q) —exponent of convergence of distinct zeros of a meromorphic function f (z)

is defined by

_ log, N(r, })
T ' f
o) == e

The (p,q) —exponent of convergence of the sequence of poles of a meromorphic function f (z)

is defined by
1 log,N(r, f)
A — =1 =
ba) (f) i log, r

In the past years, many authors investigated the complex linear differential equations

O+ A @Y+ + AR f +Ao(2) f =0 (1.1)

and
O+ A @Y - AL@)f H AR f = F (), (1.2)
when Aj(z) (j=0,1,--- ,k—1), F(z) are entire functions and obtained some valuable results,

(see e.g. [1], [9], [15—18], [21]). In 2013, Tu et al. investigated the growth of solutions of
equation (1.2) when the dominant coefficient A;4(z) (0 < d < k—1) is of maximal order and

being Lacunary series.

Theorem A. ([17]) Let Aj(z) (j =0,1,---,k—1), F(z) be entire functions of finite iterated

order satisfying
max{0,(4;) (j #d),6p(F)} < fp(Ag) = Op(As) = 6 <= (0< d <k—1).

Suppose that Ay = Y, c;L”z’l" is an entire function such that the sequence of exponents {A,}
n=0
satisfies the gap series

% > (logn)*™ (n > 0,n € N). (1.3)

Then every transcendental solution f(z) of (1.2) satisfies U,+1(f) = 6p+1(f) = o. Further-

more if F(z) # 0, then every transcendental solution f(z) of (1.2) satisfies Zp-i-l (f) =24, (f) =

Ap+1(f) =Xp1(f) = 0.
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Recently, Huang e al. [9] considered the equation (1.2) with different conditions on the

coefficient A;(z) and obtained the following result.

Theorem B. ([9]) Let Aj(z) (j=0,1,--- ,k—1), F(z) be entire functions. Suppose that there
exists some d € {1,--- k—1} such that max{c(A;),0(F): j#d} < 0(Ag) <o, max{T(4;):
0(Aj) =0(Ag),T(F)} < t(Ag) and that T (r,A4) ~ logM(r,Ag) as r — oo outside a set of r
of finite logarithmic measure. Then we have

(i) Every transcendental solution f of (1.2) satisfes 02(f) = 6(Ay), and (1.2) may have poly-
nomial solutions f of degree < d.

(i) If F (z) #0, then every transcendental solution f of (1.2) satisfies Ay (f) = Ao (f) = 62(f) =
c(Ag).

(iii) If d = 1, then every nonconstant solution f of (1.2) satisfies 62(f) = 6(Ay). Furthermore,
if F(z) # 0, then every nonconstant solution f of (1.2) satisfies Ay(f) = b (f) = oa(f) =
G(Ay).

As for the linear differential equations
A@f Y+ A1 @ o+ AR+ Ao(2)f =0 (14)

and
AP+ A4 @Y AR FAR) f = F(2), (1.5)

where k >2,Aj(z) (j=0,1,--- k), F(z) are entire functions with AgAF # 0, many authors
investigated the properties of their solutions and obtained some interesting results, (see e.g. [3],
[4], [7], [19]). It well-known that if A;(z) = 1, then all solutions of (1.4) and (1.5) are entire
functions, but when Ay (z) is a nonconstant entire function, then equation (1.4) or (1.5) can
possess meromorphic solutions. For instance the equation
1 1
of" +4f" + (—1 - Ezz—z) e f + ((1 - Ez%rzz) e_zz+ze_3z) f=0

. . 1

has a meromorphic solution f (z) = ¢

Z3f/// _ Z3f// . ZZZf/ — (z3 +372— 6)f = (22 —6)sinz

¢~ and the equation

has a meromorphic solution f (z) = %. In 2015, Wu and Zheng have considered the equations
<

(1.4) and (1.5), and obtained the following result when the coefficient A;(z) is of maximal order

and Fabry gap series.



ON THE (p,q)-ORDER OF SOLUTIONS OF SOME COMPLEX LINEAR DIFFERENTIAL EQUATIONS 5

Theorem C. ([19]) Suppose that k > 2, Aj(z) (j =0,1,--- k) are entire functions satisfying
Ar(2)A0(z) 0 and o(A;) < 6(Ar) < oo (j=0,1,-- ,k—1). Suppose that Ax(z) = ¥, ¢z,
n=0

and the sequence of exponents {4, } satisfies the Fabry gap codition

%—)oo(n—)oo). (1.6)

Then every rational solution f(z) of (1.4) is a polynomial with deg f < k — 1 and every tran-

scendental meromorphic solution f(z), whose poles are of uniformly bounded multiplicities, of

(1.4) such that A (%) < u(f), satisfies
AMf=@)=A(f—9)=0(f) =, h(f — ) = ha(f — ) = 02(f) = T (Ap),
where @(2) is a finite order meromorphic function and doesn’t solve (1.4).

Now, these theorems leaves us with two questions : First, can we have the same properties as
in Theorem B for the solutions of equation (1.2) when the coefficients are of (p,q) —order? and
secondly, what about the growth of solutions of the equations (1.4) and (1.5) when we have the
arbitrary coefficient A;(z) (0 < s < k) instead of the coefficient A;(z)? In this paper, we proceed

this way and we obtain the following results.
Theorem 1.1. Let A(z) (j =0,1,--- k) with Ax(z)Ao(z) # O be entire functions such that
max{G(pﬂ)(Aj), J#sH< G(p7q)(As) <o, (0<s<k).

Suppose that As(z) = ): ca, 7™ and the sequence of exponents {A} satisfies (1.3). Then every
rational solution f(z ) of (1.4) is a polynomial with deg f < s— 1 and every transcendental

meromorphic solution f(z) of (1.4) such that X, 4 <7> < W(p.q)([f), satisfies
S(p+1.9)(f) = O(p.g)(4s).
Theorem 1.2. Let A(z) (j =0,1,--- k) with Ax(z)Ao(z) # 0 be entire functions such that

max{G(p7q)(Aj),j #* S} < HU(p,q) (As) = O(pq) (As) =0 < oo, (0 <s< k)

(o)

Suppose that Ay(z) = Z a, 7™ and the sequence of exponents {An} satisfies (1.3). Then every
=0

rational solution f(z ) of (1.4) is a polynomial with deg f < s — 1 and every transcendental

meromorphic solution f(z) of (1.4) such that X, 4 <7> < W(p.q)([f), satisfies

H(p+1,9)(f) = 0(ps1,9(f) = 0y q)(As) = O.
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Theorem 1.3. Let Aj(z) (j =0,1,--- k) be entire functions satisfying the hypotheses of Theo-
rem 1.1 and F (z) # 0 is an entire function.

(1) If O(ps1,9)(F) < Oy q)(As), then every transcendental meromorphic solution f(z) of (1.5)
such that A, 4 (%) < W(p.q) ([f) satisfies

G([H‘LQ) (f> = G(p7q) (As)7

with at most one exceptional solution fy satisfying 6,11 4)(fo) < 0, ¢)(As)-

(ii) If O(ps1,9)(F) > O(p.q)(As), then every transcendental meromorphic solution f(z) of (1.5)
such that A, 4 (%) < W(p.q) ([f) satisfies

O(p1,9) () = O(pr1,9)(F)-

Remark 1.1 The Theorems 1.1-1.3 had been proved in [3] for the case where A;(z) is the
dominant coefficient with (p,q) —order for the equations (1.4) and (1.5) and in this paper, we
gave similar results when the arbitrary coefficient As(z) (0 < s < k) is the dominant one instead
of Ax(z).

For equation (1.2), we obtained the following result.

Theorem 1.4. Let A;(z) (j=0,1,--- ,k—1), F(z) be entire functions. Suppose that there exists
some s € {1,2,--- k— 1} such that

maX{G(p,q) (Aj)v O(p.q) (F), j#s} < O(p,g) (As) = 0 < oo,

max{7(,4)(A;) : 0(p.q)(A)) = 0(p.g)(As) Tp.g) (F)} < T(p.g) (As)
and that T (r,Ag) ~ logM(r,Ay) as r — oo outside a set of r of finite logarithmic measure.
Then
(i) Every transcendental solution f(z) of (1.2) satisfies 6(,114)(f) = O(p4)(As), and every
non-transcendental solution f(z) of (1.2) is a polynomial of degree deg(f) <s— 1.
(ii) If F (z) #0, then every transcendental solution f(z) of (1.2) satisfies Z(erl,q) (f) =Apg1,9(f) =
(pr1.4)(f) = O(p.g)(As).
(iii) If s = 1, then every nonconstant solution f(z) of (1.2) satisfies 6(p11 4)(f) = 0(pq)(A1)
and if F(z) £ 0, then every nonconstant solution f(z) of (1.2) satisfies Z(p+17q) () =Aps1,9(f) =

O(p+14)(f) = O(p.q)(A1).

2. Lemmas
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Lemma 2.1. ([3]) Let f be a transcendental meromorphic function in the plane, and let o > 1
be a given constant. Then for any given constant and for any given € > 0 :

(1) There exist a set E1 C (1,+o0) that has a finite logarithmic measure, and a constant B > 0

depending only on o such that for all z with |z| = r ¢ [0,1]UE], we have

Q| (T
() SB( r

(i) There exist a set Hy C [0,27) that has linear measure zero and a constant B > 0 depending

(logar)logT(ocr,f)) : (0<m<n).

only on a, for any 0 € [0,21)\H\, there exists a constant Ry = Ro(0) > 1 such that for all 7

satisfying argz = 0 and |z| = r > Ry, we have

= §B(M(log“r)logT(ar,f))n_m (0 <m<n).

7

By using the similar proof of Lemma 2.5 in [7], we easily obtain the following lemma when
(p.q)(8) = O(p.g)(f) = +eo.
Lemma 2.2. Let f(z) = flE—? be a meromorphic function, where g(z) and d(z) are entire
functions satisfying Wy 4)(8) = K(p.q)(f) = 1 < O(pq)(8) = O(pg)(f) < +oo and A, )(d) =
O(pg)(d) = Aipg) <%> < U. Then there exists a set E; C (1,4-o0) of finite logarithmic measure
such that for all |z| =r ¢ [0,1]UE; and |g(z)| = M(r,g) we have

‘ f(z)
O (z)

N

<r* (keN).

Lemma 2.3. ([13]) Let f(z) = ¥ c,lnzln be an entire function and the sequence of exponents
n=0

{An} satisfies the gap condition (1.3). Then for any given € > 0,

log L(r, f) > (1 —€)logM(r, f)
holds outside a set E3 of finite logarithmic measure, where M(r, f) = sup |f(z)|, L(r,f) =
|el=r
inf |f(2)].

|e|=r
Lemma 2.4. ([16]) Let f(z) be an entire function of (p,q) —order satisfying 0 < o(,, 4)(f) =
O < oo. Then for any given € > 0, there exists a set E4 C (1,4o0) having infinite logarithmic

measure such that for all r € E4, we have

log, T(r, lo M(r,
roteorely  log,r roteoreEy  log,r
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and

M(r7f) > CXPP_H{(G—E)IquF}.

Lemma 2.5. ([6]) Let g : [0,4+00) — R and h : [0,4) — R be monotone nondecreasing func-
tions such that g(r) < h(r) forall r ¢ EsU|0, 1], where E5 C (1,4-0) is a set of finite logarithmic
measure. Then for any a > 1, there exists an ry = ro(o) > 0 such that g(r) < h(ar) for al-

L r>ry.

By using the similar proof of Lemma 3.5 in [18], we easily obtain the following lemma when

O(p.q) (g) =O0(pyg) (f) = H-oo0.

Lemma 2.6. Let f(z) = % be a meromorphic function, where g(z) and d(z) are entire

functions satisfying Uy 4)(8) = K(p.q)(f) = 1 < O(pq)(8) = O(pg)(f) < +oo and A )(d) =

O(p.g)(d) = Aipg) (%) < U. Then there exists a set Eg C (1,4-o00) of finite logarithmic measure

such that for all |z| =r ¢ [0,1]UEg and |g(z)| = M(r,g) we have

f(n)(z)_ ve(r)\"
Q) —< . ) (I+0(1)), (neN),

where Vq(r) is the central index of g(z).

Lemma 2.7. Let f(z) be an entire function such that o, oy (f) = 0 < +oo. Then, there exist

entire functions 3 (z) and D (z) such that

and

—

log,N(r, %)

Opq) (B) = lim sup log,

Moreover, for any given € > 0, we have

B (2)] > exp{—exp, {(0(pq) (B) +€)log,r}} (r¢ Eq),
where E7 C (1,4+0) is a set of r of finite linear measure.

Proof. By Theorem 10.2 in [11] and Theorem 2.2 in [12], we get that f(z) can be represented
by
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with

D
O(pg) (f) = max {G(p,q) (B):0(p.q) (e (Z)> } :
By using similar proof in Lemma 6.1 in [10], for any given € > 0, we obtain
B (2)| > exp{—exp, { (0,4 (B) +€)log,r}} (r ¢ E7),

where E7 C (1,4e0) is a set of r of finite linear measure.

Lemma 2.8. Let f (z) be an entire function such that 6, ;) (f) = 0 < +oo. Then, there exists a

set Eg C (1,+00) of r of finite linear measure such that for any given € > 0, we have
exp{—exp,{(c+e&)log,r}} <|f(z)| <exp,, {(c+€)log,r} (r¢Es).

Proof. When p = g = 1, the lemma is due to Chen [2]. Thus, we assume that p > ¢ > 1 or
p>q=1.Itis obvious that | f (z)| <exp, | { (0 +€)log,r} . By Lemma 2.7, there exist entire
functions f3 (z) and D (z) such that

(@) =B(2)e”D and 6(, ) (£) =max{c(, ) (B). 0 (¥}

Since 6(,_1 4) (D) = () 4) <eD(Z)) < 0(pq) (f)and ‘eD(Z) > ¢~ PG for sufficiently large |z| =

r, we have

‘emz)

> e~ IPG)| > exp {—expp {(G—|— g)logqr}} .

By Lemma 2.7 again, it follows that

£ (@)= 1B ()] |e"

> exp {—expp {(g(pyq) (B)+ g)logq r} } exp{—expp {(G + g)logq r}}

> exp{—expp {(G—i- g)logqr}}exp {—expp {(G+ ;)logqr}}

€
= exp{—Zexpp {G+ z)logqr}} > exp{—expp {(G—i—e)logqr}},
for r ¢ Eg, where Eg C (1,+o0) is a set of r of finite linear measure. Thus, we complete the
proof of Lemma 2.8.
Lemma 2.9. ([16]) Let f(z) be an entire function of (p,q)—order, and let v¢(r) be a central
index of f(z). Then

log, v¢(r)
(o] = limsup —2—2~~,
o) =lmep =
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Lemma 2.10. Let f(z) be an entire function with 6(,, 5 (f) = 6,0 < 0 < . Then for any given
B < o, there exists a set Eg having infinite logarithmic measure such that for all |z| = r € Ey,

we have
logp—H M(raf) > Blogql’,

where M(r, f) = sup | f(z)].

j2|=r
Proof. By the definition of the (p,q) —order, for any given € > 0, there exists a sequence {r, }
tending to oo satisfying (1 + %)rn < rp41 and

m logp—H M(I"n,f)
n—yeo log, s

Then, there exists a positive integer ng such that for all n > ng and for any given € > 0, we have

M(ra, f) > exp, 1 (0 — €)log, ). (2.1)

When g > 1, we have

i 108 ()T _
n—oo logqr

Since 8 < o, then we can choose sufficiently small € > 0 to satisfy 0 < € < 6 — 3. Therefore,
there exists a positive integer n; such that for all n > ny, we have

log (2=)r
log, r o—¢

Take n, = max {ngn } . Then, by (2.1) and (2.2) we get for 7 € [r, (1 + 1) 1]
logp—H M(l’,f) Z logp—i—lM(rnaf) > (G _8) logqrn
n
> (0 —¢)log, 1) > fBlog,r.

Setting Eg = |J [ra, (14 1)rs], we have

n=np

(1—‘—;)}"’1
e dt ad 1
my(Eo) = ) / o= Zlog(l%—;):w.

n=nyp n=np

Lemma 2.11. Let f(z) = Y. c3, 2" be an entire function with O(pq)(f) =0,0< 0 <o Ifthe
n=0

sequence of exponent { A, } satisfies (1.3), then for any given B < o, there exists a set E1y having
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infinite logarithmic measure such that for all |z| = r € E1o, we have
|f(Z)| > expp—i—l{ﬁ logqr}'

Proof. By Lemma 2.3, for any given € > 0, there exists a set E3 of finite logarithmic measure

such that for all r ¢ E3, we have

logL(r,f) > (1 —¢€)logM(r, f).

For any given B < o, we can choose 0 > 0 such that B < § < o and sufficiently small €
satisfying 0 < € < ﬁ . Then, by Lemma 2.10, there exists a set E9 having infinite logarithmic

measure such that for all » € E9, we have

1- 1-
’f(Z)| >L(I’,f) > [M(r?f)] 8> (expp+1{5logqr}) 8>expp+1{ﬁlogqr},
where Ejg = E9\ E3 is a set with infinite logarithmic measure.

Lemma 2.12. Let f(z) be an entire function with W, ,(f) = pt < oo. Then for any given
€ > 0, there exists a set E;; C (1,4+e0) having infinite logarithmic measure such that for all
lz| = r € Eq1, we have

log 1 M(I‘, f)
= i —optt A\
Hipg)(f) rosooreEy, log, 7

and

M(I’,f) < eXPp+1{(ll+€)10gq”}-

Proof. By the definition of the lower (p,q)-order, there exists a sequence {r,}_; tending to co
satisfying (1 + 5)rn < Iys1, and

m 10gp+1 M(}"n,f)
Fp—>o0 logq Tn

= /J(p,q) (f) .

Then for any given € > 0, there exists an ny such that for n > n; and any r € [ [FnsTn), We

have
logp+1M(n+1rn’f) < 10gp+1M(r7f) < 10gp+1M(rnaf)
log, 7 - log, r = log e

[}

Letting E;; = U [n+1rn,r,,] then for any r € E|, we have

n=np

1 M ) 1 M ns
lim ng+1 (I‘ f) — lim ng+1 (r f) _ ‘u(p’q) (f),

r—-+too,rekEy) log, r Fp—o0 log, 7
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and

E11 Z / ilog1+1)

n=ny , n=np
g

Lemma 2.13. ([15)) If f(z) is a meromorphic function, then &, 4 (f') = 0(;.4)(f)-

Lemma 2.14. ([17]) Let f (z) be a transcendental entire function, and let z, = re'% be a point
satisfying | f(z,)| = M(r, f). Then, there exists a constant 8, > 0 such that for all z satisfying
|z| =r ¢ E12 and argz = 6 € [0, — J;, 6, + &), we have

‘ f(2)
fO(z)

<2r/, (jeN).

Lemma 2.15. ([16]) Let f(z) be an entire function of (p,q) —order satisfying 0 < o, o)(f) =
0 <ooand 0 < 1, ,)(f) =T < oo. Then for any given B < 7, there exists a set Ey3 C [1,+oo)

that has an infinite logarithmic measure such that for all |z| = r € E|3, we have
IngM(I"7f) > ﬁ(logq—l r)O’ (I" € E13)'

Lemma 2.16. Let f(z) be a transcendental entire function satisfying 0 < O(p.q) (f) =0 < oo
0< 1 q)(f)=T<c0and T(r,f)~logM(r, f) as r — +oo outside a set of r of finite logarithmic
measure. Then for any B < T, there exists a set Eyq4 C (0,+00) having infinite logarithmic
measure and a set Hy C [0,27) that has linear measure zero such that for all z satisfying |z| =

r € Ejg and argz = 0 € [0,27)\ Ha, we have
£(re"®)| > exp, {Blog, 1 7)°}.

Proof. Since m(r, f) ~logM(r, f) asr — +ecand r ¢ F C (0,+o0), where F is a set of r of finite
logarithmic measure, by the definition of m(r, ), we see that there exists a set H, C [0,27) with
linear measure zero such that for all z satisfying argz = 6 € [0,27)\ H, and for any € > 0, we

have
Fre®)| > ()] (2:3)

Otherwise, we find that there exists a set H C [0, 27) with positive linear measure, i.e., m (H) >0

such that, for all z satisfying argz = 6 € H and for any € > 0, we have

)| < MG p)
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Then, for all r ¢ F, we get

m(r, f) = $7tln+ ‘f(reie)‘dﬂ
0

- %/hﬁ ‘f(re’%’d@%—% / In* ‘f(reie)‘de
H 0.27)\H
< %bgM(nﬁ + M_z—:(H)logM(r,f)
_2m—emH) oM f). (2.4)

2r
Since € > 0 and m(H) > 0, then (2.4) is a contradiction with m(r, f) ~ logM(r, f). For any

B <, we choose & (> 0) satisfying B < & < 7. By Lemma 2.15, there exists a set Ej3 C [1,+)

that has an infinite logarithmic measure such that for all |z| = r € E|3, we have

log, M(r, f) > E(log, ;7)°. (2.5)

By (2.3) and (2.5), for any given € (0 < e < 1— g) and for all |z| = r € E14 = E;3\F and
argz = 0 € [0,27)\ Ha, we have

. _ 1—

)| > M) > (exp,{E(log,— 1)7})' > exp,{B(log, 1)}

Thus, the proof of Lemma 2.16 is complete.
Lemma 2.17. ([15]) Let Ay(z),A1(2)," -+ ,Ar—1(z) and F(z) # O be meromorphic functions. If
f(z) is a meromorphic solution to (1.2) satisfying

max{0(,11.4)(F),0(p+1,4)(A;): J=0,1,-- Jk—1} < 0(pp1,4)(f),

then we have

Ap+1.9) (F) = A(pi1,9)(F) = O(ps1,9)(f)-

3. Proof of Theorem 1.1

Assume that f(z) is a rational solution of (1.4). If either f(z) is a rational function, which
has a pole at zg of degree m > 1, or f(z) is a polynomial with deg f > s, then £(¥)(z) Z 0. Since
max{0(p 4)(Aj),j # s} < O(.4)(As) < oo, then

O(p,g)(0) = O(p.q) (Ax @f P+ A 1@ fE D 4 A (2) f +Ao(2) )
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= O(p.g)(45) >0,

which is a contradiction. Therefore, f(z) must be a polynomial with deg f < s— 1.
Now, we assume that f(z) is a transcendental meromorphic solution of (1.4) such that
Ap.g) (}) < U(p,q)(f)- By Lemma 2.1, there exists a constant B > 0 and a set Ey C (1, +) of

finite logarithmic measure such that for all z satisfying |z| = r ¢ [0, 1] UE], we have

<B(T2rf)"*", 1<j<k (3.1)

Since A, q) ( ) < H(p,q)(f), then by Hadamard’s factorization theorem, we can write f as

flz)= E % where g(z) and d(z) are entire functions satisfying

Kip.q) (g) = H(pg) (f) =u< O(p,q) (g) =O(p,q) (f)a

1
AMp.g)(d) = 0(p.)(d) = A q) (]7) <H.

Then by Lemma 2.2, there exists a set E of finite logarithmic measure such that for all |z| =
r¢ E, and |g(z)| = M(r,g) and for r sufficiently large, we have
‘—)‘ < (seN). (3.2)
f9(z)
Set o« =max {0y, 4)(A)):j# s} < 0(p 4 (As) = 0 < oo. Then, for any given € (0 <2¢ <o —a),

we have
|Aj(2)| <exp,yi{(a+e)log,r}, j#s. (3.3)

By Lemma 2.3 and Lemma 2.4, there exists a set Es C (1,4-oc0) of infinite logarithmic measure

such that for all |z| = r € Ey5, we have

Ay(2)] > L(rAy) > (M(r,A,)) 7 > (exp,41{(0 — =) log, r}) ¢

2
> expy {(0— &) log, 1} (3.4)
By (1.4), we have
|As(2)] —' Ak (2)] 0 +Ak-1(2) - + -+ |Ast1(2) o
f f f
Fo-1) ’
+ As-1(2)] 7 +- -+ [A1(2)] 7 +|A0(Z)|]- (35)
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Hence, by substituting (3.1) — (3.4) into (3.5), we obtain for all z satisfying r € Ej5\ (E| U
E>U[0,1])

expy 1 {(0 —&)log,r} < P exp,, {(a+8)log, B(Tr ). (3.6)
By (3.6) and Lemma 2.5, we have

G(p-i—l,q) (f) > G(p,q) (As)-

Now, we prove that 0(,,; 1 ¢)(f) < 0(;4)(As). We can rewrite (1.4) as

(k) (k—1) (s+1)
_Ak(z)fT:Ak—l(Z)ff +"'+As+1(2)ff

(5) (s—1) /
+As<z>ff T - +~-~+A1<z>§+Ao<z>. (3.7)

By Lemma 2.6, there exists a set Eg C (1,+oc0) of finite logarithmic measure such that for all
|zl =r¢[0,1]UEg and |g(z)| = M(r,g), we have
f9) (Vg(’”)
f(z) z

Since max{0y, 4)(A;),j # s} < O(p4)(As) < oo, then for sufficiently large r, we have

)J(l-l-o(l)), (j=0,--- k). (3.8)

|Aj<z)| < expp{(c(p,q)(AS) +8) logq I’}, (] =0, 7k) . (39>

By Lemma 2.8, there exists a set Eg C (1,4o0) of finite linear measure (and so of finite loga-

rithmic measure) such that for all |z| = r ¢ Eg, we have
|Ak(2)] = exp {—exp,{(0(, ) (Ak) +€)log, r} }

> exp{—expp{(c(pm(As)+£)10gqr}}. (3.10)

From (3.7) and (3.8), for all z satisfying |z| = r ¢ [0, 1] UE and |g(z)| = M(r,g), we have

k k—1
-4 (B2 (1ot =) (B2) 1001

s+1 §
AL () (ng(”>> (14 0(1)) + A4 (2) (Vg—(r)) (14o(1))

<

s—1
%) (140(1))+---+A;(z) (%m) (I+0(1))+Ap(z).

(2 s ()

#aa(0)

It follows that

[Ak(2)]

[T+ o(1)] < |Ag-1(2)]

[1+o(1)]
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)’

s—1
@ () o+ @] () o)+ @l @)
and by (3.9) — (3.11) for all z satisfying |z| = r ¢ ([0, 1] U E¢ UEg) and |g(z)| = M(r,g), we have

exp {— exp, (G (As) + ) log, 7} ) (V—“) 1+ o(1)

r

oot A ()] \1+o(1)|+\As(z)\‘(Vg(r>> |14 o0(1)]

Z

< kexp,;1{(0(pq)(As) +€)log,r}[1+o(1)].

So, we have
A
imsup ———

<o Ag) + €. 3.12
F——oo logqr - (p,q)( S) ( )

Since € > 0 is arbitrary, then by (3.12), Lemma 2.5 and Lemma 2.9, we have 6,1 4)(g) <

O(p.q)(As), thatis 011 4)(f) < O(p4)(As). Therefore, we get 6,11 ¢)(f) = O(p q)(As)-

4. Proof of Theorem 1.2

Assume that f(z) is a rational solution of (1.4). By the same reasoning as in the proof of
Theorem 1.1, it is clear that f(z) is a polynomial with deg f < s— 1. Now, we assume that f(z) is
a transcendental meromorphic solution of (1.4) such that 4, ) (%) < W(p,q)(f)- By Theorem
1.1, we have 6(,44)(f) = 0(,4) (As) = 0. Then, we only need to prove that L, 4 (f) =
W(p.q)(As) = 0. Since max{cy, ,(A;) (j # s)} < 0, then there exist constants ¢, B satisfying

max{0(, ,)(A;) (j #s)} <o <P <o.Then

‘Aj(z)‘ <exp,{ailog,r}, j#s. (4.1)

Also, we have that Ay(z) = Y c;anl" such that the sequence of exponents {A, } satisfies (1.3)
n=0
and L, q)(As) = O(p4)(As) = 0. Then, by Lemma 2.11, there exists a set E}o having infinite

logarithmic measure such that for all z satisfying
|z| =r € Eo,

we have

|As(2)] > exp,,, {Bilog, 7} (4.2)

Hence, by substituting (4.1), (4.2), (3.1), (3.2) into (3.5), for all z satisfying

2| =r € E1o\([0, JUE] UE),
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we have
2s k+1
exppH{ﬁl logqr} §Bexpp+1{a1 logqr}r k[T(2r, )] . (4.3)

Since B is arbitrarily close to o, then by (4.3) and Lemma 2.5, we obtain

.u(p+l,q) (f) > 0= .u(p,q) (AS)'

On the other hand, by (1.4), we have

(s+1)

< |Ax-1(z) -+ A1 (2)

(k)
mam%%r

/

(s—1)
-

By Lemma 2.12, for any given € > 0, there exists a set E1; C (1, +o0) having infinite logarithmic

+]A5-1(2) +A0(2)|. (4.4)

measure such that for all |z| = r € E|1, one has

|AJ(Z)| S epr—H {(nu(pg) (AS) + 8) logq l"}, ] = 07 e 7k' (45)
By Lemma 2.8, there exists a set Eg C (1,+o0) of finite logarithmic measure such that for all
|z| = r ¢ Eg, we have
Ak(2)] > exp { —exp,{(0(, 4)(Ak) +€)log,r}}

>exp{— exp,{(0(y,q) (As) +€)log, r}} =exp{— exp,{ (U(pq)(As) +€)log, r}}. (4.6)
From (3.8), (4.4) — (4.6), for all z satisfying |z| = r € E11\(EsUEg) and |g(z)| = M(r,g), we

have

k
‘%f°) 14o(1) <

k—
) |1+0(1)

ﬁ”) 1+0(1)

exp{—expp{(u(%q) (A5) +¢€)log, r}} (

expy i { (g (As) + €)log, r} (

+---+epr+1{(“(p7q)(A )+8)10gq } (

2AY

+CXPp+1{(lJ(p,q)(As)+3)10gqr}( [1+o(1)]

s—1
Fenpy (g (40 + €)1ogr) (7)o
Vg(r)

+---+expp+1{(1~l(p7q)(z4s)+8)10gq”}( ) |[1+o0(1)]

+ €XPp+1 { (.u(p,q) (AS) + 8) logq r}»
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that is, for all z satisfying |z| = r € E11\(E¢ UEg) and |g(z)| = M(r,g), we obtain

exp {— exp, {(1(pg (A) + ) log, 1} ) (V—”) 1+ o(1)

2

< K1+ 0(1) expy { (1) (As) + €)log, 1} (47

It follows that
. logp—H Ve(r)
lim ———>~

< Ag . 4.8
1w log,r S Hipg(As) +e (4.8)

Since € > 0 is arbitrary, by (4.8), Lemma 2.5 and Lemma 2.9, we have

Hip+1.49) (g) < H(p.q) (As)v

that is,
Hip+1.9) () < Bipg)(As)-

Therefore, we get

5. Proof of Theorem 1.3

(1) We assume that f(z) is a transcendental meromorphic solution of (1.5) such that 4, ,) (}) <
Wp.g)(f)s and {f1, f2,--, fk} is a meromorphic solution base of the corresponding homoge-

neous equation (1.4) of (1.5). By Theorem 1.1, we get that

O(pt1,9)([7) = O(pg)(As), (= 1,2, k).

By the elementary theory of differential equations, all solutions of (1.5) can be represented in

the form
f(@) = fo(z) +B1f1(z) + B2f2(2) + - + Bifi(2), (5.1)
where By, -, By € C and the function f; has the form

fo(z) = C1(2) f1(2) + C2(2) f2(2) + - + Ci(2) fi(2), (5.2)

where Cj (z),--- ,Ck (z) are suitable meromorphic functions satisfying

C;:FGJ(fla 7fk)‘[W(f17"' ;fk)]_]v ]: 172;"' 7k7 (53)
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where G;(fi,- -, fx) are differential polynomials in fi,---, fy and their derivatives with con-
stant coefficients, and W(fy,--, fx) is the Wronskian of fi, ---, f;. Since the Wronskian

W(f1, -, fr) is a differential polynomial in fj,- -, f, it is easy to obtain

O(pt19) (W) Smax{0(,,14)(f7):j =12, ,k} = 6, ) (As)- (54)

Also, we have that G(fi,---, fi) are differential polynomials in fi, - - -, f; and their derivatives

with constant coefficients. Then, we have

G(p+1,q)(Gj) < max{o-(p+1,q)<fj) rj=12,- 7k} = o-(p,q)(AS)a (] =12, 7k)' (55>

By Lemma 2.13 and (5.5), for j=1,--- ,k, we have

O(pi1.9)(C7) = Op11,9)(C)) < Max{(p11)(F), 0pg) (A)} = Opg)(As). - (5:6)

Hence, from (5.1), (5.2) and (5.6), we obtain

O(p+1,9)(f) Smax{0(,114)(Cj),O(pr1,9)(f) 1 J=1,2,-+ ,k} = 0(p 4)(As).

Now we assert that all meromorphic solutions f of equation (1.5) such that ;L(IMI) (%) <

W(p.g) (), satisfy 0,11 4)(f) = 0, 4)(As), with at most one exceptional solution fy with

G([H—l,q) (fO) < O-(p,q) (As)-

In fact, if there exists another meromorphic solution f; of (1.5) satisfying O(p+1.q9) (fi) <
O(p,q)(As), then fo — f1 is a nonzero meromorphic solution of (1.4) and satisfies 6{,,1 4)(fo —
f1) < 0(pq)(As). But by Theorem 1.1 we have any meromorphic solution f of (1.4) such that
Ap.q) (}) < Wp,g)(f), satisfies 0(,1 1 4)(f) = 0(pq)(As). This is a contradiction. Therefore,
we have that all meromorphic solutions f of equation (1.5) such that A, ;) <%> < Up,g) (),
satisfy 0(p1.1,4)(f) = 0(p,q)(As), With at most one exceptional solution fy with 6(,1 4)(fo) <
O(p.q)(As)-

(ii) From (1.5), by a simple consideration of order, we get 6,11 4)(f) > 0(p11,4) (F). By

Lemma 2.13 and (5.3) — (5.5), for j = 1,--- ,k, we have

O(p+1.4) (C]> = O(p+14) (C;) < max{c(p—l—l,q) (F), O(p.q) (As)} < O(p+1,9) (F). (5.7)

By (5.1), (5.2) and (5.7), we have

O(pt149)(f) Smax{0(,114)(Cj), 0119 (fj) 1 J=1,2,-++  k} S O i1 4)(F).
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Therefore, we have 0,11 ¢)(f) = O(pt1,4)(F)-
6. Proof of Theorem 1.4

(i) Suppose that f(z) is a transcendental solution of (1.2). On one hand, by (1.2), we get
(k—1) /

f

st

By Wiman-Valiron theory [11, p. 187-199], there exists a set E1g C (1, 4o0) of finite logarithmic

< |Ar-1(2)| =1 +140(z2) (6.1)

measure such that for all |z| = r ¢ [0,1]UE¢ and |f(z)| = M(r, f) > 1, we have

Y9 _ (VfT(r)>j<1+0(1)), (j=0,--- k). (6.2)

By the definition of the (p,q) —order, for any given € > 0 and for sufficiently large r, we have

|Aj(2)] <exppii{(c+e)log,r}, j#s (6.3)
and
|F(2)| <exppy{(0+¢€)log,r}. (6.4)

Since |f (z)| = M (r, f) > 1, then for sufficiently large r we have

F F
f((j)) = A|4(5"Z;|) < epr+1{(G+8) logq I”}. (65)
By substituting (6.2), (6.3) and (6.5) into (6.1), for sufficiently large r ¢ [0, 1] U E}¢, we obtain
(va(r)) [1+0(1)| < (k+1)exp,, {(c+€)log,r}. (6.6)

By (6.6), Lemma 2.5 and Lemma 2.9, we obtain 0(,, 4)(f) < 0(p4)(As) + €. Since € > 0 is
arbitrary, we get 6,41 4)(f) < 0, 4)(As). On the other hand, by (1.2), we obtain

5

+ A1 (2)] ‘

+Ak-1(2)

‘f +"‘+|As+l(Z)“T‘

/

(s—1)
P @I i+ 5]

For each sufficiently large circle |z| = r, we take z, = re/% satisfying |f(z,)| = M(r,f) > 1.

+ |A0 (6.7)

Then, by Lemma 2.14, there exists a constant o, > 0 and a set E|, such that for all z satisfying
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|zl =r ¢ E1 and argz = 0 € [0, — O, 6, + O,], we have

‘Wz()z)’ <27, (6.8)

By Lemma 2.1, there exist a set H; C [0,27) that has linear measure zero and a constant B > 0

such that for all z satisfying argz = 6 € [6, — J,, 6, + &,] and for sufficiently large r, we have

We choose ap, B, satisfying max{7, ,)(A;) : 0(,¢)(Aj) = O(p.q)(As), T(pqg) (F)} < 02 < P2 <
T(p.q)(As). Since | f(z) — f(z,)| < € and | f(z,)| — o0 as r — oo, for all sufficiently large |z| =
r¢ Ejp and argz = 6 € [0, — O, 0, + §,], we have

|4;(2)] < exp,{an(log, r)ra ™)}, j#s (6.10)
and
% <|F(z)| < expp{ocz(logq_lr)"(p.,q>(As)}. (6.11)

Since T (r,As) ~ logM(r,A) as r — +oo (r ¢ E12), by Lemma 2.16, for any B, < 7(, 4)(As),
there exists a set E14 C (0,+o0) having infinite logarithmic measure and a set H, C [0,27) that
has linear measure zero such that for all z satisfying |z| = r € Ej4 and argz = 0 € [0,27)\ H>,

we have

|A5(2)| > exp, {Ba(log,  r) ™)}, (6.12)
Substituting (6.8)-(6.12) into (6.7), for all z satisfying |z| = r € E14\E|2 and argz = 6 €
[0,27)\(H] UH;), we get

exp, { B (log,_; )0 ™)} <2 exp, {on(log,_; 1) 7o W (k+ 1B(T (2r f)) . (6.13)

By (6.13) and Lemma 2.5, we obtain 6,1 4)(f) > 0(, 4)(As). Thus, we have o, 4 (f) =

O(p.q)(As)-
Now, if f(z) is a polynomial solution of (1.2) with deg(f) > s, then f)(z) # 0. If

max{ 0, 4)(A;}),0(p.q)(F),] # 5} < 0(pq)(As) < 0,
then
O(p.q) (As) = O(p ) (~As () ) = 0 ) (fY) + Ar_1 () £ 51

+o A @ A (ST -+ AR Ao f — F(2)
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< max{0(, 4)(4;),0(p.q)(F),J # s} < 0 4)(As),
which is a contradiction. If max{6(,, 4(A;),0(,¢)(F), j # s} = 0 ¢)(As) = 6 and max {7, ,)(A;)
O(p.q) (Aj)= O(p.q) (Ay), T(p.g) (F)} < T(p.g) (Ay), then we choose @, 3, satisfying max{r(pm (Aj):
O(p.g)(Aj) = O(pq) (As),r(pvq)(F)} < 0 < P < 7, 4)(As). By Lemma 2.15, there exists a set

E13 having infinite logarithmic measure such that for all 7 satisfying |z| = r € E}3, we have

|As(2)| > exp,{B2(log, )} (6.14)

and for sufficiently large r

|F(z)] <exp,{ax(log, 1r)°}, |A;(z)] <exp,{oa(log, r)°}, j#s. (6.15)

Hence, from (6.7), (6.14) and (6.15), for all z satisfying |z| = r € E|3, we have

exp,{Ba(log, 1)} < (k+ l)rMexpp{ocz(logqfl r)°},

where M is a constant. This is a contradiction. Therefore, f(z) must be a polynomial with
degf <s—1.
(ii) If F(z) # 0, then we find from Lemma 2.17 that every transcendental solution f(z) of

(1.2) satisfies Z(p—i—l,q) (f) = )L(p—H,q) (f) = O(p+1,9) (f) = O(p.q) (As).
(iii) If s = 1 and f(z) is a polynomial solution of (1.2), then by (ii), we get that deg f <s—1.

Thus f(z) must be a constant. By (i) and (ii), every nonconstant solution f(z) of (1.2) satisfies

O(pr1.9)(f) = O (A1) and Ay 1 ) (F) = A1) (f) = O(ps1,9)(f) = O(pg) (A1) if F(2) 0.
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