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trowski and the Ostrowski-Griiss type inequalities.
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1. Introduction

An integral inequality that establishes a connection between the integral of the product of two
functions and the product of integrals stated in the following result is known as Griiss inequality

[1].

Theorem 1.1. Let f,g: [a,b] — R be integrable functions such that ¢ < f(x) < ® and y <

g(x) <T forall x € [a,b], where ¢ ,®,y,T are constants. Then we have

1
b—a

() ‘ /abf(x)g(x)dx— ﬁ/abf(x)dx.bia/abg(x)dx < %(q)— ¢)(T—7),

where the consant 21; is sharp.
Ostrowski [2] proved the following inequality.
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Theorem 1.2. Let f : I — R, where I is an interval in R, be a mapping differentiable in I° the
interior of  and a, b € I°, a < b. If ‘f/ (t)‘ <M, forallt € [a,b], then we have

y— atb
- —(( 2)2)](19—61)M7

2) ’xba/fdt

forall x € [a,b].

Ostrowski and Ostrowski-Griiss type inequalities have been studied extensively since they
have published, for example see in [3, 4, 5, 6] and references there in. Actually it plays a vital
role to study the error bounds of different numerical quadrature rules for example mid point’s,
trapezoidal’s, Simpson’s and other generalized Riemann type. It also provides the error bounds
of nonnegative differences of the well known Hadamard inequality.

In 1997, Dragomir et al. [5] improved Ostrowski inequality using Griiss inequality which is a
connection between Ostrowski inequality and Griiss inequality. In [5], they gave the following

Ostrowski-Griiss inequality.

Theorem 1.3. Let f : [a,b] — R be a continuous function on [a,b| and differentiable on (a,b),
and its derivative satisfies the condition y < f'(x) <T for all x € [a,b] and ¥, T are real con-

stants. Then we have the inequality

) ‘ 9 ba/f'm—(—%—§l)@—“f)\iw &) (r-7)

forall x € [a,b].

In 2001, Barnett ef al. [4] pointed out a similar result to the above for twice differentiable

mappings.

Theorem 1.4. Let f : [a,b] — R be a continuous function on [a,b] and twice differentiable on

(a,b), and assume that the second order derivative f” satisfies the condition y < f"(x) <T for

(f’(b;:i:’(a))

T 500+

all x € a,b] and v, T are real constants. Then we have
10— (=) g | Lo L (o axhy’
2 24 2 2

1
) - a/f‘dt 1

8
forall x € [a,b].
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In 2001, Cheng gave generalized form of Ostrowski-Grliss type integral inequality [6] as

follows.

Theorem 1.5. Let f : [a,b] — R be a continuous function on |a,b| and twice differentiable on
(a,b), and assume that the second order derivative f” satisfies the condition y < f"(x) <T for
all x € a,b] and v, T are real constants. Then we have
2 b —b 2 ¢t b) — (x— 2 ¢t

(x_a+ )f’(x)+(x )f'(b) = (x—a)’f'(a)

©) ’f(x)_§ 2 6(b—a)

5 [ 0] < s (=) =) ()
forall x € [a,b].

n [8], Farid et al. gave versions of Theorem 1.3 and Theorem 1.4 on two coordinates as
follows.
Theorem 1.6. et f : [a,b] x [c,d] C R?> — R be a continuous function, also let its partial
derivatives exist and satisfy the condition y; < 3—{ <Tyforall x €[a,b], p < 3—5 <TI% for all

y € [e,d] and 1, 1, U1, Tz are real constants. Then we have

/bf(x,c)+f(x,d)dx+/df(a,Y)+f(b,)’)dy_ <%+ 1 )

a —a d-—c
c(b—a)ld—c)
4

(6) / / f(x,y)dxdy| <

Theorem 1.7. Let f : [a,b] x [c,d] C R?> — R be a continuous function and let its second order

[(T2=7r)+ @1 —n)l.

partial derivatives exist and satisfy the condition y; < a f <T\forallxé€ |a,b], < 8 f <Iy

forally € [c,d]) and 1, v, T'1, Iy are real constants. Then we have

1

o 3| [ veosmanas [ ey seaa) v

{(b—a)/cd <af(g“;y) - afg;,y)) dy+(d—c)/ab (8fg;70) - afg;,d)) dx]
N (bia + dl—C> /ab/cdf(x,y)dydx = é(a’—c)(b—a) (C2=7n)(b~a)
+(I1=n)d—c)).

In this paper, we are interested to present generalized Ostrowski-Griiss type inequality given

in Theorem 1.5 for a function of two variables defined on a rectangle from the plane. Also we
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extend this result for a function of several variables. At the end we extend improvements of

Ostrowski-Griiss type inequalities given in Theorem 1.6 and Theorem 1.7.
2. Generalized Ostrowski-Griiss type integral inequalities

In the following we establish generalized Ostrowski-Griiss type integral inequality given in

Theorem 1.5 for a function of two variables defined on a rectangle from the plane.

Theorem 2.1. Let f : [a,b] x [c,d] C R?> — R be a continuous function and let its second order
partial derivatives satisfy the condition y; < % <Tforall x €[a,b] and 1, < g—§ <TI> forall

y € [c,d], where y1,7,T'1,12 are real constants. Then we have

® [3|[ vwosmanas [ ey seaa) v

(o-a) [ (252 20D Y gy a e [ (252D ) o

1 1 b rd 1
—(d_c+b_a)/a /c f(x,y)dydx

< g Ob-alb—a) T2

+(d=c)T1=n)l

Proof. Applying (5) for mapping f, at x = b, we have

(b—a) 3f(gl;y) (b—a) 3f(g;l>y) 1 b
'f(b7y)_ 3 - 6 _b—a/a f(tay)dl

< Ab-aPm-n)

On integrating over [c,d], we get

d _a) —a) rdafla
/Cf(b,y)dy—(b3 )/C af((;jc,y)dy_(b6 )/C 3f((9x,y)dy

(€))

| d b |
b—a/c /a f(xJ’)dXd)" < W(b—a)z(d—c)(rz—yz).

Applying (5) for mapping f, at x = a, then integrating over [c,d]| we have

(10)

(b—a)*(d—c)(T2— 7).

X

1 d rb

- dxd
b—al. /af(x,y) xdy

1
< -
~ 183
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Adding (9) and (10), we get

(11) '% (/Cdf(a,y)dwr/cdf(b,y)dy) + (bl_za) /Cd (aféi’y) - afg;’y)) dy

1 d b .
b_a/c /“ f(XJ)dXdy' = m(b_a)z(d_c)(rz—}’z).

Similarly applying (5) for mapping f, at y = ¢, then integrating over [a,b] and repeating the

same process at y = d, after that adding two results, we have

(12) '% (/abf(x,c)dx+/abf(x,d)dx) + (dl_zc) /ab <8fg;’c) - afg;‘”) dx

1 d b 1
[ rsas) < s aa- 0w,

Adding (11) and (12), we get (8). This completes the proof.

3. Extensions of Ostrowski-Griiss type inequalities

In [7], the definition of convex function on n-coordinates is given. Motivated by this con-
cept, we give extensions of Ostrowski-Griiss type inequalities using partial mappings on n-
coordinates and their related partial derivatives in this section. In this whole section, we follow
notation A" =T]_, I; fora;,b; c Rand i = 1,2,...,n.

Theorem 3.1. Let f : A" — R be a continuous function and let its partial derivatives satisfy the

2
condition Y; < 37’; < T for x; € |a;,bi]| where ¥;, T; are real constants and i = 1,2,3,...,n. Then

we have

n

| 1
(13 [5) / <ff§f1(ak+1) +ffn+1(bk+1)> dxp+— Y (biy1 — age1)
2 k=1 12 =
b (OfE  agyr)  OfET (brsr) z 1
/ i — “ dxk — Z —_—
ai OXp 11 OXp 11 =1 b1 — it
bit1 b 1 n )
/ / FX)dxdxsr| < ——= Y (br — ar) (brs1 — arg1)” (Tiet — Y1),
A1 7 ag 18\/§ k=1

withn+1— 1.
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Proof. Applying (5) for mapping f)ijl aiv1,biv1] = Rat x = by, where i = 1,2,...,n, we

have

Afi(bigy) dfi (aivr)

- (bit1 —ai+1)§x—[+1 (bit1 _ai+1)—:§xi+;+ 1

Xn (bi+1)_ 3 - 6 _b.+1_a.+1
1 l

bA
/ le (Xz+1 )dxz—H
a1

1
< 8—\/§(bi+l —ai+1)2(ri+1 = Yit1)-

On integrating over [a;, b;|, we get

o by i1 i1
(14) '/ ,+1 bist dx, (bz+1 al+1)/ <afxn (az+1)+28fx,, (lerl))dxi

6 Oxiy oxit1

i+1
/ / dxH—ldxz
biy1—aip @iy

Now applying (5) for mapping fx” :laiy1,biv1] — R at x = a1, then integrating over [a;, b;],

1
< 18\/§(bi_ai)(bi+l_ai+l)2( i1 = Yir1)-

we get

15)

/ £ (i) dx,+(b‘“ az+1)/ afel (b +1)+2 fo (i) dx,
6 a; Oxiy1

i+1
/ / X)dx;jy1dx;
bit1—ait a1

Adding (14) and (15), we get

ST
Rl
X

‘ B

< (bi — ;) (biy1 — ais1)*(Ti1 — Yip1)-

Py

18

[ <f1+1<al-+1>+f;:1<bl-+1>>dxi+—(”"“1‘2""“)

bi (dfi aiv1)  dfi! (bit1) ’“
— dx; — X)dx;y1dx;
a; axH—l 8xi+l H—l aH—l a; ajt

(bi —Cll')(bH_l - ai—i—l)z(ri-l-l - yi-i—l)‘

;

<_
~ 183

Summing over i from 1 to n we get (13). This completes the proof.

Remark 3.2. For n =2 in Theorem 3.1 and a; — a, by — b, a, — ¢, b — d, we get inequality
(8).
In next two theorems we give extensions of Ostrowski-Griiss type inequalities (6) and (7) on

coordinates.
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Theorem 3.3. Let f : A" — R be a continuous function and let its partial derivatives satisfy the

condition Y; < g—xf <T; for x; € |aj,bj] where 7;, T; are real constants and i = 1,2,3,...,n. Then
1

we have

! 1

%i/ <k+l +1)+f£l+l(bk+1)>dxk_z

(16) —
k=1 bk+1 — di+1
bit1 b
/ / JF(X)dxpdxsr| <
agr1 Jag

n
Y (b — a) (b1 — 1) Tt — Y1)

1
43

withn+1—1.

Proof. Applying (3) for mapping f”’1 [@it1,bir1] — Ratx = by, where i = 1,2,...,n, we

have

F(bi1) — fil Y(aign)

b;
i+1(bi+1)—;/l+1fi+l(xi+1)dxi+1— =
E biv1—aiv1 Ja " 2

< —(biy1 —air1) L1 — Yi1)-

FN.

On integrating over [a;, b;|, we get

7

l+1 b; z+1
/ bi1)dxi— ———— / FX)dx; s 1dx;
bl+1 —djt] ajiq

1 b
—3 (fiF (biv1) = fil N(aiv1)) dxi| < = (bi — i) (bi1 — aip1) (Tig1 — Yir1)-
a;

I

Now applying (3) for mapping fiF! : [aiy1,biy1] — R at x = aj41, where i = 1,2,....n, then

integrating over [a;, b;], we have

1 t+1
(18) / )y — ————— / FX)dxi1dx;
bl+1 a1 ajy1
1 b i+1 i+1 1
+5 (A (bi1) = £ H(ai1)) di < g bi—ai)(bivt = ais1) (Tivt = Yir1)-
a;

Adding (17) and (18), we get

1 bi i+1 1+1
_/ ( Xn ( ai+1 )+fxn ( l+1))dxl —/ / dx,de,
2 Ja, biv1—aiy1 Ja; aj. 1

<

(bi — a;) (bit1 — aiz1) (Tig1 — Yis1)-

N

Summing over i from 1 to n we get (16). This completes the proof.
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Remark 3.4. For n =2 in Theorem 3.3 and a; — a, by — b, a, — ¢, by — d, we get inequality
(6).

Theorem 3.5. Let f : A" — R be a continuous function and let its second order partial deriva-
tives satisfy the condition y; < gix{; < T for x; € |a;,b;] where ¥, T; are real constants and

i=1,2,3,...,n. Then we have

1 & " (bpy1—a
(19) 5 Z / < ;c:»l +1> +f)€€n+1(bk+l)> dxk‘l’ Z ( k+1 12 k+1)
=1 e

b (9 fF  (ary)  OfET (bryr) L
/ak ( dxi B . Z

—_

&xk

bit1 b
/ / f(X)dxpdxyy | <
A1 Jag

b1 — ag41

1 n
gkg b —ai) (b1 — ar1)*(Thrt — Yer1),s

withn+1— 1.

Proof. Applying (4) for mapping f’“ [ait1,bir1] — Ratx =b;yq, where i = 1,2,...,n, we

have

; bir1—aj afi_H bit1 bit1—aj
;jl(bi+l) . < +1 5 +1) xna)(c. + ) + +1 . +1
1

9 Fitl(p o fitl(q. 1 i+ .
fx, (bit1) _ I (@it1) _ " f;+1(xi+1)dxi+1
dx; ox; biv1—air1 Ja, "

<

(bisv1 —ais1)*(Tis1 — Yir1).

0| =

On integrating over [a;, b;|, we get

/f’“ ) (bi+1—ai+1)/bi 9f§j](ai+l)+23f;j](bi+l) dx;
6 a; 8x,~ 8)61‘

1

g(bz+1 —a;11)*(bi —ai)(Tic1 — Yit1)-

1 bit1
20) / F(X)dxiydx) <
i+1 — i+l Ja;

aj+1
Now applying (4) for mapping flel :[@iv1,bir1] — R at x = a;41, where i = 1,2, ...,n, then

integrating over [a;, b;], we have

. i+1 i+1
/ S i Yo + Lo i) /bl Ofy (bic1) |00y (aii) ) )
6 a; 8xl~ 8)6,‘

i+1 1
ey - / / X)dxi1dxi| <
bz+1_al+1 a; Jajyy

g(bz-H —ai11)*(bi —a;)(Tic1 — Yit1)-
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Adding (20) and (21), we get

1 b; . . b: — a;
5 [ ) G )
a;

bi [ 9 Fit! a; a9 fit1(p. 1 bi  biv1
/ fi (@) _Ofy i) 1 / / " F(x)dxidxg
a; biv1—ait1 Ja; Ja

8x,~ 8x,~ i+l

< —(bit1 —ait1)*(bi — a;)(Tiv1 — Yir1)-

oo | =—

Summing over i from 1 to n we get (19). This completes the proof.

Remark 3.6. For n = 2 in Theorem 3.5 and a; — a, by — b, ap — ¢, by — d, we get inequality

(7).
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