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Abstract. Based on the Grüss inequality and the Ostrowski inequality, we obtain some new versions of the Os-

trowski and the Ostrowski-Grüss type inequalities.
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1. Introduction

An integral inequality that establishes a connection between the integral of the product of two

functions and the product of integrals stated in the following result is known as Grüss inequality

[1].

Theorem 1.1. Let f ,g : [a,b]→ R be integrable functions such that φ ≤ f (x) ≤ Φ and γ ≤

g(x)≤ Γ for all x ∈ [a,b], where φ ,Φ,γ,Γ are constants. Then we have∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)dx− 1

b−a

∫ b

a
f (x)dx.

1
b−a

∫ b

a
g(x)dx

∣∣∣∣≤ 1
4
(Φ−φ)(Γ− γ),(1)

where the consant 1
4 is sharp.

Ostrowski [2] proved the following inequality.
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Theorem 1.2. Let f : I→ R, where I is an interval in R, be a mapping differentiable in Io the

interior of I and a, b ∈ Io, a < b. If
∣∣∣ f ′(t)∣∣∣≤M, for all t ∈ [a,b], then we have

(2)
∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣≤
[

1
4
+

(x− a+b
2 )2

(b−a)2

]
(b−a)M,

for all x ∈ [a,b].

Ostrowski and Ostrowski-Grüss type inequalities have been studied extensively since they

have published, for example see in [3, 4, 5, 6] and references there in. Actually it plays a vital

role to study the error bounds of different numerical quadrature rules for example mid point’s,

trapezoidal’s, Simpson’s and other generalized Riemann type. It also provides the error bounds

of nonnegative differences of the well known Hadamard inequality.

In 1997, Dragomir et al. [5] improved Ostrowski inequality using Grüss inequality which is a

connection between Ostrowski inequality and Grüss inequality. In [5], they gave the following

Ostrowski-Grüss inequality.

Theorem 1.3. Let f : [a,b]→ R be a continuous function on [a,b] and differentiable on (a,b),

and its derivative satisfies the condition γ ≤ f ′(x) ≤ Γ for all x ∈ [a,b] and γ , Γ are real con-

stants. Then we have the inequality∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt−

(
f (b)− f (a)

b−a

)(
x− a+b

2

)∣∣∣∣≤ 1
4
(b−a)(Γ− γ),(3)

for all x ∈ [a,b].

In 2001, Barnett et al. [4] pointed out a similar result to the above for twice differentiable

mappings.

Theorem 1.4. Let f : [a,b]→ R be a continuous function on [a,b] and twice differentiable on

(a,b), and assume that the second order derivative f ′′ satisfies the condition γ ≤ f ′′(x)≤ Γ for

all x ∈ [a,b] and γ , Γ are real constants. Then we have∣∣∣∣∣ f (x)−
(

x− a+b
2

)
f ′(x)+

[
(b−a)2

24
+

1
2

(
x− a+b

2

)2
](

f ′(b)− f ′(a)
b−a

)

− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣≤ 1
8
(Γ− γ)

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣]2

,(4)

for all x ∈ [a,b].
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In 2001, Cheng gave generalized form of Ostrowski-Grüss type integral inequality [6] as

follows.

Theorem 1.5. Let f : [a,b]→ R be a continuous function on [a,b] and twice differentiable on

(a,b), and assume that the second order derivative f ′′ satisfies the condition γ ≤ f ′′(x)≤ Γ for

all x ∈ [a,b] and γ , Γ are real constants. Then we have

(5)
∣∣∣∣ f (x)− 2

3

(
x− a+b

2

)
f ′(x)+

(x−b)2 f ′(b)− (x−a)2 f ′(a)
6(b−a)

− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣≤ 1
18
√

3(b−a)

(
(x−a)3 +(b− x)3)(Γ− γ),

for all x ∈ [a,b].

In [8], Farid et al. gave versions of Theorem 1.3 and Theorem 1.4 on two coordinates as

follows.

Theorem 1.6. et f : [a,b]× [c,d] ⊆ R2 → R be a continuous function, also let its partial

derivatives exist and satisfy the condition γ1 ≤ ∂ f
∂x ≤ Γ1 for all x ∈ [a,b], γ2 ≤ ∂ f

∂y ≤ Γ2 for all

y ∈ [c,d] and γ1, γ2, Γ1, Γ2 are real constants. Then we have∣∣∣∣∫ b

a

f (x,c)+ f (x,d)
2

dx+
∫ d

c

f (a,y)+ f (b,y)
2

dy−
(

1
b−a

+
1

d− c

)
∫ b

a

∫ d

c
f (x,y)dxdy

∣∣∣∣≤ (b−a)(d− c)
4

[(Γ2− γ2)+(Γ1− γ1)] .(6)

Theorem 1.7. Let f : [a,b]× [c,d]⊆ R2→ R be a continuous function and let its second order

partial derivatives exist and satisfy the condition γ1 ≤ ∂ 2 f
∂x2 ≤ Γ1 for all x ∈ [a,b], γ2 ≤ ∂ 2 f

∂y2 ≤ Γ2

for all y ∈ [c,d] and γ1, γ2, Γ1, Γ2 are real constants. Then we have

(7)
∣∣∣∣12
[∫ b

a
( f (x,c)+ f (x,d))dx+

∫ d

c
( f (a,y)+ f (b,y))dy

]
+

1
12[

(b−a)
∫ d

c

(
∂ f (a,y)

∂x
− ∂ f (b,y)

∂x

)
dy+(d− c)

∫ b

a

(
∂ f (x,c)

∂y
− ∂ f (x,d)

∂y

)
dx
]

−
(

1
b−a

+
1

d− c

)∫ b

a

∫ d

c
f (x,y)dydx

∣∣∣∣≤ 1
8
(d− c)(b−a)((Γ2− γ2)(b−a)

+(Γ1− γ1)(d− c)) .

In this paper, we are interested to present generalized Ostrowski-Grüss type inequality given

in Theorem 1.5 for a function of two variables defined on a rectangle from the plane. Also we



4 GHULAM FARID, ATIQ UR REHMAN, SUMMIYA RAFIQUE

extend this result for a function of several variables. At the end we extend improvements of

Ostrowski-Grüss type inequalities given in Theorem 1.6 and Theorem 1.7.

2. Generalized Ostrowski-Grüss type integral inequalities

In the following we establish generalized Ostrowski-Grüss type integral inequality given in

Theorem 1.5 for a function of two variables defined on a rectangle from the plane.

Theorem 2.1. Let f : [a,b]× [c,d]⊆ R2→ R be a continuous function and let its second order

partial derivatives satisfy the condition γ1 ≤ ∂ f
∂x ≤ Γ1 for all x ∈ [a,b] and γ2 ≤ ∂ f

∂y ≤ Γ2 for all

y ∈ [c,d], where γ1,γ2,Γ1,Γ2 are real constants. Then we have

(8)
∣∣∣∣12
[∫ b

a
( f (x,c)+ f (x,d))dx+

∫ d

c
( f (a,y)+ f (b,y))dy

]
+

1
12[

(b−a)
∫ d

c

(
∂ f (a,y)

∂x
− ∂ f (b,y)

∂x

)
dy+(d− c)

∫ b

a

(
∂ f (x,c)

∂y
− ∂ f (x,d)

∂y

)
dx
]

−
(

1
d− c

+
1

b−a

)∫ b

a

∫ d

c
f (x,y)dydx

∣∣∣∣≤ 1
18
√

3
(d− c)(b−a)[(b−a)(Γ2− γ2)

+(d− c)(Γ1− γ1)].

Proof. Applying (5) for mapping fy at x = b, we have∣∣∣∣∣ f (b,y)− (b−a)∂ f (b,y)
∂x

3
−

(b−a)∂ f (a,y)
∂x

6
− 1

b−a

∫ b

a
f (t,y)dt

∣∣∣∣∣ ≤ 1
18
√

3
(b− a)2(Γ2− γ2).

On integrating over [c,d], we get

(9)
∣∣∣∣∫ d

c
f (b,y)dy− (b−a)

3

∫ d

c

∂ f (b,y)
∂x

dy− (b−a)
6

∫ d

c

∂ f (a,y)
∂x

dy

− 1
b−a

∫ d

c

∫ b

a
f (x,y)dxdy

∣∣∣∣≤ 1
18
√

3
(b−a)2(d− c)(Γ2− γ2).

Applying (5) for mapping fy at x = a, then integrating over [c,d] we have

(10)
∣∣∣∣∫ d

c
f (a,y)dy+

(b−a)
3

∫ d

c

∂ f (a,y)
∂x

dy+
(b−a)

6

∫ d

c

∂ f (b,y)
∂x

dy

− 1
b−a

∫ d

c

∫ b

a
f (x,y)dxdy

∣∣∣∣≤ 1
18
√

3
(b−a)2(d− c)(Γ2− γ2).



OSTROWSKI AND OSTROWSKI-GRÜSS TYPE INEQULITIES 5

Adding (9) and (10), we get

(11)
∣∣∣∣12
(∫ d

c
f (a,y)dy+

∫ d

c
f (b,y)dy

)
+

(b−a)
12

∫ d

c

(
∂ f (a,y)

∂x
− ∂ f (b,y)

∂x

)
dy

− 1
b−a

∫ d

c

∫ b

a
f (x,y)dxdy

∣∣∣∣≤ 1
18
√

3
(b−a)2(d− c)(Γ2− γ2).

Similarly applying (5) for mapping fx at y = c, then integrating over [a,b] and repeating the

same process at y = d, after that adding two results, we have

(12)
∣∣∣∣12
(∫ b

a
f (x,c)dx+

∫ b

a
f (x,d)dx

)
+

(d− c)
12

∫ b

a

(
∂ f (x,c)

∂y
− ∂ f (x,d)

∂y

)
dx

− 1
d− c

∫ d

c

∫ b

a
f (x,y)dxdy

∣∣∣∣≤ 1
18
√

3
(b−a)(d− c)2(Γ1− γ1).

Adding (11) and (12), we get (8). This completes the proof.

3. Extensions of Ostrowski-Grüss type inequalities

In [7], the definition of convex function on n-coordinates is given. Motivated by this con-

cept, we give extensions of Ostrowski-Grüss type inequalities using partial mappings on n-

coordinates and their related partial derivatives in this section. In this whole section, we follow

notation ∆n = ∏
n
i=1 Ii for ai,bi ∈ R and i = 1,2, ...,n.

Theorem 3.1. Let f : ∆n→R be a continuous function and let its partial derivatives satisfy the

condition γi ≤ ∂ 2 f
∂x2

i
≤ Γi for xi ∈ [ai,bi] where γi, Γi are real constants and i = 1,2,3, ...,n. Then

we have

(13)

∣∣∣∣∣12 n

∑
k=1

∫ bk

ak

(
f k+1
xn

(ak+1)+ f k+1
xn

(bk+1)
)

dxk +
1

12

n

∑
k=1

(bk+1−ak+1)

∫ bk

ak

(
∂ f k+1

xn
(ak+1)

∂xk+1
−

∂ f k+1
xn

(bk+1)

∂xk+1

)
dxk−

n

∑
k=1

1
bk+1−ak+1∫ bk+1

ak+1

∫ bk

ak

f (x)dxkdxk+1

∣∣∣∣≤ 1
18
√

3

n

∑
k=1

(bk−ak)(bk+1−ak+1)
2(Γk+1− γk+1),

with n+1→ 1.
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Proof. Applying (5) for mapping f i+1
xn

: [ai+1,bi+1]→ R at x = bi+1, where i = 1,2, ...,n, we

have∣∣∣∣∣∣ f i+1
xn

(bi+1)−
(bi+1−ai+1)

∂ f i+1
xn (bi+1)

∂xi+1

3
−

(bi+1−ai+1)
∂ f i+1

xn (ai+1)

∂xi+1

6
− 1

bi+1−ai+1∫ bi+1

ai+1

f i+1
xn

(xi+1)dxi+1

∣∣∣∣≤ 1
18
√

3
(bi+1−ai+1)

2(Γi+1− γi+1).

On integrating over [ai,bi], we get

(14)

∣∣∣∣∣
∫ bi

ai

f i+1
xn

(bi+1)dxi−
(bi+1−ai+1)

6

∫ bi

ai

(
∂ f i+1

xn
(ai+1)

∂xi+1
+2

∂ f i+1
xn

(bi+1)

∂xi+1

)
dxi

− 1
bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣≤ 1
18
√

3
(bi−ai)(bi+1−ai+1)

2(Γi+1− γi+1).

Now applying (5) for mapping f i+1
xn

: [ai+1,bi+1]→ R at x = ai+1, then integrating over [ai,bi],

we get

(15)

∣∣∣∣∣
∫ bi

ai

f i+1
xn

(ai+1)dxi +
(bi+1−ai+1)

6

∫ bi

ai

(
∂ f i+1

xn
(bi+1)

∂xi+1
+2

∂ f i+1
xn

(ai+1)

∂xi+1

)
dxi

− 1
bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣≤ 1
18
√

3
(bi−ai)(bi+1−ai+1)

2(Γi+1− γi+1).

Adding (14) and (15), we get

∣∣∣∣12
∫ bi

ai

( f i+1
xn

(ai+1)+ f i+1
xn

(bi+1))dxi +
(bi+1−ai+1)

12∫ bi

ai

(
∂ f i+1

xn
(ai+1)

∂xi+1
−

∂ f i+1
xn

(bi+1)

∂xi+1

)
dxi−

1
bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣∣
≤ 1

18
√

3
(bi−ai)(bi+1−ai+1)

2(Γi+1− γi+1).

Summing over i from 1 to n we get (13). This completes the proof.

Remark 3.2. For n = 2 in Theorem 3.1 and a1→ a, b1→ b, a2→ c, b2→ d, we get inequality

(8).

In next two theorems we give extensions of Ostrowski-Grüss type inequalities (6) and (7) on

coordinates.
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Theorem 3.3. Let f : ∆n→R be a continuous function and let its partial derivatives satisfy the

condition γi ≤ ∂ f
∂xi
≤ Γi for xi ∈ [ai,bi] where γi, Γi are real constants and i = 1,2,3, ...,n. Then

we have

(16)

∣∣∣∣∣12 n

∑
k=1

∫ bk

ak

(
f k+1
xn

(ak+1)+ f k+1
xn

(bk+1)
)

dxk−
n

∑
k=1

1
bk+1−ak+1∫ bk+1

ak+1

∫ bk

ak

f (x)dxkdxk+1

∣∣∣∣≤ 1
4

n

∑
k=1

(bk−ak)(bk+1−ak+1)(Γk+1− γk+1),

with n+1→ 1.

Proof. Applying (3) for mapping f i+1
xn

: [ai+1,bi+1]→ R at x = bi+1, where i = 1,2, ...,n, we

have ∣∣∣∣∣ f i+1
xn

(bi+1)−
1

bi+1−ai+1

∫ bi+1

ai+1

f i+1
xn

(xi+1)dxi+1−
f i+1
xn

(bi+1)− f i+1
xn

(ai+1)

2

∣∣∣∣∣
≤ 1

4
(bi+1−ai+1)(Γi+1− γi+1).

On integrating over [ai,bi], we get

(17)
∣∣∣∣∫ bi

ai

f i+1
xn

(bi+1)dxi−
1

bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

−1
2

∫ bi

ai

(
f i+1
xn

(bi+1)− f i+1
xn

(ai+1)
)

dxi

∣∣∣∣≤ 1
4
(bi−ai)(bi+1−ai+1)(Γi+1− γi+1).

Now applying (3) for mapping f i+1
xn

: [ai+1,bi+1]→ R at x = ai+1, where i = 1,2, ...,n, then

integrating over [ai,bi], we have

(18)
∣∣∣∣∫ bi

ai

f i+1
xn

(ai+1)dxi−
1

bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

+
1
2

∫ bi

ai

(
f i+1
xn

(bi+1)− f i+1
xn

(ai+1)
)

dxi

∣∣∣∣≤ 1
4
(bi−ai)(bi+1−ai+1)(Γi+1− γi+1).

Adding (17) and (18), we get∣∣∣∣12
∫ bi

ai

( f i+1
xn

(ai+1)+ f i+1
xn

(bi+1))dxi−
1

bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣
≤ 1

4
(bi−ai)(bi+1−ai+1)(Γi+1− γi+1).

Summing over i from 1 to n we get (16). This completes the proof.
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Remark 3.4. For n = 2 in Theorem 3.3 and a1→ a, b1→ b, a2→ c, b2→ d, we get inequality

(6).

Theorem 3.5. Let f : ∆n→ R be a continuous function and let its second order partial deriva-

tives satisfy the condition γi ≤ ∂ 2 f
∂x2

i
≤ Γi for xi ∈ [ai,bi] where γi, Γi are real constants and

i = 1,2,3, ...,n. Then we have

(19)

∣∣∣∣∣12 n

∑
k=1

∫ bk

ak

(
f k+1
xn

(ak+1)+ f k+1
xn

(bk+1)
)

dxk +
n

∑
k=1

(bk+1−ak+1)

12∫ bk

ak

(
∂ f k+1

xn
(ak+1)

∂xk
−

∂ f k+1
xn

(bk+1)

∂xk

)
dxk−

n

∑
k=1

1
bk+1−ak+1∫ bk+1

ak+1

∫ bk

ak

f (x)dxkdxk+1

∣∣∣∣≤ 1
8

n

∑
k=1

(bk−ak)(bk+1−ak+1)
2(Γk+1− γk+1),

with n+1→ 1.

Proof. Applying (4) for mapping f i+1
xn

: [ai+1,bi+1]→ R at x = bi+1, where i = 1,2, ...,n, we

have∣∣∣∣∣ f i+1
xn

(bi+1)−
(

bi+1−ai+1

2

)
∂ f i+1

xn
(bi+1)

∂xi
+

bi+1−ai+1

6(
∂ f i+1

xn
(bi+1)

∂xi
−

∂ f i+1
xn

(ai+1)

∂xi

)
− 1

bi+1−ai+1

∫ bi+1

ai+1

f i+1
xn

(xi+1)dxi+1

∣∣∣∣∣
≤ 1

8
(bi+1−ai+1)

2(Γi+1− γi+1).

On integrating over [ai,bi], we get∣∣∣∣∣
∫ bi

ai

f i+1
xn

(bi+1)dxi−
(bi+1−ai+1)

6

∫ bi

ai

(
∂ f i+1

xn
(ai+1)

∂xi
+2

∂ f i+1
xn

(bi+1)

∂xi

)
dxi

− 1
bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣≤ 1
8
(bi+1−ai+1)

2(bi−ai)(Γi+1− γi+1).(20)

Now applying (4) for mapping f i+1
xn

: [ai+1,bi+1]→ R at x = ai+1, where i = 1,2, ...,n, then

integrating over [ai,bi], we have∣∣∣∣∣
∫ bi

ai

f i+1
xn

(ai+1)dxi +
(bi+1−ai+1)

6

∫ bi

ai

(
∂ f i+1

xn
(bi+1)

∂xi
+2

∂ f i+1
xn

(ai+1)

∂xi

)
dxi

− 1
bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣≤ 1
8
(bi+1−ai+1)

2(bi−ai)(Γi+1− γi+1).(21)
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Adding (20) and (21), we get∣∣∣∣12
∫ bi

ai

( f i+1
xn

(ai+1)+ f i+1
xn

(bi+1))dxi +
(bi+1−ai+1)

12∫ bi

ai

(
∂ f i+1

xn
(ai+1)

∂xi
−

∂ f i+1
xn

(bi+1)

∂xi

)
dxi−

1
bi+1−ai+1

∫ bi

ai

∫ bi+1

ai+1

f (x)dxi+1dxi

∣∣∣∣∣
≤ 1

8
(bi+1−ai+1)

2(bi−ai)(Γi+1− γi+1).

Summing over i from 1 to n we get (19). This completes the proof.

Remark 3.6. For n = 2 in Theorem 3.5 and a1→ a, b1→ b, a2→ c, b2→ d, we get inequality

(7).
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