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CHARACTERIZATION OF A CLASS OF COPOSITIVE MATRICES
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Abstract. Testing a matrix on copositivity is a topic of recent interest and practical importance in optimization

modeling. In this paper, we present a some constructive characterizations for a class of copositive matrices with

certain spectral properties. The characterizations is based onto the orthogonal projection of the nonnegative orthant

onto the subspace spanned by the eigenvectors of a given indefinite matrix. Moreover, we give a new necessary

conditions for copositive matrices.
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1. Introduction

Many problems in engineering, decision sciences, and operations research are formulated as

nonlinear optimization problems. Solving nonlinear optimization problems remains a task for

future work. A standard quadratic problems is a nonlinear optimization problems with nonlinear

objective functions and linear constraints.

It is well known that, a given symmetric matrix is copositive if and only if the optimal value

of the standard quadratic optimization problem is non-negative. We deduce that, there exists

a relationship between the standard quadratic optimization problems and the copositivity. For

further explanation see [1, 3].
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The theory of copositive matrices was initiated by Motzkin [11] in 1952. The copositive

matrices arises in various fields of applied mathematics. Many results have appeared in several

directions: characterization of copositives matrices and extension to quadratic programming,

see for example [2, 4, 5, 6, 7, 8, 9, 10, 13]. However, it is still difficult to determine whether

a given matrix is copositive. A matrix is said to be copositive whenever its quadratic form is

non-negative on the non-negative orthant. Clearly A is copositive if it is either positive semi-

definite or it all its elements are nonnegative. Checking copositivity of a given matrix is a

co-NP-complete problem, for further details, see [12]. In this paper, we study some subset

of copositive matrices with certain spectral properties and use the orthogonal projection of an

element of the nonnegative orthant onto the subspace spanned by the eigenvectors of a matrix

A. If a nonnegative vector x in the subspace spanned by the eigenvectors corresponding to the

nonnegative eigenvalues, then the matrix A is copositive. It was shown by C. R. Johnson and

R. Reams (see [8]) that a copositive matrix A cannot have a nonnegative vector in the subspace

spanned by the eigenvectors corresponding to the negative eigenvalues. We conclude that an

element of the nonnegative orthant can be decomposed as the sum of an element of the subspace

spanned by the eigenvectors corresponding to negative eigenvalues of A and an element of the

subspace spanned by the eigenvectors corresponding to nonnegative eigenvalues of a matrix A.

The paper is divided into four part. First, we state the definition of copositive matrices. In

Section 2, we introduce the notations and definitions. Section 3 is devoted to establishing the

new characterization of copositives matrices, which based onto the orthogonal projection onto

the subspace spanned by the eigenvectors of a given matrix A. Finally, some corollaries are

furnished in section 4.

2. Preliminaries

Throughout this paper we will use the following notations and definitions.

• Rn
+ is the non-negative orthant.

• x ∈ Rn
+ i.e. xi ≥ 0 ∀ i = 1,2, ...,n.

• A is a real symmetric n×n matrix.
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• It is well known that

A =
k

∑
i=1

λivivT
i +

n

∑
i=k+1

λivivT
i

where λi is the eigenvalue corresponding to eigenvector vi of A.

• E− is the subspace spanned by the eigenvectors v1,v2, . . . ,vk corresponding to negative

eigenvalues λ1,λ2, . . . ,λk of A.

• E+ is the subspace spanned by the eigenvectors vk+1,vk+2, . . . ,vn corresponding to non-

negative eigenvalues λk+1,λk+2, . . . ,λn of A.

• Tr(A) = ∑
n
i=1 λi, where λi the eigenvalues of A.

• PE−(x) denotes the orthogonal projection of Rn
+ onto the subspace E−.

• PE+(x) denotes the orthogonal projection of Rn
+ onto the subspace E+.

• ‖x‖ denotes the Euclidiean norm of a vector x.

Definition 2.1. A real symmetric n×n matrix A is called copositive iff:

xT Ax≥ 0 for all x ∈ Rn
+,

i.e., if the quadratic form generated by A takes only non-negative values on the non-negative

orthant Rn
+.

Now, we present a relationship between the standard quadratic optimization problems and

copositivity as follows:

• Sometimes one writes the standard quadratic optimization problems in the equivalent

form

min {xT Ax : |x ∈ Rn
+, xT eeT x = 1},

where e = [1, . . . ,1]T ∈ Rn denoting a vector of ones.

• The corresponding dual problem is

sup {λ ∈ R : A−λ eeT ∈COPn},

where COPn is the cone of copositive matrices.

It is assumed in this paper that all matrices have a positive trace Tr(A)> 0.

3. Main results
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In this section, we prove the main results of this paper.

Theorem 3.1. Let A be an indefinite n×n symmetric matrix. If A is copositive then

‖PE−(x)‖2 ≤− λn

λk
‖PE+(x)‖2 ∀ x≥ 0,

where λk,λn are the largest negative and nonnegative eigenvalues of A, respectively.

Proof. Let λ1,λ2, . . . ,λn be the eigenvalues of A. Suppose also that they are ordered as λ1 ≤

λ2 ≤ ·· · ≤ λk < 0 and 0 ≤ λk+1 ≤ λk+2 ≤ ·· · ≤ λn. Let x ∈ Rn
+ such that x = y+ z, where

y = PE−(x) and z = PE+(x)

We can write xT Ax = yT Ay+ zT Az. Since A is copositive, we have

yT Ay+ zT Az≥ 0,

which is equivalent to

yT Ay≥−zT Az.

Since the conditions, yT Ay≤ λk‖y‖2 and zT Az≤ λn‖z‖2.

Hence,

‖y‖2 ≤− λn

λk
‖z‖2.

In Theorem 3.1, we have given a necessary condition for copositivity. Using this theorem and

we assume that the matrix A has only two eigenvalues, we can now characterize copositivity,

which is described in the following theorem.

Theorem 3.2. Let A be an indefinite n× n symmetric matrix. If A has only two eigenvalues,

λk,λn with λk < 0≤ λn then A is copositive if and only if

‖PE−(x)‖2 ≤− λn

λk
‖PE+(x)‖2 ∀ x≥ 0,

where λk,λn are the largest negative and nonnegative eigenvalues of A, respectively.

Proof. Let λ1,λ2, . . . ,λn be the eigenvalues of A. Suppose also that they are ordered as λ1 ≤

λ2 ≤ ·· · ≤ λk < 0 and 0 ≤ λk+1 ≤ λk+2 ≤ ·· · ≤ λn and x ∈ Rn
+ such that x = y+ z, where

y = PE−(x) and z = PE+(x).

Suppose that

‖PE−(x)‖2 ≤− λn

λk
‖PE+(x)‖2 ∀ x≥ 0. (3.1)
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It is clear that

Combining this inequalities with (3.1), we obtain

xT Ax≥−λ1λn

λk
‖z‖2 +λk+1 ‖z‖2.

We deduce that

xT Ax≥ λkλk+1−λ1λn

λk
‖z‖2.

Since, λ1 = λk and λk+1 = λn then λkλk+1−λ1λn
λk

= 0. Hence xT Ax ≥ 0. Finaly the matrix A is

copositive.

We now use Theorem 3.2 to prove a weaker result, in Theorem 3.3

Theorem 3.3. Let A be a real symmetric matrix of order n as follows

A =



A1 0 0 . . . 0

0 A2 0 . . . 0
... . . . . . . . . . ...
... . . . . . . 0

0 . . . . . . 0 Ar


,

where r < n and Ai has only two eigenvalues ∀ i = 1,2, . . .r.

If Ai is copositive for all i = 1,2, . . .r, then A is copositive.

Proof. Let x = [yT
1 ,y

T
2 , . . . , . . . ,y

T
r ]

T ∈ Rn
+ and the matrix Ai is copositive for all i = 1,2, . . .r ,

we have

xT Ax = yT
1 A1y1 + yT

2 A2y2 + · · ·+ yT
r Aryr.

Hence, A is copositive.

4. Some corollaries

Corollary 4.1. Let A be a real n× n symmetric matrix and x is an element of the nonnegative

orthant. If x ∈ E+, then A is positive semi-definite.
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Corollary 4.2. Let A be an indefinite n×n symmetric matrix. If there exists x ∈ Rn
+ such that

‖PE−(x)‖2 >− λn

λk
‖PE+(x)‖2

then A is not copositive, where λk,λn are the largest negative and nonnegative eigenvalues of A,

respectively..

5. Conclusions

In this paper, we have been presented some properties for copositive matrices with certain

spectral properties. Our approach presented here is based on the orthogonal projection of an

element of the nonnegative orthant onto the subspace spanned by the eigenvectors of a given

matrix A. This approach can provide a criterion to characterize some copositives matrices. In

the general case, checking copositivity remains a difficult problem.
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