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Abstract. The aim of this paper is to establish some new fixed point results for generalized F — ¢— weak con-
tractions in complete metric spaces. Our results improve and extend the corresponding results announced by many

others.
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1. Introduction and preliminaries

Throughout this article, we denote by R the set of all real numbers, by R the set of all positive real numbers,
by Ny the set of all nonnegative integer numbers and by N the set of all natural numbers.

Let (X,d) be a metric space. A map T : X — X is a contraction if for each x,y € X, there exists a constant
k € (0,1) such that d(Tx,Ty) < kd(x,y).

Amap T :X — X is a p—weak contraction if for each x,y € X, there exists a function @ : [0,0) — [0,0) such that
@ is positive on (0,e0) and ¢(0) =0, and d(T'x,Ty) < d(x,y) — @(d(x,y)).

The concept of weak contraction is introduced by Alber and Guerre-Delabriere [1]. They proved the existence of
fixed points for single-valued maps satisfying weak contractive conditions on Hilbert spaces. Rhoades [7] showed
that the result of Alber et al. is also valid in complete metric spaces. He proved the following very interesting fixed
point theorem which is one of generalizations of the Banach contraction principle because it contains contractions

as special cases
o(1) = (1- k).
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Theorem 1.1. [7] Let (X,d) be a complete metric space and let 7 : X — X be a weakly contraction on X. If ¢ is a
continuous and nondecreasing function with @(¢) > 0 for 7 € (0,0) and ¢(0) = 0, then T has a unique fixed point

x*eX.

In 2012, Wardowski [9] introduced and studied a new contraction called F-contraction to prove a fixed point

result as a generalization of the Banach contraction principle.
Definition 1.1. Let .Z be the family of all functions F: R, — R such that

(F1) F is strictly increasing, i.e. for all x,y € R such that x <y, F(x) < F(y);
(F2) For each sequence {a, };;_; of positive numbers, lim,,_,., &, = 0 if and only if lim,, .. F () = —oo;

(F3) There exist k € (0,1) such that lim,_,+ a*F (a) = 0.

Definition 1.2. [9] Let (X,d) be a metric space. A mapping T : X — X is said to be an F-contraction on (X,d) if

there exists F € .% and T > 0 such that

(D Vx,y € X, [d(Tx,Ty) >0=t+F(d(Tx,Ty)) < F(d(x,y))],

Wardowski [9] stated a modified version of Banach contraction principle as follows:

Theorem1.2. [9] Let (X,d) be a complete metric space and let T : X — X be an F-contraction. Then T has a

unique fixed point x* € X and for every x € X the sequence {7"x},cn converges to x*.

Later, Wardowski and Dung [8] introduced the notion of an F-weak contraction as follows and proved a fixed

point theorem for F-weak contractions.
Definition 1.3. [8] Let (X,d) be a metric space. A mapping 7 : X — X is said to be an F-weak contraction on
(X,d) if there exists F € .% and 7 > 0 such that

2) Vx,yeX, [d(Tx,Ty) > 0= 1+ F(d(Tx,Ty)) < F(M(x,y))],

where,

M(x.y) = max{d(s,y),d(x,Tx),d(y, Ty), 2T ;d(y, I3),

By using the notion of F-weak contraction, Wardowski and Dung [8] proved a fixed point theorem which
generalizes the result of Wardowski [9].
Theorem 1.3. [8] Let (X,d) be a complete metric space and let T : X — X be an F-weak contraction. If T or F is

continuous, then 7 has a unique fixed point x* € X and for every x € X the sequence {T"x},cn converges to x*.

Recall that, for a map 7 : X — X on a metric space (X, d), contraction conditions usually contained at most

five values d(x, y), d(x,T x), d(y,Ty), d(x,Ty), d(y,T x), (see [3, 7] for example). Recently, by adding four new
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values d(T?x,x), d(T*x,Tx), d(T?x,y), d(T?x,Ty) to a contraction condition, Kumam et al. [5] stated a new
generalization of Ciri¢ fixed point theorem in [2].

Recently, by adding values d(T%x,x), d(T?x,Tx), d(T?x,y), d(T*x,Ty) to (2), Dung and Hang [4] introduced
the notion of a generalized F-contraction and proved a fixed point theorem for such maps. They give examples to
show that their result is a proper extension of Theorem and some others in the literature.

Dung and Hang [4] generalized an F-weak contraction to a generalized F-contraction as follows:

Definition 1.4. Let (X,d) be a metric space. A mapping 7 : X — X is said to be a generalized F- contraction on

(X,d) if there exists F € .# and 7 > 0 such that
vo,y e X, [d(Tx,Ty) > 0= 1+ F(d(Tx,Ty)) < F(Mr(x,y)),

where
d(x,y),d(x, Tx),d(y, Ty), LoD 10T

MT(x7y) = | max d(T2 )+d(T2 Ty)
de(]ﬂx’ Tx)vd(szvy)vd(sza Ty)

By using the notion of generalized F- contraction, Dung and Hang have proved the following fixed point theorem

which generalizes the result of Wardowski and Dung [8].

Theorem1.4. [4] Let (X,d) be a complete metric space and let T : X — X be a generalized F- contraction. If T or
F is continuous, then 7 has a unique fixed point x* € X and for every x € X the sequence {7"x},cn converges to

x*.

Very recently, Piri and Kumam [6] described a large class of functions by replacing the condition (F3) in the

definition of F-contraction introduced by Wardowski [9] with the following one:
(F3') F is continuous on (0,).
Let § denote the family of all functions F : R — R which satisfy conditions (F1), (F2) and (F3').

Remark 1.1. [6] Note that, the conditions (F3) and (F3') are independent of each other. Indeed, for p > 1,
F(a) = - satisfies the conditions (F1) and (F2) but it does not satisfy (F3), while it satisfies the condition

(F3'). Therefore, § € % . Again, fora > 1,1 € (0,1/a), F(a) = 77> Where [x] denotes the integral part of

)
(o+[e
o, satisfies the conditions (F1) and (F2) but it does not satisfy (F3'), while it satisfies the condition (F3) for any

k € (1/a,1). Therefore, F Z §. Also, if we take F(a) = Ina, then F € % and F € §. Therefore, &% NF # 0.

Under this new set-up, they proved some Wardowski and Suzuki type fixed point results in metric spaces as

follows:

Theorem1.5. [6] Let T be a self-mapping of a complete metric space X into itself. Suppose, there exist F € § and

7 > 0 such that

Vx,y € X, [d(Tx,Ty) >0=1+F(d(Tx,Ty)) < F(d(x,y))].
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Then, T has a unique fixed point x* € X and for every xp € X the sequence {T"xp};_, converges to x*.

Theorem 1.6. [6] Let T be a self-mapping of a complete metric space X into itself. Suppose, there exist F' € § and

7 > 0 such that

Vx,y € X, %a’(x7 Tx) <d(x,y) = t+F(d(Tx,Ty)) < F(d(x,y))].

Then, T has a unique fixed point x* € X and for every xp € X the sequence {T"xp};_, converges to x*.

In view of Remark , it is meaningful to consider the result of Wardowski and Van Dung [8] and Dung and Hang
[4] with the mappings F € § instead F € .Z.

In this paper, we introduce the notation of generalized F — ¢—weak contraction and prove fixed point theorems
for generalized F' — ¢ —weak contraction, which is generalization of Theorem 2.2 of [8] and Theorem 3 of [4], also

our theorem gives all consequence of Theorem 2.1 of [6] without assumption (F2) used in it’s proof.
2. main results

Let (F1') be defined as follows:
(F1") Fisincreasing on R4, i.e. for all x,y € R such thatx <y, F(x) < F(y).

We use F¢ to denote the family of all functions F : R, — R which satisfy conditions (F1’) and (F3’) and ¥ to

denote the set of all increasing functions y : Ry — R,.
Theorem 2.1. Let (X,d) be a complete metric space and let T, S : X — X be self mappings such that
3) Vx,y € X, d(Tx,Sy) >0= F(d(Tx,Sy)) <F(M,(x,y)) — @(M,s(x,y)),

where F' € §g, ¢ € ¥ and

d(x.y),d(x,Tx),d(y, Sy), ORI ATIHAIRD,

d(Tx,TSy),d(Sy,TSy),d(x,Sy),d(x,TSy),

M, (x,y) = max

Then there exists a unique point x* € X such that x* = Tx* or x* = Sx* or x* = Tx* = Sx*.

Proof. First, we show that M, (x,y) = 0 if and only if x =y = Tx =Ty = Sx = Sy. Let M,;(x,y) = 0. Then
from d(x,y) < M, (x,y), d(x,Tx) < M,,(x,y) and d(Sy,y) < M, (x,y), we have x =y = Tx = Ty = Sx = Sy. If
x=y=Tx=Ty=Sx=3S8y, then M,((x,y) =0. Let xo € X. Putting x; = Txo, x» = Sxy, then x3 = Tx, and

x4 = Sx3. Inductively, choose a sequence {x;, },en such that
Xon1 = Tx2y and Xopq2 = SXxop41,

for all n € Ny. Suppose that there exists n € N such that d(x,,x,+1) = 0. If n is an even, we have d(Sx,—1,Tx,) =

d(xp,Xn41) = 0, therefore x, = Sx,_; = Tx, and the proof is complete. If n is an odd, we have d(Tx,_1,Sx,) =
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d(xy,xn41) = 0, therefore x, = Tx,—; = Sx,, and the proof is complete. Now, we suppose that d(x,,x,+1) > 0 for

all n € N. If n is an even , it follows from (3) that

) Fd(ns1,%)) = F(d(T0, 8%, -1)) < F(Myg(50.301)) — (Mg (0,%0-1)),

where

d(xnaxn—l)a d(xna Txn)7d(xn—lasxn—l);
d (X8 1)+d(Txp X 1)
2

)

MTS (_xn s Xn—1 ) — max d(Txp,TSxp 1 )Zd<xnfl TS, 1)

’

d(xnasxn71)7d(xn7 Tan71)7

d(Txp, TSxy—1),d(Sx—1,TSxy—1)

d(xnaxnfl )ad(xnaanrl )7d(xnfl 7xn)7
d(xn7xn)+d(xn+l~xn—l>
> )

= max d (X1, %001)+d (Xn—1 X0 41)
2 )

d(xmxn)vd(xmxn+l)a

d(xn+l s Xn+1 )7d(xn7xn+l)

(5) < max{ d(Xn,%n—1),d (Xn, Xn41) }

If there exists n € N such that max{d (x,—1,X,),d (X, %s+1)} = d(xn, X+1) then from (4), (5) and (F1"), we get
F(d(xns1,%0)) < F(d(Xn41,%0)) — @ (Mg (Xn, Xnu—1)).

Since @(M,;(x4,Xx4—1)) > 0, so we get a contradiction. Therefore
max{d(x,—1,%),d(%n,Xnt1)} = d(x4—1,%,),Vn € N.

Thus, from (4), (5) and (F1'), we have

F(d(ni1,3)) = F(d(T,S%0-1)) < F(Myg (6 %0-1)) — @My (60,301))

(6) SF(d(x;uxzz—l))_(P<d<xnaxn—l))

If n is an odd, we also obtain

F(d(xn,xn41)) = F(d(Txn—1,5%2)) < F(xn—1, (Xn—1,%1)) — @ (M5 (Xn—1,%))

@) < F(d(xn—1,%n)) — @(d(xXn—1,%n))
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It follows from (6) and (7) that
F(d(xn; Xnt1)) < F(Mpg(Xn—1,%)) = (M5 (Xn—1,%))
(8) < F(d(xp—1,%1)) — 0(d(xp-1,%1)), VneN.
Since @(d(xn—1,%,)) > 0, so from (F1’), we give
d(xp,xnt1) <d(xp—1,%,), VneN.
Therefore {d(xn+1,%) hnen 18 @ nonnegative nonincreasing sequence of real numbers, and hence

©) lim d(,41,%,) =7 2 0.

n

Now, we claim that Yy = 0. On the contrary, we assume that ¥ > 0. Since {d(x,+1,%,)}nen 1S a nonnegative

decreasing sequence, so there exists N; € N such that
(10) d(xn+1,xn) >y, Vn>Np.

Since @ is increasing, so from (8), (10) and (F1), we get

F(’}/) < F(d(xn-Haxn)) < F(d(xn—laxn)) - (P(d(-xn—b-xn))
< F(d(xp—1,%2)) — @(r)
< F(d(xp—2,%n-1)) — @(d(xp—2,%4—1)) — @(r)

< F(d(xn-2,%n-1)) —20(r)

(11) <F(d(xy ,x, .,)—(m—=N)o(r), VYn>Nj.

Ny 7 Np+L

Since F(y) € R and limy,.[F (d (x,, Xy 41 )) — (n—Np)@(r)] = —oo. So there exists N, € N such that

(12) F(d(xy ,x, ) —(n—N)o(r) <F(y), VYn>N,.

XNy
Setting N3 = max{N, N, }. From (11) and (12), we get

F(y) < F(d(x,, %y .,)) — (n=N)(r) < F(y), Vn>Ns.
This contradiction prove that

(13) lim d(x,,xp+1) = 0.

n—soo
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Now, we claim that, {x,}_, is a Cauchy sequence. Let
pn =sup{d(xi,x;) 1i,j >n}, VneN.
Obviously {p,}7_, is a nonnegative decreasing sequence of real numbers, and hence
(14) lim p, =p >0.
frared

We prove that p = 0. Reasoning contradiction, assume that p > 0. Choose € < % p small enough. From (13) and

(14) there exists N4 € N such that

5
(15) d(xnyanrl) <55

288, and p—e<p,<p+é€, Vn>Ny.

Since Py > P& So there exists i, j € N such that

i,j>Ns+1 and d(xi,xj)>p—e.

Since

p—€ <d(xi,x;) <d(xi,xip1) +d(xip1,x5) < €+d(xi1,x;))
and

p—¢€<d(xi,x;) <d(xj,xjp1) +d(xjp1,%) < E+d(Xjp1,x).
Therefore

p—2¢€ <d(xiy1,x;) and p—2€ <d(x;,xj41)

So, we can assume that, i is odd, j is even, and d(x,-,xj) > p —2¢. It follows from (15) that
p— 2e < d(x,-,xj) < d(xl-,xi,l ) +d(x,',1 3 Xj—1 ) +d(xj‘,1 ,x‘]‘)

10
(16) < %Hd(x,-,l,xfly

Therefore,

10
M, (xi—1,xj-1) > d(xi—1,xj—1) > p—2€— 2—88

17) _, %, B 71 _1
TPt P T 3P T

Using the fact that ¢ is increasing with respect to (8), (16), (17) and (F1") we deduce that
F(p—e) < F(d(xi.x;)) = F(d(Txio1,5xj-1))
S F (M (xic1,xj-1)) = @(Myg(xio1,xj-1))

1
(18) SF(Mrs<xi—1axj—1))_(p(§p)a
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where
d(xi—1,xj-1),d(xi—1,Tx;—1),d(xj—1,8xj_1),
d(xi—1,8xj-1)+d(Txi—1.xj-1)
2 b
Mys(xi-1,xj-1) = max T TS0y ) o T85),
d(x;i—1,8xj-1),d(xi—1,TSx;_1),
d(Tx,;l,Tij,l),d(ij,l,Tij,])
d(xio1,xj-1),d (xi-1,%;),d (xj-1,%;),
d(xi—1,%j)+d(xixj-1)
2 )
— max d<xiyxj+l)+j(xj—l-,xj+l)’
d(xi—1,x;),d(xi-1,xj41),
d(xi,xjy1),d(xj,Xj+1)
d(xi—1,xj_1),d(xi—1,%),d(xj-1,x;),
d(xi—1xj—1)+d(xj-1x))+d (xxio1)+d (xi-1.x-1)
5 )
d(xixi—1)+d(xi—1xj-1)+d(xjo1x))+d(x.x)00)
2
_i_d(x/'—lij)erd(x/‘-,xjur|)7
< max
d(x,-,1,xj71)+d(xj,],xj),
d(xim1,xj-1) +d(xj-1,%;) +d(xj, xj11),
d(xi,xi—1) +d(xi—1,xj-1) +d(xj_1,x;) +d(xj,Xj31),
d(xj,xjt1)
d(Xi—1,%j-1), 5% €, 5 €,d(Xi—1,Xj-1) + %E,
<maxq  1d(xi1,xj-1)+ Be,,d(xi1,xj-1) + %€,
d(xi—1,%j-1) + 39€,d(Xi—1,%j-1) + $3€, 5 €
< d(xFl,xj*l)‘i»g
(19) gpN4+e<p+2£.

It follows from (18), (19) and (F1') that

1
(20) F(p—2e¢) SF(p+28)—<P(5p)-

From (F3), as € — 0, we get F(p) < F(p) — @(3p). Since ¢(3p) > 0, this is impossible. Thus, we must have
p =0. That is, the sequence {x, };-_, is a Cauchy sequence. By completeness of (X,d), {x,};_, converges to some
point x* in X. Therefore,

2n lim d(xp,,,x*) = lim d(x2,41,x*) = lim d(x,,,x*) = 0.
n—soo n—soo n—yo0
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Now, we will show that

xX'=Tx" and x* = Sx*.
Arguing by contradiction, we assume that

d(x*,Tx*) >0 or d(x*,Sx*)>0.

If d(x*,Tx*) > 0. Using the fact that ¢ is increasing with respect to (3), we deduce that

F(d(Tx",xon42)) = F(d(Tx", Sx2n11)) < F (M5 (x",x2041)) — @(Myg (X", x2011))

(22) S F(My(x",x2n41)) — @(x" (X", Tx")),
where,

d(x", Tx") < M, (x",x2041)

d(-X*7x2n+1)>d(-X*7 TX*)7 d('x2n+17sx2n+1)7

d(x*,Sxpy1)+d(Tx* X201 1)
2

3

= max

d(Tx* T Sxony 1) +d(Xons1,T X001 1)
2 bl

d(T-X*7 TSXZIH—I ) ’ d(SX2n+1 3 TSX2n+1),

d(X*a Sx2n+1 ) ) d(X*a TS-x2n+l )a

d(x*7x2n+l)7d(x*7 TX*)a d(x2ﬂ+l 7x2n+2)7

d(x* xopy2)+d(TX* Xon 1)
2

i

= max d(Tx* X2 43)+d (%2011, %2043)
2 )

d(TX* 7x2n+3) ) d(x2"+2 y X2n+3 ) >

d(x*,x2n+2),d (X", x20+3),

d(X*7x2n+1 ) ) d(X*v TX*)a d(x2n+1 7x2n+2)7
d(x* x4 0)+d(Tx* x*)+d(x* xop11)
2

)

< max d(Tx" x*)+d(x" 7X2n2+3>+d(x2n+1 Xon+3)

)

d(Tx",x") +d(x",x2n13),

d(X2n12,X2043),d (X, X2042),d (X", X2013),

=d(x*,Tx").
So, we get

(23) lim M, (x*,x2,41) = d(x", Tx").

n—ro0
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From (22), (23), (F3') and letting n — oo, we have
F(d(x",Tx")) < F(d(x",Tx")) — @(d(x",Tx")).

Since ¢(d(x*,Tx*)) > 0, we obtain a contradiction. If d(x*,Sx*) > 0. By using an argument similar to the above,

we obtain a contradiction. Hence
X =Tx* = Sx*.

If there exists another point y* € X such that y* = Ty* = Sy*, then using an argument similar to the above, we get

Fd(x",y") = F(d(Tx", Ty")) < F(Mpg(x",y")) — @(Mys (x*,57))
=F(d(x",y")) = o(d(x",y"))
<Fd(x",y")).

Hence x* = y*. The proof is completed.

Theorem 2.2. Let (X,d) be a complete metric space and T, S : X — X two mappings such that
Vx,y € X, d(Tx,Sy) > 0= F(d(Tx,Sy)) < F(M,(x,y)) —¢(d(x,y)),

where F € §¢g, ¢ € ¥ and

d(X,)’) 5 d(.X; Tx) ’ d(y7 Sy)a d(x’s'y)_gd(TX7y) ’ d(Tx,TSy)2+d(y,TSy) )

d(Tx,TSy),d(Sy,TSy),d(x,Sy),d(x,TSy),

M, (x,y) = max

Then there exists a unique point x* € X such that x* = Tx* or x* = Sx* or x* = Tx* = Sx*.

Theorem 2.3. Let (X, d) be a complete metric space and T, S : X — X two mappings such that

Vx,y € X, d(Tx,8y) > 0= F(d(Tx,Sy)) < F(d(x,y)) — ¢(d(x,y)),
where F € § and ¢ € . Then there exists a unique point x* € X such that x* = Tx* or x* = Sx* orx* = Tx* = Sx*.
Theorem 2.4. Let (X,d) be a complete metric space and T,S : X — X two mappings such that for all x,y € X,
(24) d(Tx,Sy) < My5(x,y) — (M (x,y)),
where @ : [0,00) — [0,00) is a increasing function with @(¢) > 0 for 7 € (0,0), ¢(0) =0 and

d(x,y),d(x,Tx),d(y,Sy), Lo tdTny) dTelS)rdT5)

M, (x,y) = max
d(Tx,TSy),d(Sy,TSy),d(x,Sy),d(x,TSy),

Then there exists a unique point x* € X such that x* = Tx* or x* = Sx* or x* = T'x* = Sx*.

Proof. It suffices to take F' = I in Theorem 2.1.
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Theorem 2.5. Let (X,d) be a complete metric space and T,S : X — X two mappings such that for all x,y € X,
(25) d(Tx,Ty) <d(x,y) — @(d(x,y)),

where @ : [0,00) — [0,0) is a increasing function with ¢(z) > 0 for 7 € (0,e0) and @(0) = 0. Then there exists a

unique point x* € X such that x* = T'x*.

Proof. It suffices to take T=S and F = I in Theorem 2.3.
By the careful analysis of the proof of Theorem , we have the following theorems. Because its proof is much

simpler than that of Theorem , we omit Their proof.

Theorem2.6. Let (X,d) be a complete metric space and let T : X — X be a generalized F- contraction. If F is

continuous, then T has a unique fixed point x* € X and for every x € X the sequence {7"x},cn converges to x*.
Proof. It suffices to take 7 = S and ¢ = 7 in Theorem 2.2.

Theorem?2.7. Let (X,d) be a complete metric space and let T be a self mapping on X. If there exists F € % and

7 > 0 such that

Vx,yeX, [d(Tx,Ty) >0=t+F(d(Tx,Ty)) < F(d(x,y))].
Then T has a unique fixed point x* € X and for every x € X the sequence {7T"x},cn converges to x*.
Proof. It is suffices to take @ = 7 in Theorem 2.3.
Remark 2.1. Our theorems improve and extend the following theorems in the following aspects.

(1) Since F is strictly increasing , Theorem 2.2 gives all consequence of Theorem 2.1 of [10] by assumption
”@ is increasing” instead of the assumption "¢ is lower semi-continuous”.

(2) Since F is strictly increasing, by taking ¢ = 0 in Theorem 2.2, Theorem 2.2 gives all consequence of
Theorem 2.1 of [8]without assumptions (F2) and (F3) used in it’s proof.

(3) Theorem 2.5 gives all consequence of Theorem 1 of [7] without assumption ” continuity of the function
¢’ used in it’s proof.

(4) If in Theorem 3 of [4] F be continuouse, Theorem 2.6 gives all consequence of Theorem 3 of [4] without
assumptions (F2) and (F3) used in it’s proof.

(5) Theorem 2.7 gives all consequence of Theorem 2.1 of [6] without assumption (F2) used in it’s proof.
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