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Abstract. In this study, we consider a new Newton-like method considered by Saheya et al. (2016) for solving

nonlinear equations. Using the idea of restricted convergence domains, we obtain better location about where the

iterates are located leading to a tighter convergence analysis than in Saheya et al. (2016). These advantages were

obtained under the same computational cost. Numerical examples are also presented to illustrate the theoretical

results.
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1. Introduction

In this study we consider the system of nonlinear equations

F(x) = 0, (1.1)

where F : Rn −→ Rm is a continuously differentiable function. Since F is nonlinear, prac-

tical solution methods for (1.1) are iterative and the most commonly used iterative methods

are Newton-like iterative methods. Interested readers may refer [2, 3, 9, 10, 12] for various
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Newton-like methods. For improving the convergence order of Newton-like methods, many

authors [1–17] considered higher order iterative methods.

In [13], Saheya et al. considered a new Newton-like method with high computational effi-

ciency for solving the system of nonlinear equation (1.1). Using a rational approximate function

RALND (similar to that in [14] but different), Saheya et al. [13] linearized the nonlinear func-

tion F and obtained a linear equation. Then they proposed the following improved Newton-like

algorithm in [13].

Algorithm. ( Improved Newton’s Method (INM))

Let Jk = J(xk) is the Jacobian matrix of F(x) at xk. Let x0 be a given initial approximation to

the solution of (1.1) such that j0 is nonsingular and choose ε0. The step for obtaining xk+1,k =

1,2, . . . are

Step 1. Let b0 = 0,ε = ε0, and set k = 0.

Step 2. If ‖Fk‖ ≤ ε, stop.

Step 3. Compute Fk+1bT
k+1 and xk+1 by


FkbT

k =
yT

k−1(yk−1−Jksk−1)

yT
k−1yk−1

FksT
k−1

sT
k−1sk−1

,

xk+1 = xk− (Jk +FkbT
k )
−1Fk,

(1.2)

where sk−1 = xk− xk−1.

Step 4. Set k = k+1. Go to Step 2.

In [13], it is proved that the above algorithm is well defined and the rate of convergence is

quadratic under the following assumption.

Assumption 1.1.

(i) J(x∗) is nonsingular and there exist constant µ > 0, such that ‖J(x∗)‖ ≤ µ.

(ii) The function F is continuously differentiable in the open convex set D⊂ Rn, and there

exists a constant γ > 0, such that for all x,y ∈ D

‖J(x)− J(y)‖ ≤ γ‖x− y‖.
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In this paper using the idea of restricted convergence domains, we expand the applicability

of the method (1.2) by obtaining better location about where the iterates are located leading to

a tighter convergence analysis than in Saheya et al. (2016).

The main concern in this paper is the enlargement of the convergence domain which is small

in general, the improvement of the error bounds and a better information on the location of the

solution. The novelty of this paper is in the fact that the above advantage are obtained under

the same computational cost. In particular, the sufficient convergence conditions are weaker

as demonstrated in the theoretical part of the paper as well as through the numerical example.

So it is clear that readers in this area will go and use the new sufficient criteria and abandon

the old ones, since those will never be better than the new ones. These are main concerns in

computational mathematics.

The rest of the paper is organized as follows: Section 2 contains the convergence of Newton-

like method (1.2). The paper ends with a numerical example in Section 3.

2. Local convergence analysis

We base the local convergence analysis on the conditions (C ):

(C1) F : D⊆ Ri −→ Ri is continuously differentiable.

(C2) There exist x∗ ∈ D and µ > 0 such that F ′(x∗) is nonsingular and ‖F ′(x∗)−1‖ ≤ µ.

(C3) There exists γ0 > 0 such that for each x ∈ D

‖F ′(x)−F ′(x∗)‖ ≤ γ0‖x− x∗‖.

(C4) Let D0 = D∩U(x∗, 1
γ0
). There exists γ > 0 such that for each x,y ∈ D0

‖F ′(x)−F ′(y)‖ ≤ γ‖x− y‖.

It follows from these hypotheses that there exist ε > 0, 0 < m0 < M0, 0 < m < M such

that for each x,y ∈ D0 (or D) with

max{‖x− x∗‖,‖y− x∗‖} ≤ ε,

m0‖x− x∗‖ ≤ ‖F(x)−F(x∗)‖ ≤M0‖x− x∗‖
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and

m‖x− y‖ ≤ ‖F(x)−F(y)‖ ≤M‖x− y‖.

(C5) Let p ∈ (0,1). Define

r =
2p

µ(γ +2pγ0)
,

r0 =
2m

µ p[γ(m+M0)+(2mγ0 +M0γ)]

and

ε = min{r,r0}.

Suppose

Ū(x∗,ε)⊆ D.

Then, we can show the following local convergence results for method (1.2).

Theorem 2.1. Suppose that the conditions (C ) hold. Then, sequence {xn} generated for x0 ∈

U(x∗,ε)−{x∗} by method (1.2) is well defined in U(x∗,ε), remains in U(x∗,ε) for each n =

0,1,2, . . . and converges to x∗.

Proof. We shall show that sequence {xn} is well defined and converges to x∗. Let x ∈U(x∗,ε).

Using (C3) and (C5) we have that

‖F ′(x∗)−1‖‖F ′(x)−F ′(x∗)‖ ≤ µγ0‖x− x∗‖ ≤ µγ0ε < 1. (2.1)

It follows from (2.1) and the Banach lemma on invertible operators [2, 12] that F ′(x)−1 exists

and

‖F ′(x)−1‖ ≤ µ

1−µγ0‖x− x∗‖
. (2.2)

In particular (2.2) holds for x = x0, so x1 is well defined by method (1.2) for k = 0. We can write

by method (1.2) for k = 0, since b0 = 0

x1− x∗ = x0− x∗−F ′(x0)
−1F(x0). (2.3)
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Using (C2), (C4,) the definition of r, (2.2) and (2.3) we get in turn that

‖x1− x∗‖ ≤ ‖x0− x∗−F ′(x0)
−1F(x0)‖

≤ ‖F ′(x0)
−1‖‖

∫ 1

0
(F ′(x∗+θ(x0− x∗))−F ′(x0))(x0− x∗)dθ‖

≤ µ

1−µγ0‖x0− x∗‖
γ

2
‖x0− x∗‖2

≤ p‖x0− x∗‖< ‖x0− x∗‖< ε,

(2.4)

so x1 ∈U(x∗,ε). We need an estimate on

‖F ′(x∗)−1[F ′(x1)+F(x1)bT
1 −F ′(x∗)]‖

≤ ‖F ′(x∗)−1‖(‖F ′(x1)−F ′(x∗)‖+‖F(x1)bT
1 ‖)

≤ µ(γ0‖x1− x∗‖+‖F(x1)bT
1 ‖).

(2.5)

To estimate second term in the right hand side of (2.5), we have in turn that

‖F(x1)bT
1 ‖ ≤ ‖F(x1)‖‖bT

1 ‖

≤ ‖F(x1)‖
∥∥∥∥(F(x1)−F(x0))

T (F(x1)−F(x0)−F ′(x1)(x1− x0))

(F(x1)−F(x0))T (F(x1)−F(x0))

∥∥∥∥ 1
‖x1− x0‖

≤ ‖F(x1)‖
‖F(x1)−F(x0)−F ′(x1)(x1− x0)‖
‖F(x1)−F(x0)‖‖x1− x0‖

≤ M0‖x1− x∗‖γ
2

‖x1− x0‖
‖F(x1)−F(x0)‖

≤ M0γ‖x1− x0‖
2m

.

(2.6)

Then, from (C5), (2.5) and (2.6), we have

‖F ′(x∗)−1[(F ′(x1)+F(x1)bT
1 )−F ′(x∗)]‖

≤ µ(γ0‖x1− x∗‖+ M0γ

2m
‖x1− x∗‖)

≤ µ(γ0 +
M0γ

2m
)‖x1− x∗‖

≤ q := q(‖x0− x∗‖)< 1,

(2.7)

where q(t) := µ(γ0 +
M0γ

2m )pt. So,

‖(F ′(x1)+F(x1)bT
1 )
−1‖ ≤ µ

1−q
(2.8)
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and x2 is well defined by method (1.2) for k = 2. We can write

x2− x∗ = x1− x∗− (F ′(x1)+F(x1)bT
1 )
−1F(x1)

= (F ′(x1)+F(x1)bT
1 )
−1(F(x∗)

−F(x1)− (F ′(x1)+F(x1)bT
1 )(x

∗− x1)).

(2.9)

Then, we obtain from (2.9) in turn that

‖x2− x∗‖ ≤ ‖(F ′(x1)+F(x1)bT
1 )
−1‖

× [‖F(x∗)−F(x1)−F ′(x1)(x∗− x1)‖+‖F(x1)bT
1 ‖‖x∗− x1‖]

≤ µ

1−q
[
γ

2
‖x1− x∗‖2 +

γM0

2m
‖x1− x∗‖2]

=
µγ

2(1−q)
(1+

M0

m
)‖x1− x∗‖2

≤ µγ

2(1−q)m
(m+M0)‖x1− x∗‖2

≤ µγ

2m(1−q)
p2‖x0− x∗‖2 ≤ p‖x0− x∗‖< ε,

(2.10)

so x2 ∈U(x∗,ε). The rest of the proof follows in an identical way using mathematical induction.

Concerning the uniqueness of the solution we have the result.

Proposition 2.2. Suppose that the (C ) hypotheses hold. Then, the point x∗ is the only solution

of equation F(x) = 0 in D1 = D∩U(x∗, 2
µγ0

).

Proof. Let y∗ ∈ D1 with F(y∗) = 0. Define Q =
∫ 1

0 F ′(x∗+θ(y∗− x∗))dθ . Then, by (C3), we

have in turn that

‖F ′(x∗)−1‖‖Q−F ′(x∗)‖ ≤ µγ0

2
‖x∗− y∗‖ ≤ µγ0

2
< 1,

so Q−1 exists. Using the identity

0 = F(y∗)−F(x∗) = Q(y∗− x∗),

we conclude that x∗ = y∗.

Remark 2.3.

(a) It follows from (2.10) that the convergence order of method (1.2) is two.
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(b) In order for us to compare our results with the ones in [13], let us suppose that there

exists γ1 > 0 such that for each x,y ∈ D

(C4’) ‖F ′(x)−F ′(y)‖ ≤ γ1‖x− y‖.

Then, notice that (C4’) implies (C3), (C4)

γ0 ≤ γ1 (2.11)

and

γ ≤ γ1 (2.12)

hold in general. The radius of convergence ε1 is given in [13] incorrectly as (for p = 1
2 )

ε1 = min{ 1
2µγ1

,
2m1

µγ1(2m1 + γ1)
},

whereas it should be

ε1 = min{ 1
2µγ1

,
2m1

µγ1(2m1 +M1)
}, (2.13)

where 0 < m1 < M1 and

m1‖x− y‖ ≤ ‖F(x)−F(y)‖ ≤M1‖x− y‖

for each x,y ∈ D with max{‖x− x∗‖,‖y− x∗‖} ≤ ε1. Notice again that

m1 ≤ m0 (2.14)

m1 ≤ m (2.15)

M ≤M1 (2.16)

and

M0 ≤M1. (2.17)

Then, in view of (C5), (2.10)–(2.17), we have for p = 1
2 that

ε1 ≤ ε (2.18)

and that the new error bounds are tighter than the old ones leading to fewer iterations

to achieve a desired error tolerance and a wide choice of initial guesses x0 than before.
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These advantages are obtained under the same computational cost, since in practice the

computation of m1,M1,γ1 requires the computation of m0,M0,m,M,γ0 and γ as special

cases. Finally notice that p ∈ (0,1) can be chosen to be a number other than 1
2 leading

to even larger radius of convergence or tighter error bounds on the distances ‖xn− x∗‖.

3. Numerical examples

Example 3.1. Let X = Y = R3,D = Ū(0,1),x∗ = (0,0,0)T . Define function F on D for w =

(x,y,z)T by

F(w) = (ex−1,
e−1

2
y2 + y,z)T .

Then, the Fréchet-derivative is given by

F ′(v) =


ex 0 0

0 (e−1)y+1 0

0 0 1

 .

Notice that γ = 1,γ0 = e−1, γ = e
1
γ0 ,γ1 = e, M1 = e, M0 =M = γ, m0 =m=m1 = 1 The results

are given in Table 1.

TABLE 1. Error bound comparison

p ε1 ε

1
2 0.1559 0.2851

1
4 0.1559 0.1888

3
4 0.1559 0.2293

Table 1 demonstrates the superiority of the new results over the ones in [13].
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