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Abstract. The aim of this paper is to study common solution problems of two nonlinear problems. A weak
convergence theorem is obtained in a Banach space. The results improve and extend the corresponding results

announced recently.
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1. Introduction-Preliminaries

Let E be a real Banach space with the dual E*. Recall the following generalized duality map

J4(x) 1 E — 2" where ¢ > 1, defined as
Jg(x) = {x" € E* 1 (" 2) = |19, [l = <771}, VxeE.
Recall that the normalized duality mapping J from E to 2" is defined by
Jx={f €E x> = (x. 1) = /17

Let Ug = {x € E : ||x|| = 1}. Recall that a Banach space E is said to be strictly convex if and
only if ||x+y|| <2 for all x,y € Ug with x # y. E is said to be uniformly convex if and only if
limy,_ye0 ||y, — vy|| = 0, where {u,,} and {v,} in Ug and lim,,_,c ||u, + vy || = 2.

Let pg : [0,00) — [0,0) be the modulus of smoothness of E by

X+y||—lx—
oo =sup EE I <y
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A Banach space E is said to be uniformly smooth if pET(t) —0ast— 0. Letg > 1. E is said to
be g-uniformly smooth if there exists a fixed constant ¢ > 0 such that pg(r) < ct9. It is known
that E is uniformly smooth if and only if the norm of E is uniformly Fréchet differentiable. If
E is g-uniformly smooth, then ¢ < 2 and E is uniformly smooth, and hence the norm of E is
uniformly Fréchet differentiable, in particular, the norm of E is Fréchet differentiable.

Let T be a mapping on E. The fixed point set of T is denoted by F (7). Recall that T is said

to be nonexpansive iff

HTX—TyH < Hx7yH7 vx?.y eC.

Let I denote the identity operator on E. An operator A C E x E with domain D(A) ={z € E:
Az # 0} and range R(A) = U{Az:z € D(A)} is said to be accretive if, forr > 0 and x,y € D(A),

lx =yl < lx=y+e(u—v)l, VueAxveAy.

It follows from Kato [1] that A is accretive if and only if, for x,y € D(A), there exists j(x; —x;) €

J(x1 —x2) such that
(u—v,j(x—y)) = 0.

An accretive operator A is said to be m-accretive if R(I+rA) = E for all r > 0. In a real Hilbert
space, an operator A is m-accretive if and only if A is maximal monotone. For an accretive
operator A, we can define a nonexpansive single valued mapping J4 : R(I +rA) — D(A) by
JA = (I+rA)~! for each r > 0, which is called the resolvent of A.

Recall that a single valued operator A : E — E is said to be a-inverse strongly accretive if

there exists a constant @ > 0 and some j(x —y) € J(x —y) such that
(Ax—Ay,J(x—y)> Z(XHAX—Asz, VX,YEE

Recently, zero point problems of accretive operators have been extensively investigated via
fixed point methods; see [2-13] and the references therein. In this paper, we investigate the
zero point problem of the sum of two accretive operators based on a splitting methods. A
weak convergence theorem is obtained in a Banach space. The results improve and extend the
corresponding results announced recently. In order to obtain the main results of this paper, we

need the following tools.
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Lemma 1.1. [14] Let E be a real 2-uniformly smooth Banach space with the best smooth

constant K. Then the following inequality holds:
eyl < Jlxl? +200,J (x +y))

and

le+yI17 < (el +200,J (x)) + 2] Kyll,  Vx,y € E.

Lemma 1.2. Let E be a real Banach space and let C be a nonempty closed and convex subset
of E. Let A : C — E be a single valued operator and let B : E — 2F be an m-accretive operator.

Then
F(Jg(I—aA)) = (A+B)~(0),
where JB is the resolvent of B for a > 0.

Lemma 1.3. [14] Let p > 1 and r > 0 be two fixed real numbers. Then a Banach space E

is uniformly convex if and only if there exists a continuous strictly increasing convex function

@ :[0,00) — [0,00) with @(0) = 0 such that
lax+ (1 —a)yl|” < allxl|” + (1= a)|[y[|” — (a" (1 —a) + (1 —a)’a) (|lx —yI)),

forallx,y € B,(0) :={x€E:|x| <r}andac]0,1].

Lemma 1.4. [15] Let E be a real uniformly convex Banach space and let C be a nonempty
closed convex and bounded subset of E. Then there is a strictly increasing and continuous
convex function y : [0,00) — [0,00) with ¢(0) = 0 such that, for every Lipschitzian continuous

mapping T : C — C and, for all x,y € C and t € |0, 1], the following inequality holds:
IT (ex+ (1= 1)y) = (¢Tox+ (1 =) Ty)[| <Ly~ (Il =y =LY Tx=Ty])),

where L > 1 is the Lipschitz constant of T.

Lemma 1.5. [16] Let E be a real uniformly convex Banach space such that its dual E* has the
Kadec-Klee property. Suppose that {x,} is a bounded sequence such that lim,_,. ||ax, + (1 —
a)p1 — pz2|| exists for all a € [0,1] and p1, p2 € 0y (x,), where @, (x,) : {x : 3x,, = x} denotes

the weak ®-limit set of {x,} Then ®,,(x,) is a singleton.
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Lemma 1.6. [17] Let E be a real uniformly convex Banach space, C a nonempty closed, and

convex subset of E and T : C — C a nonexpansive mapping. Then I —T is demiclosed at zero.

2. Main results

Theorem 2.1. Let E be a real uniformly convex and 2-uniformly smooth Banach space with the
best smooth constant K and let C be a closed convex subset of E. Let A : C — E be an o-inverse
strongly accretive operator and let B : Dom(B) C E — 2F be an m-accretive operator such that
Dom(B) C C. Assume (A+B)~'(0) # 0. Let {x,} be a sequence generated in the following

manner: xo € C and
Xpp1 = (1 —oty) (I +r,B) " (x, — rnAxy) + Qpx,, Vn>0,

where {0, } and {r,} are real sequences satisfying the following restrictions: 0 < a, < a < 1
and 0 <r<r,<r < %. Then {x,} converges weakly to some zero of A+ B.
Proof. From Lemma 1.1, one has
(I = raA)x = (I = raA)y >
2 2.2 2
< [lx = [I7 = 2r(Ax — Ay,J (x —y)) + 2K 1, [ Ax — Ay|
< [lx—y[I* = 2rp 0| Ax — Ay||7 4+ 2Ky || Ax — Ay||?

= |lx—y|* = 2r (0t — K?r, || Ax — Ay||%.

From the restriction on {r, }, one sees that
1 = ruA)x — (I = raA)y|| < [lx =y (3.2)
Fixing p € (A+B)~'(0), one has

[xn — Pl = Olxn — pl| 4+ (1 = ) || (X — r2Axn) — (p — rA) p|
> O]y — pl| + (1 = 04) |y, (xXn — raAxn) — p|

> [[%n 1 = pll
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This shows that lim,_,. ||x, — p|| exists, in particular, {x,} is bounded. Putting y, = J,, (x,

rhAx,), we find from Lemma 1.3 that
, 1
17 = ra) o = (1= ra)pIP = 30 (1|0 = p) = (U = 1 — (1 = ra)p) )

: = )|
(3.3)

> Iy, —p|I? +—||( — IpA) Xy

[\.)

—30(100 =)= (s~ (1= rd)p) )

> H%(yn—p)%((l—rnA)xn— (1= rd)p) ||,

Substituting (3.1) into (3.3), one finds that

2 00= )+ 2 (1= r ) — 1= )

< [lxa = plI> = 2ra(0 — K*ry || Ax — Ay||? (3.4)
1
=20 (0w =p) = (= ra)xa = (1= raA)p) ).
In view of the acctiveness of B, we find that
1
H_ I—r,A _(I_rnA)p)+§(yn_p>“
_n(xn_rnAxn_yn_(I_rnA)p_p> +yﬂ_pH (3‘5)
n n
> Iy — pll
Combining (3.4) with (3.5), we see that
=PI = 22— K2r,JAx— Ay
(3.6)

_}L‘P(H(yn—l?)—((I—rnA)xn_( —mA)p )H>
> [|lya — pl?

It follows that
10 — plI> = 2ra (0t — K*ry||Ax — Ay||?

(1= 30 (I —p) ~ (=) — = ra)p) )

> Ol — plI> + (1= o) [yn — I

> |1 = plI.
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Hence, we have

len = pI? = 20— K2rul|Ax —AY|]* — [[xa11 — pII®

and

> (1= )30 (10w~ )~ (= rasa— (1= rA)p) )

1
=PI = It =PI = (1 = ) 70 (1| 0 = 2) = (= ru)a — (1= ra)p) |
>2r (o —KzrnHAx—AyHZ.

InviewofOSan§a<1and0<r§rn§r’<%,oneseesthat

Jim 4, ~ Ap]| =0

(3.7)

and

r}ij{}o”)’n—xn+rnAxn—rnAp|| =0. (3.8)
Since ||yn — x| < ||lyn — X + rAxn — rpAp|| + ry||Ax, — Ap||, we find that

lim ||J;., (xp, — rpAx,) — x| = 0.

n—yoo

(3.9)

Notice that

I’l_‘]r I_ A n _Jr I_ nA
0< (MU= 50 U= 5 ay, g, (1 A ).
r 'n

Hence, we find that
1% — T, (I — rpA)xn || [|[J-(I — rA) Xy — T, (I — 1pA) x|
>

- (xn = Iy (I = raA) X, J (I (1 = rA)xy — Iy, (I — raA)xy) )
n

> (I = rA)x, — Iy, (I — 1A, |2
This implies that ||x, — J;,, (I — r,A)x,|| > ||J-(I —rA)x, — Iy, (I — rpA)yy,||- It follows that

(I — rA)xn — X || < ||J-(I —1A)xn — (I — 13 A) Xy |
+ HJrn(I_ "nA)xn _xn”

< 2|y, (I = rnA)xn — Xy |-
From (3.9), we arrive at

lim ||J,(x, — rAx,) —x,|| = 0.

n—oo

(3.10)
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Define mappings 7,, : C — C by
Tox:= Opx+ (1 — 0ty)Jy, (I —ryA)x), VxeC.

Set

Liym—1Tnim—2-Tn = Sn,ma Vn,m > 1.

Then S, uXp = Xptm and S, ,, is nonexpansive. For all 7 € [0, 1] and n,m > 1, put

an(t) = ||txn + (1 = 1)p1 = pall;

and
bym = ||Sn,m(txn + (1 _t)pl) - (ter—m + (1 —t)p1)||,

where p; and p; are zeros of A + B. Using Lemma 1.4, we find that

-1

I/\

|0 — p1] — ||Sn mXn — n,mPIH)

-1

IA

v (

v (= p1ll = [%nsm — P14+ Pt = Sumpi )
v ([ = pill = (Xntm — p1ll = 1Pt = Snmpr]])
v (

-1

IN

[Fn = prll = [Pnm — p1 ).
It follows that {b,, », } converges uniformly to zero as n — o for all m > 1. Hence,
anm(t) < by + || S (%0 + (1 =1)p1) — pa|
< by 4 ||Spm (X0 + (1 =1)p1) = Sump2|| + ||Snmp2 — 2|
< bpm+an(t) +||Snmp2 — p2|
< b+ an(t).

Taking limsup as m — oo and then the liminf as n — oo, we find that lim,_,..a,(¢) for any
t €[0,1]. In view of Lemma 1.5, we see that @,,(x,) C (A-+B)~1(0). This implies from Lemma

1.6 that @,,(x,) is just one point. This proves the proof.
From Theorem 3.1, we immediately have the following results.

Corollary 2.2. Let H be a real Hilbert space and let C be a closed convex subset of H. Let

A :C — E be an a-inverse strongly monotone operator and let B : Dom(B) C H — 2" be an
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m-accretive operator such that Dom(B) C C. Assume (A+B)~'(0) # 0. Let {x,} be a sequence

generated in the following manner: xo € C and
Xpr1 = (1—ot,)(I+ rnB)*l(xn — rpAxy) + Qpx,, Vn>0,

where {0, } and {r,} are real sequences satisfying the following restrictions: 0 < o, < o0 < 1

and 0 < r <r, <r <2a. Then {x,} converges weakly to some zero of A+ B.

Corollary 2.3. Let H be a real Hilbert space and let C be a closed convex subset of H. Let
A : C — E be an a-inverse strongly monotone operator and let Pro jc be the metric projection
from H onto C. Assume VI(C,A) # 0. Let {x,} be a sequence generated in the following

manner: xo € C and
Xp+1 = (1 — ay)Proje(x, — rpAxy) + Opxy,  Vn >0,

where { o, } and {r,} are real sequences satisfying the following restrictions: 0 < a, < o < 1

and 0 < r <r, <r <2a. Then {x,} converges weakly to some zero of VI(C,A).
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