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Abstract. In this work, we study of the solvability and the existence of optimal controls of some partial functional
integrodifferential equations with classical Cauchy initial condition in Banach spaces. We assume that the linear
part admits a resolvent operator in the sense of Grimmer. Firstly, we investigate the existence and uniqueness
of mild solutions. Secondly, we prove the existence of optimal controls for the integrodifferential equation. An
example is also given to illustrate the main results.
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1. Introduction

The aim of this work is to study the existence of mild solutions and the optimal controls of some systems that
arise in the analysis of heat conduction in materials with memory [6], and viscoelasticity and take the form of the

following partial functional integrodifferential equation in a Banach space (X, || - ||):
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X (1) = Ax(r) + /[B(t —s)x(s)ds + f(t,x(t)) +C(t)u(t) fort € I=10,b]
(1.1) ’
x(0) =xp € X,
where f: I x X — X is a function satisfying some conditions; A : Z(A) — X is the infinitesimal generator of a

Cp-semigroup (T(t)) />0 On a separable reflexive Banach space X; for r > 0, B(t) is a closed linear operator with
domain 2(B(t)) D Z(A). The control u(t) takes values from another separable reflexive Banach space U. The
operator C(¢) belongs to . (U, X), the Banach space of bounded linear operators from U into X.

In many areas of applications such as engineering, electronics, fluid dynamics, physical sciences, etc..., integrod-
ifferential equations appear and have received considerable attention during the last decades. In [6], R. Grimmer
proved the existence and uniqueness of resolvent operators for these integrodifferential equations that give the
variation of parameter formula for the solution. In recent years, much work has been done on the existence and
regularity of solutions of nonlinear integrodifferential equations with various initial conditions by many authors by
applying the resolvent operator theory, for integral equations see e.g., [4] and the references therein. Problems of
controllability and existence of optimal controls for nonlinear differential equations have been studied extensively
by many authors under various hypotheses (see e.g., [2], [5],[10],[11],[16] [17]), but little is known and done about

the existence of optimal controls for integrodifferential equations using the resolvent operator theory. Wang and

Zhou [21] discussed the optimal controls of a Lagrange problem for the following fractional evolution equations:
Dix(t) = —Ax(t) + f(t,x(¢)) +C(t)u(r) forr € [0,D]

x(0) =xp € X,
where D7 denotes the Caputo fractional derivative of order g € (0,1) and —A : Z(A) — X is the infinitesimal
generator of a compact analytic semigroup of uniformly bounded linear operators. In [12], the authors studied the
existence of mild solutions and the optimal controls of a Lagrange problem for the following impulsive fractional

semilinear differential equations,
ot

CDex(t) = Ax(t) +f (t,x(t),/ g(t,s,x(s))ds) +C(t)u(t) fort €10,b], t #t
0

Ax(ty) =L(x(t,)), k=1,2,---m

x(0) =xp € X,
where D% denotes the Caputo fractional derivative of order o € (0, 1] with lower limit zero and A : Z(A) — X is

the infinitesimal generator of a Cp-semigroup. They used the techniques of a priori estimation. In [22], the authors
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studied the optimal controls for nonlinear impulsive integrodifferential equations of mixed type on Banach spaces.
Motivated by these works, we investigate the solvability and the existence of optimal controls of a Lagrange prob-
lem for equation (1.1), using the techniques of a priori estimation of mild solutions. The existence and uniqueness
of mild solutions is obtained using the theory of resolvent operator for integral equations. Furthermore, to the
best of our knowledge, the optimal controls for partial functional integrodifferential equation (1.1) with classical
Cauchy initial conditions are untreated in the literature, and this fact motivates us to extend the existing ones and

make new development of the present work on this issue.

As a motivation for the problem studied in this work, we consider a heat flow in a rigid body Q of a material with
memory. Let w(z,&), e(t,&), q(t,€) and s(,&) denote respectively the temperature, the internal energy, the heat

flux, and the external heat supply at time 7 and position &. The balance law for the heat transfer is given by:

(1.2) e(t,6) +divg(t,§) = s(2,6)

and the physical properties of the body suggest the dependence of ¢ and g on w and Vw, respectively. For instance

assuming the Fourier Law i.e.,

(13) e(taé)zclw(tvé)

(1.4) q(t,8) = —c2Vw(t,8),

where c1, ¢y are positive constants, one deduces from (1.2) the classical heat equation

(L.5) wi(t,6) = cAw(t,6) + f(1,€)

with ¢ = ¢ ey and f(,€) = ¢, 's(¢,&). In many materials the assumptions (1.3), (1.4) are not justified because
they take no account of the memory effects: several models have been proposed to overcome this difficulty, see

e.g. [3,9, 18]: one of them consists in substituting (1.4) with

(1.6) 4(1.8) = ~e2Vw(1,8) /;h(t ) Vw(s, E)ds.
Taking for simplicity ¢; = ¢, = 1, we get from (1.2), (1.3) and (1.6)

(1.7) wi(1,€) = Aw(t,&) + /jmh(t —85)Aw(s, &)ds +s(t,&).

If we assume that the thermal history w of the body Q is known up to ¢ = 0, the temperature of the boundary dQ

of Q is constant (=0) for all 7, and the external heat flux depends on the this thermal history of the body, we are led
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to the following system:

wy(£,€) :Aw(t@)+/0th(t—s)Aw(s,é)ds—i—f(t,w(t,é)) for (t,&) € [0,b] x Q
(1.8)

W(07€) = WO(&)) é eQ

where b > 0 is arbitrarily fixed. If we prescribe A (in addition to f and wp), then (1.8) is a Cauchy-Dirichlet
problem for an integrodifferential equation in the unknown w, which has been studied by several authors in the last
decades, see e.g., [7, 8, 15] and references therein.

Now define

f.x(0))(§) = f(t,w(t,(8)))(§) forze[0,b]and § € Q
(B(1)x)(&) = h(t)Ax(r)(E) for t €[0,b], and & € Q.

Then, equation (1.8) can be transformed into the following abstract form:

X (t) =Ax(r) + /OtB(t —s)x(s)ds + f(t,x(¢)) fort € I =10,b],
(1.9)
x(0)=xp € X,

where X is a Banach space. Equation (1.9) has been studied by many authors (see e.g., [13] and the references
contained in it). But to the best of our knowledge, this equation has never been considered for optimal control.

The rest of the paper is organized as follows: In section 2, we present some basic definitions and preliminaries
results, which will be used in the subsequent sections. In section 3, we obtain an a priori estimation of mild
solutions of equation (1.1). In section 4, sufficient conditions are established for the existence and uniqueness
of mild solutions of equation (1.1), by applying a well known fixed point theorem, and extension by continuity
techniques. In section 5, we investigate the existence of optimal controls of a Lagrange optimal control problem

for equation (1.1). Finally, in section 6, an example is given to illustrate the results.

2. Resolvent Operators and Balder’s Theorem

In this section we introduce some definitions and Lemmas that will be used throughout the paper.

A measurable function x : I — X is Bochner integrable if and only if ||x|| is Lebesgue integrable. We denote by
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Ly (I,X) the Banach space of functions x :  — X which are Bochner integrable normed by

b
Il = [ x(e)
0
Consider the following linear homogeneous equation:

X (t) = Ax(¢) Jr/OtB(z‘ —s)x(s)ds for t>0
2.1

x(0) =xp € X.

where A and B(t) are closed linear operators on a Banach space X.

In the sequel, we assume A and (B (t)) 1~ satisfy the following conditions:

(Hy) A is a densely defined closed linear operator in X. Hence Z(A) is a Banach space equipped with the

graph norm defined by,

y| = |Ay|| + ||ly|| which will be denoted by (X, |- ).

(Hy) (B(1)) ;>0 18 a family of linear operators on X such that B(¢) is continuous when regarded as a linear map
from (Xy,]|-|) into (X, || -||) for almost all # > 0 and the map ¢ — B(¢)y is measurable for all y € X; and ¢ > 0, and

belongs to W!! (R*, X). Moreover there is a locally integrable function b : R* — R™* such that

d

B(t)yH < bl

<
IB()y|| < b(t)y| and ’dt

Remark 1. Note that (H,) is satisfied in the modelling of Heat Conduction in materials with memory and viscos-

ity. More details can be found in [13].

Let .Z(X) be the Banach space of bounded linear operators on X,

Definition 2.1. [4] A resolvent operator (R(t)) ;>0 for equation (2.1) is a bounded operator valued function
R: [0,40) — Z(X)

such that

(i) R(0)=1Idx and ||R(r)|| < NeP for some constants N and .

(ii) For all x € X, the map ¢ — R(t)x is continuous for 7 > 0.
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(iii) Moreover for x € X;, R(:)x € €'(R*;X)NE(R*;X;) and

R()x = AR()x+ /OtB(t—s)R(s)xds

R(1)Ax+ /0 "R(t — 5)B(s)xds.

Observe that the map defined on R by 7+ R(t)xo solves equation (2.1) for xo € Z(A).

Theorem 2.2. [6] Assume that (Hy) and (Hy) hold. Then, the linear equation (2.1) has a unique resolvent operator

(R(t))zza

Remark 2. In general, the resolvent operator (R(t)),., for equation (2.1) does not satisfy the semigroup law,

t>0

namely,

R(t+s) # R(t)R(s) for some £, 5> 0.
The following Theorem is needed in the proof of the existence of optimal controls.

Theorem 2.3. (Balder’s Theorem, [1]) Let (X, %, L) be a finite nonatomic measure space, (Y,||-||) a separable
Banach space, and (V,|-|) a separable reflexive Banach space, and V' its dual. Let 6 : £ XY X V — (—co, +o0)
be a given F x £ (Y x V)- measurable function. The associated integral functional Iy : Ly, x L, — [—eo, +o0] is

defined by:
To(ev) = [ O(r.x(0), () (),

where L)I, denotes the space of all absolutely summable functions from X to Y.

The following three conditions

@) 0(z,-,-) is sequencially lower semicontinuous on X XV, l-a.e.,
(ii) O(t,x,-) is convexonV forx €Y, U-a.e.,

(iii) there exist 6 > 0and y € Lﬁ@ such that
0(t,x,v) > y(t)—o(||x||+|v]) forall xeY,veV, u-ae.,

are sufficient for sequential strong-weak lower semicontinuity Ig on Lll/ X Lg/. Moreover, they are also necessary,

provided that Ig(X,V) < +oo for some X € L},,V € L‘l,.

Theorem 2.4. (Mazur’s Lemma, [14]) Let Z be a Banach space and G be a convex and closed set in Z. Then G is

weakly closed in Z.
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3. Existence of mild solutions for equation (1.1)

We make the following assumptions.

(H3) The function f: I x X — X satisfies the following conditions:
(i)  f(-,x) is measurable for x € X,

(i) forany p > 0, there exists Ly(p) > 0 such that

If(2,5) = fe I < Lp(p)lx =yl for [lx]| < p, |yl < p andz € [0,5],
(iii)  there exists ay > 0 such that
|| f(t,x|| <ap(1+|x||) forall xeX and 1€ [0,b].

(Hy) Let U be the separable reflexive Banach space from which the control u takes values and assume C €
(1,2 (U,X)).
(Hs) The multivalued map I" : I — 2V \ {0} has closed, convex, and bounded values, I" is graph measurable,

and I'(-) C Q where Q is a bounded set in U.

We denote by %, the set of admissible controls defined by:
Wag = {u : I — U such thatu is measurable and u(r) € I'(¢), a.e.}.
Then, we have the following:

Theorem 3.1. [20] %q # 0 and Yaq C L*(I,U) is bounded, closed and convex. Also, Cu € L*(I,U) forall u €
Uy

Definition 3.2. Let u € %,,. A function x € € (I;X) is called a mild solution of equation (1.1) if

3. x(t) = R(t)xo +/()tR(t =) [f(s,x(s)) +C(s)u(s)] ds fort €1

We have the following theorem on existence of mild solutions to equation (1.1) with respect to a given control

uE Ug.

Theorem 3.3. Assume that (Hy) — (Hs) hold. Then for each u € %,q, equation (1.1) has a unique mild solution
on [0,D).

Proof. Let by, p > 0, and x € X such that ||x|| < p. Forz € [0,b;], we have by the local Lipschitz condition on f

that

1f @) < Le(p) Xl + 11720 < Lr(p)p + e 1/ (s,0)]l.
s€|0,01
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b will be chosen sufficiently small enough to get the local existence of mild solutions.
Letx€X, p = |lx||+ 1 and p* = Ly(p)p +supsepo ] 1/ (5,0)]-

We define the following space

Eo= {x € 2([0,b1);X) such that  sup [|x(s) —x(0)] < 1}.
SE[O,b|]

Then, Ej is a closed subset of € ([0,];X) which is endowed with the uniform norm topology. Let
My = sup |[R(t)].-
1€[0,b]

Define the operator K : Ey — %([0,b1];X) by

(Kx)(t) = R(t)xo +/OIR(t —5)[f(s,x(s)) + C(s)u(s)] ds fort € [0,b1]

We claim that K(Eo) C Ey. Infactletx € Ep and ¢ € [0,b;]. Then,

I(Kx)(2) =x(0)]] < [[R(2)x(0) —x(0)|

o, I

< |[R(0)x(0) —x(0) || + My p*t + My ||| [ 2 V2.

(t— ) [f(s,x(s)) + C(s) Hds

Now, choose b sufficiently small such that

(3:2) sup {I1R(5)x(0) = x(O)]| + My p"s + My | C| | 2v/5 } < 1
s€[0,b)

Consequently,
1(Kx)(2) = x(0)I| < [|R(£)x(0) —x(0) | + My p"t + My ||C]| [lu]| v/t <1 fort € [0,b1].

Hence, K(Eo) C Ey.

Let x,y € Ep and ¢ € [0,b1]. Then, there exists p > 0 such that ||x||, ||y|| < p. We have that

[(Kx) () = (Ky)(@)| < Mb/ot||f(s,x(S))—f(s,y(S))llds

IN

MyLy(p) [ Ix(s) ~>(s) s

< MyLs(p) [ sup ()= (o)]de

7€(0,s]

IN

MyL¢(p) by [|x—y||
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Now, since

MLy (p)or < Myp*bu < sup (IR0~ +(O)] +Mops M €1 25}
s€[0,by

Condition (3.2) implies that

MyLs(p)by < 1.
Thus, K is a strict contraction on Ey. It follows from the contraction mapping principle that K has a unique fixed
point x € Ey, which is the unique mild solution of equation (1.1) with respect to u on [0, b;].

Using the same arguments, we can show that x can be extended to a maximal interval of existence [0, #max |-

Lemma 3.4. [4] If tmax < b, then, limsup ||x(z7)| = eo.

I—>I'max
‘We show that ty,,x = b.

Assume on the contrary that #pax < b. Then for ¢ € [0, #max] We have that

x(t) =R(t)xo+ /OtR(t —) [f(s,x(s)) JrC(s)u(s)] ds.

It follows that

t t
I < Myllsol+My [ 17(s,x(5))1ds+ My [ Cs)uts) s
t t
< Myl + Myt + My [ x(s) s+ My 1] [ (o) s
t
< Myllol|+ Mot @y + My i [z + Moy [ [1x(5)] ds

This implies that
J(6) 1 < Molloll + M s -+ My s 1 2+ My [ " x(s) | ds
It follows by Gronwall’s inequality that
x(@)]| < Bt s fort € [0, tmax,

where B* = Mp||xo|| + Mp tmax af +Mp v/Tmax ||C|| || 1| 12
Thus

: < * Mbaftmax .
i (1)) < BeMoesion <

This contradicts Lemma 3.4. Therefore, fmax = b and hence, equation (1.1) has a unique mild solution on [0, d].

O
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4. Continuous Dependence and Existence of the Optimal Control Solving

Equation (1.1)

In this section, we discuss the continuous dependence of the mild solutions of equation (1.1) on the controls and
initial states, and the existence of solutions of the Lagrange problem associated to equation (1.1).

We have the following a priori estimation.

Lemma 4.1. Suppose (Hy) — (H3) holds and assume that equation (1.1) has a mild solution x, on [0,b] with
respect to u € Uaq. Then, there exists a constant p > 0 independent of u such that ||x,(t)|| < p fort €[0,b], (p

depends only on U,q and x).

Proof. Let

t €[0,6], My = sup [[R(1)]| and [[C|| = sup |[C(1)[|.2v.x)-
t€[0,b] tel

Since %, is bounded, let K > 0 be such that llull 2 < K for all u € %,. Then, we have that

O < Mollol+M, [ 1x(5)lds+ 5 [ [Cu(s)] ds

t b
< Myl Mybag-+ Moa [ (o) ds+ w1l [ uts) | ds
t
< MbHXOH+Mbbaf+Mb\/5HCHHM|IL2+Mbaf/0 llx(s) || ds
" t
< Mbuxon+Mbbaf+M,,\/Z|\cH1<+Mbaf/o Ix(s)|| ds.
Thus
_ t
@n ()1 < Mol + My g +My VBICIR + My [ ()]s

It follows by Gronwall’s inequality that
x(0)|| < MebarMy = m

with M = M, ||xo|| + Mybas + My Vb ||C| K.
As aresult, for ¢t € I, we have

()| <M:=p

That is ||x,(¢)|| < p forall # € I. This completes the proof of the Lemma.
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We have the following theorem on continuous dependence of the mild solutions of equation (1.1) on the controls

and initial states.
Theorem 4.2. For all A > 0, there exists y*(A) > 0 such that for all x}, x3 € B(0,1),

I ) =20 < 7 (I =)+ lu' = il2) for 1€ [0,8],
where

. . t . .
4.2) x'(t) = R(t)xg +/ R(t —s) [f(s,%'(s)) + C(s)u'(s)] ds fort €1

0

and u' € Uy, for i=1,2.
Proof. Let x, for i = 1,2, be two mild solutions of equation (1.1), corresponding to the controls u € Uy and

A > 0 such that x}, x3 € B(0,1).

X (1) :R(I)XE.)‘F/(:R(I*S) [f(5,x'(s)) +C(s)u'(s)] ds fort €1

By Lemma 4.1, we have that, there exists a constant py = M > 0 such that ||x(s)|| < p;, i=1, 2.

Now, for ¢ € [0,b], we have

6! (1) =2 (1)l

IN

Mylixh =3+ My [ 15,4 (5)) = £5.2%() | s

£ My [ ICEu!6) )] ds

IN

Mol =3+ Mol (o) [ (I (5)— 2] ) ds

+ M, /0; IC(s)u' () — C(s)u(s)|| ds

IN

t
My|lxg — 53| +MbLf(PA)/O Ix! (s) = x*(s) | ds

+ MyLs(pa) VBI[C|| [Ju! — w2
That is

t
4.3) ||xl(f)—x2(t)HSMbIIXé—X3\\+MbLf(Px)\/I5IICHIIM'—u2\|L2+MbLf(Px)/0 ! () =2 (s)l| ds.
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By Gronwall’s inequality, we have that

I (1) =2 (1) |

IN

My 15— 3|+ MyLy (p2) VB Cl ' = 2| Mot 02)0.

This implies that

N

I @) =R < (Mol — 5l + MLy (o) VBCl ! iz | Mot 0212,

Let
¥ (A) = max { My M 000 ML () VB |C] Mo P
Then, we have that

I () =2 < ¥ (A (b~ B+ lu' =] 2) for 1 € [0,B].

And the proof is complete.

Now, we study the existence of solutions to the following Lagrange problem

Find a control u® € %, such that
(Z2)
I W) < _7(u) forall u€ %y,

where
b
F ) ::/ 2(1,00), uto))
0
and x* denotes the mild solution of (1.1) corresponding to the control u € %, and the initial data xo.

For the existence of solutions to problem (¥ 4?), we make the following assumptions.

(Hr)
(i) The functional . : I x X x U — RU {0} is Borel measurable.
(i) Z(t, -, ) is sequencially lower semicontinuous on X x U for almost all 7 € .
(iii) Z(¢,y, -) is convex on U for each y € X and almost all 7 € I.

(iv) There exist constants § >0, y> 0, and u € L' (I) nonnegative such that

2L(t,y,u) = () +Bllyll +¥llull.

We have the following result on the existence of optimal controls for problem (£ &?).

Theorem 4.3. Assume that hypotheses (Hy) — (Hs) and (Hy) hold. Then the Lagrange problem (£ &7) admits at

least one optimal pair, that is there exists an admissible control pair (x°,u’) € € ([0,b],X) X Uuq such that

7= |

0

b

.i”(t, (1), uo(t)> dt < /Ob.,?(t, x"(¢), u(t)) dt = 7 (u) foru€ Ua.
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Proof. If inf{j(u) Tu€ %ad} = oo, we are done.
Without loss of generality, assume that inf { F ) ue %d} =0 < co.

Suppose that 0 = —eo, then for each n € N, there exists (4" ),>1 C %4 such that

") < —n (%)

Boundedness of %, implies that (#"),>; is bounded and so there exists a subsequence (u"*)g>; of (u"),>; that
converges weakly to some «” in L>(I,U), since L*(I,U) is reflexive. But %, is closed and convex, so by Mazur’s
Theorem, it is weakly closed and therefore, u° € %,,. By hypothesis (Hy,), -Z(t, y, -) is weakly lower semicontin-
uous, so we have that

L1, y, ') < liminf 2 (1, y, u™) < —oo,
—yo0

which implies that _# (u°) < —eo using (*). And this is a contradiction since _# (u®) € RU {e0}. Hence § € R.

Now by the definition of J, there exists a minimizing sequence, a feasible pair ((x",u")),>1 C %44 such that
b
/ (1,00, ()} dt — 8 asn oo
0
where
Fd = {(x7 u) : x is a mild solution of equation (1.1) corresponding to the control u € %ud}.

Boundedness of %, and the fact that L?(1,U) is reflexive imply that (u"),>; has a subsequence denoted for
simplicity by (u);>1, that converges weakly to some u” in L?(1,U). But %, is closed and convex, so by Mazur’s
Theorem, it is weakly closed and therefore, u® € Uy

Let
() = R(t)xo + /0 "R(t—s) [ £(5,25(s)) +C(s)u’<(s)] ds fort el

denote the subsequence of (x"),>; corresponding to the control sequence (u¥);>; and x° be the mild solution

corresponding to the control u® € %,4. We show that x* — x°.
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For ¢ € [0,b], we have

[¢o-x0 = [ 7=t -reo)]|ds
+ /0 R —s) )it (s) — Cls)u(s)] | s
< MiLs(p) [ 46— s+ My [ [[C6rits) — s s
< its(p) [ 40226 a5 ( [ et —c<s>u°<s>szs)%
< MyLs(p) /0 f [ (5) = (5)|| s + My v | it — cu -
Thatis
(.4) [0 0| <mLse) [ ) 20| -, VB |t — S

By Gronwall’s inequality, we have that

, where M*™* = M, /b MePLs(P),
L2(1,U)

4.5) ka(t) —xo(t)H < M*||cuk — cu

We have the following Lemma.

Lemma 4.4. [20] Let (u"),>1 C g and u® € U,q such that (u"),>1 converges weakly to u°. Then,

HCuk—CuO

oo | L™ (I, X)).
LZ(I,U)—>O ask— oo, if CeL”(I;4(U,X))

We have by (4.5) that

ka—xOH < M**||Cuf — cu®

L2

and therefore, it follows by Lemma 4.4 that

¥ — 20 ask — oo
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We note that (Hy,) implies the assumptions of Balder’s Theorem. Hence by using Balder’s Theorem, we can
conclude that (x, u) — / b.,iﬁ (t,x(t), u(t)) dr is sequencially lower semicontinuous in the strong topology of
LY (1,X) x LY(1,U). !

Now, since L>(I,X) x L*(I,U) C L'(1,X) x L'(1,U), _# is also sequencially lower semicontinuous on L*(I,X) x
L?*(1,U), and in the strong topology of L!(I,X x U).

Hence, ¢ is weakly lower semicontinuous on L?(7,U ), and since by (Hy,) — (iv), # > —co, # attains its infimum

at u® € %,q, that is

b

5 — lim z(z,xk(z),uk(z))dzz/Oh.,zﬂ(t,xo(r),uo(t))dtzj(uo)25.

k—o0 J0

Thus, § = ¢ (u°), and hence there exists an admissible control u® € %, such that

I W) < _#(u) forall u€ Zy.

This completes the proof.
we now illustrate our main result by the following example.

5. Example

Let Q be bounded domain in R" with smooth boundary and consider the following nonlinear integrodifferential
equation.

G.D

9vg,€> :Av(,é)+/0[§(¢_S)Av(s,§)ds+ a(t)sin(v(t,&)) + B () o(t,&) fort € [0,1] =T and € Q

v(t,§) =0forr€[0,1] and & € dQ

v(0,8) =vo(§),

where «, B € €(I,R), ® : I x Q — R continuous in ¢, and { € WH! (RT,R).

Let X = U = L*(Q). For > 0, we define the set of admissible controls %, by

Uy := {u : I — U such that u is measurable and [|u(|;2; ;) < n},

H””iz(w) = /01 (/9”2(5)(5)d§> ds.

where

We define A : Z(A) C X — X by:



16 K. EZZINBI, P. NDAMBOMVE
2(A) =H*(Q)NH}(Q)

Av = Av forve Z(A).

Theorem 5.1. (Theorem 4.1.2, p.79 of [19]) A is the infinitesimal generator of a Cy-semigroup on LZ(Q).

A generates a Co-semigroup (7 (1)), , on L*(Q).

Define

(B(t)x)(&) = §(1)Av(t,E) for 1 €[0,1], x€ 2(A) and & € Q.
Equation (5.1) is then transformed into the following form
t
X (t) =Ax(r) + / B(t —s)x(s)ds + f(t,x(t)) +C(t)u(t) forr € I =10,1],
0
5.2)
x(0) = xo.
One can see that, f satisfies (H3). Now we consider the following cost function:
! u
= [ 2(t0000) ar
where .Z : [0, 1] x L*(Q) x L*(Q) — R is defined by:
Z(txu) = Yl + fall

Z satisfies all the conditions of hypothesis (Hy,). Then,

s = [ (Ol + o)) i

Hence, all the conditions of Theorem 4.3 are satisfied, and therefore, equation (5.2) has at least one optimal pair.
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