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Abstract: The first aim of this work is to give necessary and sufficient conditions on the existence of a
Markov moment problem in the first quadrant in terms of quadratic forms. This allows establishing the
constraints for the related optimization problems. The second part of the paper contains evaluations
related to the p - root of a positive selfadjoint operator, peR, p>1. The basic tools for this part are
the contraction principle and a variant of Newton’s method for convex operators. Some related bounds
involving norms of operators are deduced.
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1. Introduction

The first aim of this paper is to give a characterization for the existence of the
solution of a classical multidimensional Markov moment problem in terms of
(computable) quadratic forms. As it is well known, in several variables there are

positive polynomials on the first quadrant that are not writable by means of sums of
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squares of some other polynomials. We show that L'— approximation results by
sums of tensor products of positive polynomials in each separate variable on the
positive semiaxes holds. For such polynomials, one knows the representation by
means of sums of squares [1]. These results allow establishing the constraints in the
associated optimization problem. A similar result on approximation applied to the
complex moment problem appears in [18]. Application of extension results of linear
operators and approximation to the moment problem appear in [1], [6], [9], [10], [16]
— [19], [21], [23], [24], [28]. An introduction to optimization aspects of the moment
problem is considered in [8] and [14]. For some other optimization problems see [12].
Other related interesting aspects on positive polynomials and their connection to the
moment problem appear in [4] - [10], [18], [19], [21], [23] — [25], [28]. Uniqueness of
the solution is considered in [1], [7], [13], [15], [29]. The background of this work is
contained in [1], [8], [11], [14], [21], [26], [27].

The second part of this work contains approximation of UY?, p>1 peR,

where U is a selfadjoint operator having the spectrum o (U)<[L ).

To this end, one uses the successive approximations method from the
contraction principle and from Newton’s method for convex operators [3], [22]. For
local results concerning Newton’s method for analytic operators, see [2]. The paper is
organized as follows. Section 2 contains polynomial approximation results on
unbounded subsets. The first part of Section 3 is devoted to establishing conditions for

constrained optimization problem related to the moment problem. Upper and lower

bounds are also considered. Secondly, one establishes bounds for |A-A"?|, p>1 A

being a positive selfadjoint operator.

2. Preliminaries

We recall the following approximation results on unbounded subsets of

R".
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Lemma 2.1. ([19], Lemma 1.3. (d)) If xeC,([0,«)) is a nonnegative continuous
function with compact support, then there exists a sequence (p,) of positive

polynomials on [0,«), such that
P, (t)>x(t)vt=0,VmeZ,, p, >x

uniformly on compact subsets of [0,.c) and in L ([0,«)), for any M-determinate [1],

[15] positive regular Borel measure [26] v, with finite moments of all natural
orders.

The next result is a generalization to several dimensions of approximation
lemma 1.3 [19], point (a). Contrary to the preceding theorem, now the supports of the

involved measures are not compact subsets.

Lemma 2.2. The subset of sums tensor products p ® p, of positive polynomials in
separate variables t,t, is dense in (le([O,oo)z))+, for any measure v=v,xv,, where
v;, j=12 are positive regular M-determinate Borel measures on R,, with finite
moments of all natural orders.

Proof. Let Kn=[o,n]x[0,n],¢e(c([0,°0)2));¢zo outside K,. Due to Luzin and
Weierstrass-Bernstein theorems, ¢ can be uniformly approximated on K, by a
sums of tensor products v, , ®y, ., v;, e(C([O,n]))+, j=12. Extend each function v,

to [0,0) such that the new functions vanish outside [0,n]. Approximate these new

functions using Luzin’s theorem, this time for functions of one variable. During this

operation, the values of y,, on [0n], j=12 do not change. Thus, one obtains

approximations with sums of tensor products of continuous nonnegative functions

¥, 1=12,neN, with compact support in separate variables. By Lemma 2.1 (see also

lemmas 1.2, 1.3 [19]), there are positive polynomials
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Pimn = Pimn (t): 1212 Pjy 207, YMNEN,
Pimn 2> W¥jn - M—>0, j=12neN.

The convergence is uniform on compact subsets of R, andin L, (R,). Thenone can

write:

k(m,n)
pl,m,n ® pl,m,n _)¢v m— o,
1=0

in the norm of the space le(Rf) and uniformly on K, . Since this reasoning holds

for any positive continuous function of compact support for a suitable neN, and

(CC(RZ))+ is dense in (le(Rf))+, it follows that the cone generated by tensor

4

products of positive polynomials in separate variables is dense in (le(Rf)) . The

space generated by these tensor products is dense in le(Rf). This concludes the

proof. O

Positive Borel measures appear as representing positive linear functionals on the
subspace of continuous functions of compact support, via Riesz representation
theorem. For such measures, Luzin’s theorem and approximation results by
continuous functions with compact support work [26]. The assumption of being M —
determinate means that a measure is uniquely determinate by its moments [1], [7],

[15], [29]. For such measures, polynomial approximation from above holds for

nonnegative continuous functions with compact support from L. (A), AcR" being a

closed and unbounded subset [19].

3. Main results
Theorem 3.1. (see [19], [23]) Let v=v,xv, be as in Lemma 2.2. Assume that v,,v,

are o- finite. Let (y(jk))(_k) . be a sequence of real numbers. The following
! J,k)eN
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statements are equivalent:

(@) there is a unique function

hel;(R?),0<h(t,t,)<lae, [[tih(t,t)dv =y, V(ik)eN
(b) for any finite subsets J,,J, cN and all

{aj}je.]l cR, {bm}mgjz cR,

one has:

i jedy, i,jedy,
m,ned, m,neld,

OS z a'ia'ibmbny(iﬁ-j,mﬁ-n) < Z aiajbmbn_[jtli”tghndv
. 22

OS z aia'jbmbny(iﬁ-j+1‘m+n) < Z aiajbmbnjjt£+j+lt£n+ndv
. w2

i,jedy, i,jedy,
m,ned, m,nel,

0< Z a’iajbmbny(i+j,m+n+1) < Z aiajbmbnjjti+jt;+n+ldv
R?

i,jed;, i,jely,
m,ned, m,nel,

0= Z aiaibmbny(i+j+1‘m+n+1) < Z aiajbmbn.”tii”ﬂtzmMAdv_
R?

i,jed;, i,jely,
m,ned, m,nel,

Proof. The implication (a)=(b) is almost obvious. In order to prove the converse,

one uses the density of sums of tensor products of positive polynomials in each one

separate variable in the positive cone of L (Rf) (Lemma 2.2). Using also the analytic

expression of positive polynomials on the positive demiaxes [1], one observes that
(b) says that the linear form verifying the moment conditions is positive and
dominated by v on the cone generated by tensor products of positive polynomials in
separate variables. In particular, this linear form has a positive extension F, to the

space of all integrable functions dominated in absolute value by a polynomial (see [11,

p. 160]). The density proved in Lemma 2.1, leads to the continuity of this extension

on the positive cone of the subspace of continuous functions of compact support. If ¢

IS a nonegative continuous function with compact support, let
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Z PiimePiom =@ Pum (tk ) 20, vt, 20, k=12
-0

The convergence in the above formula is in the L'~ norm. The preceding relations

and Fatou’s lemma, as well as the hypothesis (b) yield:

k(m)

F(#) <liminf, > F (P ® Pz ) <

k(m)
Iirnm lz_[j( pl,m‘l ® pl,m,Z)dV = J]¢dvv ¢ 2 0
R R

For an arbitrary continuous function with compact support ,, one obtains:

FO<F )+ )< [Jiav=lvl

Hence, F is linear positive form, of norm at most one, on a dense subspace of

L (Rf). There is an extension preserving these qualities and a representing function

heLf(Rf). It verifies the inequalities mentioned at point (a) because of measure

theory arguments. This concludes the proof. o

Corollary 3.1. Under the hypothesis from above, (y;,)

is a sequence of

(i.k)eN?

moments verifying (a) of Theorem 3.1 if and only if all the 4- forms

. MD

:M"

iiMﬁ
M-

i yi+j,m+n -4 a'jbmbn] >0,
=0\ m,n=0

z (Ci+j,m+n - yi+j,m+n )a‘iajbmbn ] 2 0’
=0\ m,n=0

(3.1)
yi+j+1,m+naiajbman =20

o
3
>
I
o

M-
H

(Ci+j+1,m+n - yi+j+1,m+n )aiajbmbnj 2 0'

o

3
]

o

n
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“pe

q
( Z y|+] m+n+1a|ajbman—
0\ m,n=0
q
(Z ( i+j,m+n+l y|+] m+n+1)a|ajbmbn]—

m,n=0

ij

LMn

i]

M"

q
z yi+j+1,m+n+1alajbmbn J =

m,n=0

0
( (Ci+j+1,m+n+l_yi+j+1,m+n+l)alajbmbnj—0 q EN
m,n=0

ij

%

are semi positive definite for all (a =(a,)" .b=(b,) ) where

k=0

Cp = Htjt;dv, (j.k)eN?
R?

The preceding result is important in itself and give the natural constraints for some
optimization problems.

Optimization Problem 1 (O. P. 1). If
chktltZ’ jk ER,(j,k)E NZ,qEN

is a given polynomial such that (a) of Theorem 3.1 is verified, then
max(mm){”P )h(t.t,)dvim,, <y, <M;, v(j,k)eNsz

max(min)( DY My <Y <M, V(5.K) esz, j.k<gq, st (3.1).

j.k=0

Hence, we have a linear constrained programming problem. The maximum and

minimum points are extreme points of the set defined by the restrictions (3.1) and by

M <Y, <M, (1 k)eN? (3.2)

Optimization problem 2 (O. P. 2):
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pl(tl):iajtf, P, ()= Z_q:bmt;“ = max(min)[”(pl2 ® pzz)hdv]:

max(min)[_zz ( i aab by, nm jJ st.(3.1),(32) j,k<aq.

i,j=0\_m,n=0

This is also a constrained optimization problem with linear objective function.

Lower and upper bounds (L - U. B.). Assume that we have solved (O. P. 1). Let

a=k/l,k1eN\{0} be a given positive not integer rational number, with even

numerator. An application of Jensen’s inequality leads to:

/l

TP (tth(tt)av [ [[P* (bt )h(tt)av |
+ j!h(g,tz)dv |~ _Uh(tlvtz)dv

Under the constraints (3.1), (3.2), the right hand size member can be majorized
applying (O. P. 1). Thus, one obtains an upper bound for a nonlinear objective
function, with a domain defined by suitable semi positive matrix. If «>1 and P is
a convex positive polynomial on the convex hull of the feasible set corresponding to
P, one can find an upper bound for

max jj P (t,,t,)dv st. (3.2), (32), a > 1,

To this end, one applies the maximum principle for the composed convex functional

on this convex compact subset. If « is as above, but «<(0,1), for an upper bound

one applies either Jensen’s inequality, or Holder’s inequality. For a lower bound, if the
polynomial is concave and positive, one uses the minimum principle for the concave

continuous function on the convex hull of the set defined by means of (3.1), (3.2).

The next results concern approximations and bounds related to A“", peR,p>1
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where A is a selfadjoint operator on an arbitrary Hilbert space H, and the spectrum

o(A) is contained in (0,x). Firstly, we consider the p- root of A as the solution

of the equation

P(U)=U’-A=0.

One can prove that P is convex and increasing on the convex cone of selfadjoint
positive operators. Hence the associated variant of Newton’s method [3], [22] works.

Namely, the following statements hold true, under some hypothesis.

Let X be a o complete vector lattice, endowed with a solid (|x|<|y|= x| <]|y])

in order

and o- continuous NOrM (X, —, . X=X, ~x|>0). Let Y be a normed vector

space, endowed with an order relation defined by a closed convex cone. For

abeX,a<b, we denote [ab]={xeX,a<x<b}. Let PeC'([ab],Y). In most of our

applications, we have X =Y.

Theorem 3.2. (see [3], [22]). Assume additionally that for each

xe[ab], 3[P'(x)]" eL,(Y,X)
and that

a<x<b=P'(a)<P'(x)<P'(b).
If P(a)<0,P(b)>0, then there exists a unique solution x* of the equation P(x)=0,
where

X" =inf x, =limx,, X, =b, X, =% —[ P'(X, )]fl[P(xk )] keN. (3.3)

Moreover, we have
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a<x <b, ||xk —x*|| < H[P’(a)]fl

[P(x)] 0. (3.4)

Let H beaHilbertspace, A aselfadjoint operator acting on H, with the spectrum
S(A)cI0,0[, Be A(H),Y =Y(B)

the associated commutative algebra according to (3.5) from below:
Y, =Y,(B)={TeA(H);BT =TB },Y =Y (B)={T €Y,; TU =UT, VU eV, }. (3.5)

The space Y is a commutative algebra, which is also an order complete Banach

lattice, with solid norm (see [11], [17]). We denote

w, =inf,  (Ahh),  Q, =sup, ,(Ah,h)

Theorem 3.3. (see Theorem 2.1 [3]). Let A be as above, AgSp{l}, p>1peR

There exists a unique operator U €Jw;"1,Q;°1[ such that

and this solution verifies the relations

||Ql,(P| —Up||3+m||QAI ~A.

A

Remark 3.1. If in the recurrence relation of Newton’s method:

X = (%), #(x):=x=[P"(x)]" (P(x))
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the mapping ¢ is a contraction, the rate of convergence of the sequence (x,), Is

given by contraction principle. Next, we recall that this is the case of the operator

P(U)=UP-A which leads to the positive solution U =A“". The next result

establish the connection between Newton’s method and the successive approximation
method of the contraction principle. Iterations given by (3.3) become (3.6) in this
particular case. Relation (3.7) is a consequence of the corresponding evaluation from

the contraction principle. It is not equivalent to an application of (3.4).

Theorem 3.4. (see Theorem 3.1 [3]). Let p,A X be as above. Then the Newton

recurrence for the equation

P(U)=U"-A=0

U, =¥l Uk+1:¢(Uk):p—_1Uk+1Uk””1A, keN. (3.6)
P p

The convergence rate for U, — A" is given by
l k
Iu, —A“p"S[pT_j o1 -oral, KkeN. (3.7)

Relation (3.7) gives the convergence rate of |U, -A""| >0,k > as being smaller or

equal to o[(pT_lj J The equalities (3.6) are exactly (3.3), written for our operator

P and initial value U, from the statement of Theorem 3.4.
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Corollary 3.2. If o(A)c[Lx), Az Sp{l}, thenwe have:

1
p-1)/p ”Ap B A”’ vp>1.

N
o

Proof. The hypothesis on the spectrum of A leads to A>A"?,p>1. Thus, A

stands for the initial approximation x, =b from (3.3). Choosing

a=w)" 1 <A?, Azl,

the statement follows by an application of (3.4) to P(A)=A"-A This concludes the

proof. O

Secondly, in the next results we obtain upper bounds for some norms of

operators involving A"?, directly from the contraction principle. Namely, we prove

the following theorem, stated for operators in the commutative Banach algebra Y (B)

defined by (3.5).

Theorem 3.5. Let C={UeY(B);o(U)<[Lx)} and AeC. Then for all keNkz=1,

we have:

( p—l) pk—l

AP —I“£||A—Al’p||, p>1. (3.8)

Consequently, the following relations hold

(p-ytimsup, (5[ 1) s |-}

limsup, ((p-1)|A"* - 1]) <|A- 1], vAeC.
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Proof. For uUeC and p>1U"" have sense given by the analytic functional calculus.
We define Q:C —»cC,

Q(U)=UY", UeC,

The operator Q is a concave operator, applying C into itself. Namely, if

o(U)c[L»), wehave

0'(U1/p ) = (G(U ))l/p < [1, ).

The operator Q is from C onto C. Next we show that Q is a contraction from

C onto C, the contraction constant being (1/p)<1. For U,V eC, we have:

|
Q'(U)(V)zBU" V;E—l<03

1
o—(u ’ 1] ~(c(U))"" < 1.
From the last relation we infer that

1 1
U? hhy<Q,,,, <1=(lhhy,heH, |h|=1=U° <I,vU <C.

Using the fact that the product of two positive commuting operators is positive, the

preceding relations lead to

£
(1-u¥**).v=0=Q'(U)-V =%u PV s%v, YU,V C.
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On the other hand, the following evaluations hold:

1

1 5t 1
"Q(Ul)_Q(UZ)"SSUpuec EU ’ '"Ul_U2||SE||U1_U2”'U1’U2 <C.

Hence Q is a contraction from the complete metric space C onto C, which has a

unique fixed “point”. This fixed point is the identity operator 1. From the well

known evaluation given by contraction theorem, we have:

||(Qo...oQ)(U)—|||S%"U -Q(U)|. keN.

for any initial approximation U eC of 1. The composition of Q with itself occurs

k times in the above relation. We rewrite the above relation as

_r
pkfl ( p _1)

U”F’k—IHs Ju-u"?|, UeckeN. (3.9)

This proves (3.8). The other assertions of the statement follow. This concludes the

proof. O

Corollary 3.3. Forall uec andall p>1 we denote:

2

UUF | Ul/pz_l””z Ul/pz_l“
(v i e | R e

Then the following relations hold:

p-E(p.U)<2 limsup,(p-E(pU))<2, VUeC,U=I.
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Proof. We write (3.9) for the case k=2. One obtains:

(p-1)-p-Ju” —1|<ju-u”| p>1UeC\{I} &

U1/p2 _|H_ pz_

uye’ —|“- p—Ju-u?|<o.

The signature of the two-degree polynomial with two real roots of opposite signatures

in the variable p and the factthat p>1 lead to the following relations

SRk —|”+(

2
2
Uy —1| +4-

L —IMU _U]./p"j

12
uye —|“

1/2

[

Now the conclusion follows by dividing the numerator and the denominator of the last

2.

o -u|

2 1/2
02F 1o v -

2
2
Uy —1f +4-

|

fraction by the same factor |u-U"?|. This concludes the proof. o

Corollary 3.4. If o(A)c[Lx), AgSp{l}, p>LkeN, k=1 thenwe have:

1

pa” "

(p-1)pt|ar —I“s"A—A”"”s A - A.

Proof. The relation (3.8) gives the first inequality, while the second one follows from

the Corollary 3.2. This concludes the proof. o
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